Category Theory exercise sheet 4

September 28, 2022

1 Category theory

Try the following on your own, if you get stuck look at [I, Page 31]

1. Prove that an equivalence of categories F' : € — Z is fully faithful
and essentially surjective.

2. Prove that if a functor F : € — & is fully faithful and essentially
surjective, then it is an equivalence of categories.

3. Prove the contravariant version of the Yoneda Lemma without looking
at the proof of the covariant version.

2 Mathematics

The following conceals some research-level problem.

1. Consider the functors Ab — Group (inclusion), Ring — Ab (forgetting
the multiplication), (_*) : Ring — Group (inclusion), Mod, —
Ab (forgetful). Determine which functors are full, which are faithful,
and which are essentially surjective. Do any define equivalence of
categories?

3 Computer science

It is quite difficult to give simple exercises in category theory relevant to
computer science which are authentic, genuinely simple, and also compelling.
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For this reason, we have dedicated the first assignment to a non-trivial
category which arrises naturally in computer science, the category of A\-terms.
Indeed, it turns out that this category is equivalent to the category of sequent
calculus proofs which is a category arrising from logic. The first result of
this form, the Curry-Howard Isomorphism, lead to the “proofs as programs”
dichotomy, which has inspired the modern approach to type theory which
places some aspects of logic and some aspects of computing on the same
level. For a full proof that the category of A-terms is equivalent to the
category of sequent calculus proofs, see [2].
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