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This work establishes a relationship between algebraic geometry and linear logic. Our
focus is on the computational content of linear logic, and how this can be modelled

mathematically.

The primary contribution of this thesis is that proofs in multiplicative exponential linear
logic, whose formulas all have depth < 1, can be modelled using the Hilbert scheme. This
work has emerging from a trio of models of multiplicative linear logic where proofs are
interpreted respectively as ideals of polynomial rings, quantum error correction codes,
and matrix factorisations. In these models, cut-elimination is interpreted respectively as
elimination of variables via the Buchberger Algorithm, the embedding of smaller codes
into more complex ones, and the splitting of an idempotent. The secondary contribution
of this thesis is the observation of how one step of the dynamics of these three models

relate to one another.


https://williamtroiani.github.io/Mathematics.html
https://williamtroiani.github.io/Mathematics.html

Declaration of Authorship

I, William Troiani, declare that this thesis titled, ‘Algebraic Geometry and Linear Logic’

and the work presented in it are my own. I confirm that:

s The thesis comprises only my original work towards the Doctor of Philosophy

except where indicated in the preface;
s due acknowledgement has been made in the text to all other material used; and

» the thesis is fewer than the maximum word limit in length, exclusive of tables,
maps, bibliographies and appendices as approved by the Research Higher Degrees

Committee.

Signed:

Date:

ii



Preface

Funding was received through the Australian Government Research Training Program
Scholarship from The University of Melbourne. Travel funding was received through the
travel grant scheme of the University of Melbourne, and from the University of Sorbonne

North Paris (Université Sorbonne Paris Nord).
List of publications mentioned in this thesis

Daniel Murfet, William Troiani. “Elimination and cut-elimination in multiplicative lin-

ear logic”. Mathematical Structures in Computer Science, submitted and under review.
Section 4.2.4 provides a small summary of some parts of this paper.

The remainder of this thesis is unpublished material.

iii



Acknowledgements

To my principal supervisor Daniel Murfet, your ideas have inspired me for years and still
continue to do so. This thesis is only a snippet of how you have shaped my mind during
our time together. They say that awe is one of the highest forms of positive emotion,

our conversations have assured me of this. I am truly indebted, thank you.

To my co-supervisor Thomas Seiller, who invited me to work with him in France, the
time I spent there has shaped me forever in more ways than just mathematical. Thank

you for the opportunities.

To my parents, who both supported me in their own unique way, I know that what lies
at the bottom of both your hearts is nothing but the deepest desires for my happiness.
I hope this thesis makes you proud.

To those who supported me whilst I was abroad in France, much support was needed,

and much support was utilised. I would like to name some people in particular.

Morgan Rogers. You told me once that I have much to offer across many different do-
mains. These words touched me and I have realised how perfectly they also encapsulate
my feelings towards you. You've been a colleague, a mentor, a confidant, a project

partner, and a friend.

Marie Landy. You scraped me off the streets of Paris at my lowest point and asked if I
could allow you into my heart so you could give me one last chance to see what Paris
has to offer. That sentiment is beautiful and it’s the type of love that inspires. I could

not have made it here without you.

Gabrielle Depierre, who came with me to France. Our relationship may not have survived

but my gratitude always will. You sacrificed a lot for me.

To my friends both in France and in Australia. Every little sentiment has impacted me.
I think of you all as I work on my creations. The French team: Rémy, Victor, Rémi,
Dasha, Alex, Carole, Chloé, Nabil, Antonin, Enguerrand, Roman, Nico, Giti, and many
more. The Australian team: Aidan, Adam, Will, Nico, Dom, Dom, Tim, Billy, Ben,

Thirteen, Dakota, Alex, Alex, and many more.

Behind the author is a community making the sentences worth writing. I typed the

black and white, but they filled in the colour.

iv



Contents

Abstract

Declaration of Authorship
Preface
Acknowledgements

1 Introduction

2 Linear Logic and Geometry of Interaction

2.1 Linear logic . . . . . . . . . .. e
2.1.1 MELL . . . . .
2.1.2 IMELL . ...
2.1.3 Proofmets. ... ... .. ...
2.1.4 The dynamics of MELL . . ... ... .. ... .. ... .......
2.1.5 Persistent paths . . . ... ...

2.2 The theory of MLL proofnets . . . . .. ... ... ... ... ........
2.2.1 The Sequentialisation Theorem . . . . . . ... ... ... ......
2.2.2  Geometry of Interaction O . . . ... ... ... oL
2.2.3  Geometry of Interaction I . . . ... ... ... .. ..
224 Acomment . ... ...

2.3 Origins . . . . . o
2.3.1 A-terms as normal functions . . . . ... ... oL
2.3.2 Linear proofs as linear functions . ... ... ... ..........

3 Proofs and Locally Projective Schemes

3.1 Parameter spaces . . . . . . . ... e
3.1.1 Projective schemes . . .. ... ... .. . ... ..
3.1.2 Properties of the Hilbert scheme . . .. ... .............

3.1.2.1 The Grassmann scheme . . . . ... ... ... .......
3.1.2.2 The Hilbert scheme . .....................

3.2 Exponentials . . . ... ...
321 Anexample. . .. ... ...

3.3 Future paths . ... ... ... ...

ii

iii

iv

© o I N

10
15
20
23
23
34
42
50
52
52
o6



Contents vi

4 Modelling Multiplicative Linear Logic 108

4.1 Matrix factorisations . . . . . . . ... 110

4.1.1 Clifford algebras and matrix factorisations . ... ... .. ... .. 112

4.1.2  The bicategory of Landau-Ginzburg models . . . .. ... ... .. 115

4.1.3 The cut operation of matrix factorisations . .. ... ... .. ... 118

4.2  Geometry of interaction models, MLL . . . . ... ... ... ... ..... 123
4.2.1 Atoms, bordisms, Clifford algebras, matrix factorisations and MLL

Proofs . ..o 123

4.2.2 The cut operation and stabiliser codes . . . . . ... ... ... ... 130

4.2.3 Proofsascodes . .. ... ... 132

4.2.4 Cut-elimination and the Falling Roofs algorithm . . ... ... .. 140

4.2.5 From error correction to Falling Roofs . . . ... ... ... .. ... 145

A The Untyped and Simply Typed A-Calculus 152

A1 Untyped A-calculus. . . . ... ... ... . 152

A2 Simply typed A-calculus . . . . ... ... L 155

B Computing the Successor of 2 in linear logic 157

C Girard’s Normal Form Theorem 164

D Schemes 175

D.1 Affine schemes . . . .. . ... 175

D.2 Closed subschemes . . . . . .. ... . . 176

D.3 Glueing and representability . . . . ... ... Lo Lo oL 178

D.4 The Grassmann variety . . . . . ... .. ... e 182

D.5 Constructing the Grassmann and Hilbert schemes . . . . .. ... ... .. 187

D.6 Hilbert scheme construction . ... ... ... ... ... ... ... ... .. 191

E Algebra 199

E.1 Graded rings, modules, and algebras . . ... ... ... ... ... ..... 199

E.2 Exterior algebra . . . . ... ... ... 202

E.3 Clifford Algebras . . . . . . . . . 206

E.3.1 Clifford algebras . . . . .. .. ... 209

E.3.2 Clifford algebras of real or complex bilinear forms . . . . . ... .. 213

E.4 Hermitian and unitary operators . . .. ... ... ... ... ... ..... 218

Splitting idempotents and idempotent completion 225

G Quantum computing 228

H Proofs of statements in Section 4.2.1 238

Bibliography 245



Chapter 1

Introduction

This thesis relates proofs in linear logic [21] to algebraic geometry. This begins by
observing that a proof 7 in linear logic is a set of patterns of equality between the
occurrences of formulas in 7, and that these patterns of equality can be interpreted as
polynomials in the atomic formulas constituting the formulas of 7. We believe this is an
interesting new perspective on linear logic and proof theory. These polynomials can in

turn be related to closed subschemes of projective space.

If we specify the structure of a language by exclusively referring to the form of the expres-
sions involved, then the language is said to be formalised. Such formalised languages are
the various systems of deductive logic, with linear logic providing a particular example.
Proofs in linear logic can be presented in different ways, with different features of proofs
being emphasised by each presentation. The sequent calculus presentation adopts the
philosophy that proofs are trees (usually drawn with the root node at the bottom of the
page), with edges labelled by formulas and all nodes except for the root node labelling
valid deduction rules. For example, if A is a formula then the following is a proof of the

statement (-A® A) % (A% -A), where ® and & are logical connectives.
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A A®-A,A
Ex
A®-A,~A,A
n

A®-A,-ABA

%
(A®-A)B(~ARA)

The formula (A® -A) % (=A% A) can be thought of as a linear version of (4 = A) =
(A= A).

This proof can also be written in sequent calculus form.

Ax

TAA N TAA
A A®-AA
Ao -4, -AA X
Ao -A-ARA Y

(A®-4)% (-AT A)

Both Axiom-rules in this proof introduce a distinct occurrence of the formula A as
well as its negation —A. The two distinct Axiom-rules are what distinguish these two
occurrences, and the structure of the proof on a whole specifies the patterns of equality
between the remaining occurrences of these formulas. Explicitly, the proof can have its

formula occurrences colour coded in this following way:

Ax
®

A A A TAaA
A A®-AA
Ao A, A A EX
Ao A -AZA Y

(Ae-A) 3 (AT A)

%

Note that the Axiom-rules introduce colours, where we think of two formulas with the
same colour as being “logically connected” or “set equal by the proof”. These patterns

of equality induce paths in the underlying graph.
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-

Ax Ax
) 7@ ®
(A B3] 7?
®-A,-A% 3
(Ao -A) B (N7 A)

Connecting linear logic to geometry seems to require paying particular attention to these
paths in the underlying graph of the proof, which have been called persistent paths in
the literature. Thus, following Girard [21] we adopt a different graphical presentation
of linear logic called proof mnets, which highlights these paths more strongly. For our

working example, the following is the corresponding proof net.

(1.1)

(A(XHA)%’@A?M .

Our interest in logic comes from our interest in computation. To study the geometry
of computation we decided to focus on constructive logics due to the well established
relationships between such formal systems and functional programming languages [34],
[49]. The computational content of linear logic lies in the observation that though proofs
are static, sequences of proof rewrites are a kind of dynamics. In Appendix B we show
how a series of proof rewrites computes that the Successor of 2 is equal to 3. This
rewrite procedure is cut-elimination and it was Girard in [25] who first asked what the
geometry behind these proof rewrites is. He studied in his program titled ‘Geometry of
Interaction’ the inherent relationships between proofs in linear logic and operators on
infinite-dimensional Hilbert spaces. This began with the simple observation that proofs
in a restricted fragment of linear logic give rise naturally to permutations on the formulas

involved in the conclusion of the proof. In our running example, we extract from the
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persistent paths the following permutation:

(~A, A=A, A} —> {~A, A, ~A, A}
A A
A A
A A
A A

The Geometry of Interaction program has seen rich development from a plethora of
authors since. We mention here a small sample of the works which influenced our
thinking. Danos and Laurent discovered persistent paths in [10] which play a central
role in the models we present in this thesis. There is the work by Seiller [58], [59], [60],
[61] where a new graphical presentation of proofs was given. The models defined there
generalise Girard’s original ones. There is the work of Abramsky and Jagadeesan [1]
where a game semantics model for linear logic is defined and related to Geometry of
Interaction. There is the interesting work of Blute and Panangaden [5] which interprets
proof nets as operators in a calculus which in turn is based on Feynman diagrams in
quantum field theory. There is the Token machine model [41] extending work by Mackie
and Tan [43] and Danos and Régnier [11]. The paper [32] by Hines generalises some of

the algebra used in Girard’s paper on Geometry of Interaction [24].

In order to find interesting semantics of linear logic, in which there is some kind of
relationship between denotations of proofs which are distinct but equivalent under the
equivalence relation induced by cut-elimination, we, inspired by Geometry of Interaction,

searched for other models of linear logic in geometry and we found the following:

e In our model of multiplicative linear logic proofs as ideals in [50], cut-elimination
is related to elimination theory and rewriting of systems of generators by the

Buchberger algorithm.

e In our model of multiplicative linear logic proofs as matrix factorisations in Section

4.2.1, cut-elimination is related to splitting idempotents.

e In our model of multiplicative linear logic proofs as error correcting codes in [51],
cut-elimination is related to the embedding of simpler codes into more complex

ones.

This thesis contains a primary contribution and a secondary contribution. The secondary

contribution is given in Section 4.2.5 where we observe the relationship between the
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processes modeling cut-elimination between all three of these models. This relationship

is new in the sense that it does not appear in either of the papers [50], [51].

We believe these models are interesting, but the real depth from any connection made
here between proof theory and geometry has to come with the inclusion of exponen-
tials. This is where the primary contribution of this thesis lies: in the model of shallow

multiplicative exponential linear logic proofs using Hilbert schemes in Section 3.2.

This model extends that given in [50]. There, we replaced Girard’s permutations with
generators of ideals in a polynomial ring. For instance, the k-algebra associated to (1.1)

is:
k[-A, A,-A, A]
(-A-A,-A-A)

2 k[A, A].
Geometrically, this is the affine scheme Speck[A, A] = AZ.

So what would !4 mean? Our guiding philosophy was that this should somehow be the
“space of proofs of A”. Geometrically, if proofs in multiplicative linear logic are ideals
of polynomial rings, or, equivalently, closed subschemes of affine schemes, then !A ought
to be modelled by a space where each point corresponds to such a closed subscheme.
In general, no such space exists for affine schemes, however such a space does exist for
projective schemes. This space is the Hilbert scheme, and so if we can transform our
model’s ideals into closed subschemes of projective space, which is easy to do, then we
have a good candidate for a geometric interpretation of !A: it should be the Hilbert

scheme of the projective scheme associated to A.

This idea is successful, and is stated formally in Theorem 3.31. Though we do not
yet have an interpretation of cut-elimination in this model, we expect there to be a
generalisation of the relation between cut-elimination and elimination theory in [50].
We can take affine charts of all considered projective schemes and look at the model
algebraically. As already mentioned, multiplicative linear logic proofs were interpreted as
equations in [50], the presence of the Hilbert scheme in shallow multiplicative exponential
linear logic proofs amounts to equations between these equations. This claim is treated
carefully for an involved example in Section 3.2.1, and made completely explicit in
Remark 3.18. The observation that shallow proofs in multiplicative exponential linear
logic are patterns of equality between linear formulas with the exponential fragment of
the proof specifying patterns of equality between these patterns of equality, is the main
conceptual insight of the thesis. It would be interesting to see how this interpretation
is realised by the other models of multiplicative linear logic mentioned in the above

dot-points.

Linear logic and algebraic geometry have been considered together in other contexts

previously. For an introduction, see [47], where it is described how linear logic finds
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a natural semantics in vector spaces, where the Hopf dual is used to model promoted
formulas. There is also the interesting work [45] where it is established that every scheme
X comes equipped with a symmetric monoidal closed category of presheaves of modules.
These categories of presheaves form models of linear logic. There is also [4], where it
is surveyed how Hopf algebras form models of linear logic. This work relates to the
paper of Murfet [46]. Lastly, we mention Waring’s master’s thesis [65], where a smooth
relaxation of Turing machines, the definition of which comes from a vector space model
of linear logic, is considered. The space of such Turing machines has rich geometry and

is studied with respect to the semantics developed by Scott [55].

Chapter 2 gives an introduction to the basic theory of linear logic, including Geometry of
Interaction. The most important definitions and results are given in Section 2.1. Sections
2.2 and 2.3 are optional. The former provides some mathematical background on linear
logic, and the latter revisits history. We re-derive the decomposition of the intuitionistic
implication A = B into the !A — B, originally due to Girard [21]. This section contains
a simplification of a model of the untyped A-calculus, originally due to Girard [23], which
was critical to the discovery of linear logic. This is another non-primary contribution
of this thesis. Chapter 3 presents the model of shallow multiplicative exponential linear
logic proofs and is the main core of this thesis. Finally, Chapter 4 contains a brief
summary of the other models of multiplicative linear logic mentioned alongside the

observation relating the interpretations of their respective dynamics.



Chapter 2

Linear Logic and Geometry of

Interaction

Modern theoretical computer science blurs the line between constructive logics and func-
tional languages of computation [9, 34, 49]. By constructive, we mean that only direct
proofs of implicative statements p = ¢ are allowed. For example, the law of excluded

middle Vp,p v —p is rejected.

In this thesis, the logic of interest is linear logic, which can be viewed as a refinement
of both the simply typed A-calculus (recalled in Appendix A) and of intuitionistic logic.
Linear logic is an example of a type theory and is what we take to be the primary

functional language of computation of interest in this thesis.

The most crucial definitions for understanding the main results of this thesis are pre-
sented at the beginning, while the subsequent chapters offer additional context and
motivation for these definitions. In particular, persistent paths (Definition 2.19) will be
used extensively. Sections 2.2 and 2.3 are optional. The former provides background to
the mathematical ideas which inspired the ideas in this thesis. The latter provides some
reasons why constructive logics can be thought of as containing computational content,
the historical origins of where linear logic comes from, and some relationships between

these logical systems and two A-calculi systems.

2.1 Linear logic

We give a sequent calculus presentation of Multiplicative Exponential Linear Logic
(MELL), an intuitionistic version of this (IMELL), and also a graphical presentation
of the first of these systems called MELL proof nets. For a textbook treatment see

7
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[26]. MELL consists of a set of deduction rules broken into subsets, including the mul-
tiplicative deduction rules and the exponential deduction rules. If we take only the
multiplicative rules, we arrive at the sublogic Multiplicative Linear Logic (MLL), which

also has a corresponding graphical presentation (MLL proof nets).

2.1.1 MELL

Definition 2.1. There is an infinite set of unoriented atoms X,Y, Z, ... and an ori-
ented atom (or atomic proposition) is a pair (X, +) or (X, -) where X is an unori-

ented atom. The set of preformulas is defined as follows:
e Any atomic proposition is a preformula.

e If A B are preformulas then so are A® B, A% B.

e If A is a pre-formula then so are -A,!A,?7A.

The set of formulas is the quotient of the set of preformulas by the equivalence relation

~ generated by, for arbitrary formulas A, B and unoriented atom X, the following:

ﬁ(A@B)N—!B?X—!A, ﬁ(A??B)N—lB(@—!A, —l(X,l’)N(X,f)
A NTSA, A7ANSA

where + = -, = = +.

Definition 2.2. A nonempty finite sequence of formulas is a sequent and we write
+ Aq, ..., Ay, for the sequent (Aq, ..., 4,).

Definition 2.3. A multiplicative exponential linear logic deduction rule (or
simply deduction rule) results from one of the schemata below by a substitution of
the following kind: replace A, B by arbitrary formulas, and I',T', A, A’ by arbitrary

(possibly empty) sequences of formulas separated by commas:

e The identity rules, these are respectively the Axiom and Cut-rules:

Ax FT,ATY A AN
DTN A

ToAA Cut

e The multiplicative rules, these are respectively the Tensor and Par-rules:

FTAT FABA ~T,A,B,T’
-T,T",A® B,A, A/ -T,A% B,T"

»

e The structural rule, this is the Exchange-rule:
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-T,A,B,T
~T,B,A,T'

X

e The exponential rules, these are respectively the Dereliction, Promotion,

Weakening, and Contraction-rules:

F1,A 0, A T FI,74,7A
wrra P o Prom Sopen Welk s ope

Ctr

Definition 2.4. A proof in MELL is a finite rooted planar tree where each edge is
labelled by a sequent and each node except for the root is labelled by a valid deduction
rule. If the edge connected to the root is labelled by the sequent + I' then we call the

proof a proof of I' and in such a situation, I" is the conclusion of .

Example 2.1. An example of a proof is given by the Church numeral 2, with respect

to some formula A:

CCAA N Toaa

oA A AX A Ae-AA
F-AA®-A,A®-A A

A (A -A), Ao A4 T

- A, 2(A®-A),2(Ag-A),A

- A, 7(A® -A), A

Ax

tr

2.1.2 IMELL
Formulas of IMELL are defined inductively as follows:

e Any atomic proposition is a formula.
o If A B are formulas then so are A® B, A — B.
e If A is a formula then so are —A,!A.

Remark 2.1. Unlinke MELL, the IMELL formulas do not allow for negation. So there

is no need for preformulas.

Definition 2.5. A sequent is a pair consisting of a sequence (Aj,...,A,) of formulas
and a formula B. We write Aq,..., A, + B for the pair ((Al, . ,An),B).

Definition 2.6. An intuitionistic multiplicative exponential linear logic de-
duction rule (or simply deduction rule) results from one of the schemata below by
a substitution of the following kind: replace A, B by arbitrary formulas, and I',T”, A, A’

by arbitrary (possibly empty) sequences of formulas separated by commas:

e The identity rules, these are respectively the Axiom and Cut-rules:
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Ax ' A AA+-B
I''A+B

A A Cut

e The multiplicative rules, these are respectively the Left Tensor, Right Ten-

sor, Left Implication, and Right Implication-rules:

I'A,B+-C ' A A+ B

T AeBrC ® T A-AeB 1°
I'rA B,A+-C I'A,A+B
TA-BArC " TArAB ™

e The structural rule, this is the Exchange rule:

A BrT’
[,B,ArT’

Ex

e The exponential rules, these are respectively the Dereliction, Promotion,

Weakening, and Contraction-rules:

I''A-B A I'—A IVAIAA-B
TiArp Do a4 Prom Fipea Weak g O

2.1.3 Proof nets

A proof in MELL is highly bureaucratic in that every inconsequential decision is written
down explicitly. For example, there is surely no difference from the perspective of logical

reasoning between a proof which makes use of the following two substructures:

—7A,?7A,7B,?B —7A,7A,7B,?B
247878 _ U A 7478 Ot
70 B 7 N B

Enumerating all such redundancies is a labour-intensive task, this was done for the
intuitionistic sequent calculus (implicative fragment) in [49]. To establish a framework
where we only work with proofs in MELL up to this bureaucracy and simultaneously
avoid laboriously working with equivalence classes, Girard introduced a new syntax for

proofs [21].
First, we recall the definition of a directed multigraph.

Definition 2.7. A directed multigraph is a triple (V, E, ¢) where:

e V is a set of vertices, or nodes.

e F is a set of edges, or lines.
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o r: E— {(z,y) |x,y € V} is a function from the set of edges to the set of ordered

pairs of vertices.

See [26] for Girard’s own explanation of how one may think of this graphical syntax.

This particular presentation is taken from [42].

Definition 2.8. A proof structure is a directed multigraph with edges labelled by
formulas and with vertices labelled by Ax, Cut, ®, %, !, 7, Ctr, Weak, Pax or ¢. The
incoming edges of a vertex are called its premises, the outgoing edges are its conclu-

sions. Proof structures are required to adhere to the following conditions:

e Each vertex labelled Ax has exactly two conclusions and no premise, the conclu-

sions are labelled -A and A for some A. We call this an Axiom-link.

e Each vertex labelled Cut has exactly two premises and no conclusion, where the

premises are labelled —=A and A for some A. We call this a Cut-link.

e Each vertex labelled ® has exactly two ordered premises and one conclusion. The
left premise is labelled A, the right premise is labelled B and the conclusion is
labelled A ® B, for some A, B. We call this a Tensor-link.

e Each vertex labelled % has exactly two ordered premises and one conclusion. The
left premise is labelled A, the right premise is labelled B and the conclusion is
labelled A% B, for some A, B. We call this a Par-link.

e Each vertex labelled Ctr has exactly two premises and one conclusion. The left
premise, the right premise, and the conclusion are all labelled ?A for some A. We

call this a Contraction-link.

e Each vertex labelled Pax has exactly one premise and one conclusion. The premise
and conclusion are both labelled ?A for some formula A. We call this a Pax-link.
Pax-links are only allowed to exist when they are associated with Promotion-links,

see the following clause.

e Each vertex labelled ! has exactly one premise and one conclusion. The premise is
labelled A for some A, and the conclusion by !A. We call this a Promotion-link.
Each Promotion-link must come equipped with a selection of the Pax-links so that
everything lying above these Pax-links and the promotion link itself form a proof

structure, when these Pax and Promotion-links are replaced with Conclusion-links.

e Each vertex labelled Weak has no premise and one conclusion. The conclusion is
labelled 7 A for some A. We call this a Weakening-link.
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e Each vertex labelled ? has exactly one premise and one conclusion. The premise is

labelled A for some A, and the conclusion by ?A. We call this a Dereliction-link.

e Each vertex labelled ¢ has exactly one premise and no conclusion. Such a premise

of a vertex labelled ¢ is called a Conclusion-link.

The labels of the edges of the Conclusion-links of a proof structure 7 are the conclusions

of 7.

The proof net links just defined will be drawn graphically as follows:

Weak

LN AR
|

Nodh Ny N
o5 s [

? All ?Anl B

o — Pax — ... — Pax — ! — o

Definition 2.9. An occurrence of a formula A in a proof structure 7 is an edge e
labelled by A.

We define a function T' from the set of MLL proofs to the set of multiplicative proof

structures.

Definition 2.10. We simultaneously inductively prove that if = has height n and is

constructed from either one proof 7’ with height less than n or from two proofs my, 7o
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each with height less than n, then T'(7"), T' (1), T (72) have conclusions corresponding to

the conclusions of 7,71 ,m2, and define T'(7) which in turn has conclusions corresponding

to the formulas in the final sequent of .

ﬁAf AX\

oA A D
T 9
. T(m) T'(m2)
: : T,

T, AT A -A A \ /
FT.T AN Cut A oy ¢ A
™ o T (1) T(m2)

: : BN \) /
T, AT A, B,A’
FI, TV, A® B, A, A’ A®B
C
T(m)
: ER Al )e
FT,A, BT/ 2
T A3 BT lA’*’?B
C
™
: > T(n)
+T,A4,B,T"
+1,B, AT’
- T(m)
. !
N e
FIL,A ?
FT,7A P 24
C
[ ) [ )
i T(r)
T
: T, 74, N
241, A B / \
Ay, ...,74,,1B O™ e —Pax — ... — Pax — | — o

a w| )

C C C
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T
: . a, o T(m) a4 Weak
- AL A, / \ 24
C A, A, 74 ‘veak c ... e c
- T(m)
: T ?AQ Q?A
FT,74,74 Ctr
FIL7A Ctr ?Al
C

Definition 2.11. A proof net is a proof structure which lies in the image of 7.

The map T is not surjective as proof structures have a relaxed notion of cut compared
to that of the sequent calculus presentation. The latter insists that the left branch of
the cut be a proof of some proposition A, and the right branch be a proof of some
proposition appealing to the hypothesis A. Proof structures do not check that the left
and right branches are distinct proofs. This allows for a curiosity where proof structures
are capable of feeding their conclusions into their own hypotheses in a circular fashion.
As the snake which eats its own tail this logical Ouroboros can literally be depicted as a
circle, for the simplest example of a connected proof structure which is not a proof net

is given as follows:
Ax
-A ( >A
Cut
This is not the only type of error which could occur, there is also the possibility that the

proof structure is disconnected. Indeed, the following is also a simple proof structure

which is not a proof net.

TN TN

¢ ¢ ¢ c
This is an interesting feature of proof nets, that the space of meaningful arguments
exists inside a larger space of all arguments (both meaningful and meaningless ones).
The role of the logician is to survey the space of arguments and find the meaningful
ones, so the following question naturally arises: is there a way of determining whether
a proof structure 7 is a proof net without constructing a sequent calculus proof ¢ such

that T'(¢) = w7 This question is answered positively by the Sequentialisation Theorem

(Theorem 2.23) [21] which gives a criterion for when a proof structure is a proof net.

The Sequentialisation Theorem is delayed until Section 2.2.1.
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2.1.4 The dynamics of MELL

Linear logic is a dynamic system, in that it involves a proof re-write procedure. This

procedure is the cut-elimination process and constitutes the content of this section.

Definition 2.12. We present a collection of ordered pairs of subgraphs of proof struc-
tures. The order on these pairs is notated by an arrow where the source is the least

element and the target is the greatest.

e Ax/Cut-reduction.
Ax
N ) b
. “A .
: Cut :

WARE

¢ ®/%-reduction.

)
N
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e !/?7-reduction. Only one Pax-link has been drawn in the diagram, but arbitrarily

many may be present.

o

| — Pax — o

? . !
[
7.4 1A .
Cut :

;A\\ Cut /4 %B

e !/ Pax-reduction. For this rule, n and/or m may be equal to 0. Again, for suc-

cinctness, we have only drawn the situation with limited Pax-links, but arbitrarily
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many may be present.

[ ] [ ) [ ] [ ]
l/?A lﬂB l? l?C lD
e — Pax — ! ° o — Pax — Pax — | — o
l?A l?c l!D
-B . .
Cut : :
s
[ ) [ )
[ ] [ ]
7A l—‘B
° Pax — ! .
H& /B ) )
A Cut : :
l?C lD
. Pax Pax — ! — o
7A

\‘L?C \‘L! D
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e Weak /!-reduction.

.

Weak ° | — Pax — ... — Pax °
l?Bl l?Bn
7-A 1A , ,
Cut : :
)
Weak Weak

Iz Iz
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e !/ Ctr-reduction.

\_ b |
A Ctr -A ° ! Pax °
Jre
7-A 1A .
Cut :

}
[ ] [ ] [ ] [ ]
A l?B A l?B
. ! Pax . . | — Pax — o
?WL‘\} Cut A ?ﬂA\) Cut %
B 2B
Ctr

A reduction v : 1 — 7’ is a pair of proof structures (m,7') along with a pair of
subgraphs (G1,G2) where G; is a subgraph of m, Gy is a subgraph of 7', the pair

(G1,G2) is of one of the forms just given, and such that reducing G; in 7 yields «’.
Definition 2.13. A proof structure 7 is cut-free if it has no Cut-links.

Proposition 2.2. MELL proof nets are strongly normalising. That is, for all MELL
proof nets , there exists a cut-free proof @' and a sequence of reductions ™ = w3 —>

LT, =T

Proof. See [53]. O

Proposition 2.3. MELL proofs satisfy the Church-Rosser property. That is, given
two multi-step reductions (that is, a composition of finitely many reductions) m —

Ty, T —> T3, there exists multistep reductions mg —> Ty, T3 —> 4.
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Proof. See [64]. O

A corollary of the previous two propositions is that every proof « cut-reduces to a unique

cut-free proof 7’.

Definition 2.14. The unique cut-free proof net ©’ to which 7 reduces is the normal

form of 7.

The cut-elimination procedure of linear logic provides the computational dynamics of
this system. As a concrete example it is shown in Appendix B how the Successor of 2

being equal to 3 is calculated.

2.1.5 Persistent paths

This section features the joint work of the current author and Daniel Murfet [50], to

which both authors made equal contributions.

The occurrences of formulas in MLL proof nets inside a proof 7 organise themselves into
a partition along a family of paths through m, the persistent paths. The models of MLL
given later in this thesis strongly suggest that a proof net should be thought of as an

organised collection of these persistent paths.

Persistent paths were first defined by Régnier [10]. Our presentation here reproduces
that of [50] where an intrinsic definition was given. This definition does not require

knowledge of the result of any cut-reduction in order to define.

Definition 2.15. Let F denote the set of formulas (Definition 2.1), A the set of oriented
atoms, and A* = U,50.A" the set of sequences of oriented atoms of length > 0. We define

an involution r on A* as follows:

r: A" — A* (2.1)
((Xl,Sﬂl), ey (Xn,CCn)) — ((Xn,i‘n), ey (Xl,fl)) (22)
where ¥ = — and = = +.

For the empty string @ € A* we define (@) = @.

The set A* is a monoid under concatenation c¢: A* x A* — A* with identity @.

Definition 2.16. We denote by ® : F x F — F the function which maps a pair of
formulas (A, B) to the formula A ® B. Similarly, % : F x F — F denotes the function
such that %(A,B) = A% B and - : F — F denotes the function such that -(A4) = -A.
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We denote by inc : A — F the map which maps an oriented atom (X,xz) to itself
(X,x), and lastly we denote by ¢ : A — A* the function which maps an oriented atom

(X, x) to the sequence consisting only of (X, z).

Lemma 2.4. There is a unique map a : F — A" making the following diagrams

commute:
FxF 5 A x A FxF 5 A x A
A
F—"— A" F— 2 s A*
F s A Ay F
l l \ l (2.4)
F —- A A*
Proof. Left to the reader. O

Definition 2.17. Let A be a formula. The sequence of oriented atoms of A is
a(A) = (X1,21),...,(X,,z,) as defined by the previous lemma. The sequence of
unoriented atoms of A is (Xi,...,X,) and the set of unoriented atoms of A is
the disjoint union U = {X31}II...[I{X,}. The set of unoriented atoms of a proof
structure 7 is the disjoint union Uy = [I.ce, Ua, where & is the set of edges of m, and

A, is the formula labeling e.

Definition 2.18. Let m be a proof structure. We define an equivalence relation ~ on
the set U, of unoriented atoms of m. We do this by considering each link [ of m which is

not a Conclusion-link.

If [ is an Axiom-link (respectively Cut-link), with conclusions (premises) —A, A, where
U.a={X1,...,X,} and Us = {X7],..., X/} then we define

Xi~ X!, Vi=1,....n. (2.5)

If [ is a Tensor or Par-link with premises A, B and conclusions AR B (where ® € {®,%})
then if we write Ua = {X1, ..., Xp},Up = {Yi,.... Yo} and Uagp = {X}, ..., X\, Y{, ..., Y}
we define

Xi~ X Wi=1,...,n Y;~Y/ Vj=1,...,m. (2.6)

Definition 2.19. Each equivalence class [ X;] of formulas in Uy is the underlying set of
a sequence
(Z1,...,Zp) (2.7)

where Z; ~ Z;;1,¥i=1,...,n— 1. Such a sequence is called a persistent path. Notice

that the reverse sequence (Z,,...,Z1) of any persistent path (Z1,...,2,) is itself a
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persistent path. If Z; is positive, then the persistent path (Z,...,%,) is positively

oriented.

Remark 2.5. The equivalence relation of Definition 2.18 gives a conceptualisation of the
links as “plugging” wires together. The phrase “plugging” is used informally throughout
the literature ([21, 22, 24]). In what follows, U_4 = {X1,..., X} and U4 = {X7,..., X, }.

Ax (X1, X)) s (X, X0

% N
(X0 X0 Y LX) xcm%

For this following diagram, we have
Ua={X1,.... X}, Up={Y1,...., Y}, Usagp = {X1,..., X, Y/, ...,V } (2.8)

where ® € {®,%}.

{X1,..., X} R

Inclusion

{X1,.... Xn, Y1,..., Y}

Example 2.2. Let © denote the following proof structure. For clarity, we have artifi-
cially placed labels on the formulas so that we can refer to particular edges, but for all

i=1,...,10 the notation Z;, where Z = X,-X, denotes the formula Z.
Ax Ax Ax
-X1 g Y _'y Qxlo X6§ lﬁXE;
¢ ® c z
X30-X AX
k Cut 7 4

The only positively oriented persistent path m is

(X10, X9, X5, X7, X¢, X5, X4, X3, X0, X1). (2.9)
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2.2 The theory of MLL proof nets

MLL consists of the proofs constructed by the rules of 2.3 with the exponential rules
omitted. That is, formulas are constructed from atoms X,Y, 7, ... along with the con-
nectives -, ®,%. There are only three cut-elimination rules which are the Ax/Cut-
reductions and ®/%-reduction of Definition 2.12. MLL is very restricted, and is not
capable of expressing arithmetic operations, for example, the calculation of the Succes-
sor of 2 being 3 of Appendix B is not possible in MLL. This system is of theoretical

interest because it provides a kind of “minimal requirement”.

2.2.1 The Sequentialisation Theorem

We present a proof of the Sequentialisation Theorem, originally due to Girard [21].
Recall that in Section 2.1.3 we defined proof structures along with a map 7" which
translates any proof in MELL into a proof structure, and defined proof nets to be those

proof structures lying in the image of T.

The condition given by the Sequentialisation Theorem which determines whether a proof
structure is a proof net or not is connectedness of a family of paths related to the proof

net. We define this related structure and then state the theorem.

Definition 2.20. Let 7 be a proof structure and denote the set of Tensor and Par-links

of m by £27 (or simply L;). A switching of 7 is a function
S:Lr— {L, R} (2.10)

A switching of a particular link [ is a choice of L, R assigned to .
Remark 2.6. We will also often consider £2, the set of Tensor-links of 7.

Definition 2.21. Let 7 be a proof structure. Let O(7) denote the set of occurrences

of formulas in 7 (Definition 2.9). We consider two disjoint copies of this set

U(r) :=0(m) [ JO(x) (2.11)

where elements in one copy are the up elements, and elements from the other are the
down elements. We write 1 A for the up element corresponding to an occurrence of a
formula A in 7, and A | for the down element. Given a switching S of 7, a pretrip of 7w
with respect to S is a finite sequence (x1, ..., x,) of all the elements of U(7) satisfying

the following:
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1. The sequence is a loop, that is, z1 = z,,, and all elements (except the first and the

last) are distinct.

2. If z; = A | and A is part of a conclusion link, then z;,; =t A, corresponding to the

same conclusion link.

3. If z; =1 A and A is part of an axiom link then z,,1 = -A |, corresponding to the

other conclusion of the axiom link.

4. If z; = A | and A is part of a cut link then z;,1 =1 - A, corresponding to the other

premise of the cut link.

5. For any Tensor-link [ with premises A, B such that [ has switching L, we have the

following, where all formulas considered are part of the same Tensor-link:
° Ifa:j = A | then Tjr1 = (A®B) l.
o If 2; =t (A® B) then zj,1 =1 B.
o If ; = B | then xj,; =1 A.

If [ has switching R, we have:
o If Tj = A l, then LTj+1 ZT B.

o If ; =t (A® B) then xj,1 =1 A.
o If x; =B | then zj,1 = (A® B) |.

(see Figure 2.1)

6. for any Par-link [ with premises A, B such that [ has switching L, we have, where

all formulas considered are part of the same Par-link:

o If 2; =t (A% B) then z;,1 =1 A.
o If x; = A| then zj,1 = (A% B) |.
o If ; = B | then zj,1 =1 B.

If | evaluates under S to R, we have:
o If v; = A then z;, =1 A.
o If ; =t (A® B) then ;.1 =t B.

o If:EjZBltheIl :L'j+1=(A7§)B) i,

(see Figure 2.2)
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A \/3

|
A®B A®B

1

FI1GURE 2.1: Tensor-link, L switching, R switching

9

FI1GURE 2.2: Par-link, L switching, R switching.

Definition 2.22. A trip of = with respect to S is a pretrip modulo the natural action
of the cyclic group in the number of variables in the pretrip. We denote the set of all
trips by T (7, S). If the set T (7, S) admits more than one element, these elements are
called short trips, and if it admits only one element, this element is the long trip.
We refer to the proposition “for all switchings S, the set 7 (7, S) contains exactly one

element” as the long trip condition.

A short pretrip is a choice of representative for a short trip, and a long pretrip is a

choice of representatitive of a long trip.

Theorem 2.23 (The Sequentialisation Theorem). A proof structure 7 satisfies the long

trip condition if and only 7 is a proof net.

The rest of this section is dedicated to proving this theorem.

Given a proof structure m satisfying the long trip condition and a Tensor-link ! with
premises A, B say, let S be a switching of 7 and t := (x1,...,2,) be the long pretrip of
m satisfying 1 = A |. Since 7 satisfies the long trip condition, it must be the case that
1 (A® B) and B | occur somewhere in ¢t. Can we determine which occurs earlier? Say
S(l) = L and let m,k > 0 be such that x,,, =1 (A® B),z; = B | and assume [ < m. Then
t has the shape

(A}, (A®B)|,...B|,1 A, ...t (A®B),1 B,...,Al). (2.12)
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Now consider the switching given by

S:Lr— {L,R}

S(q), q#l
q >
R, qg=1
Then (2.12) becomes:
(AL1B,..AL) (2.13)

which is a short pretrip, contradicting the assumption that 7 satisfies the long trip

condition. Thus m < k. We have proven (the first half) of the following.

Lemma 2.7. Let w be a proof structure satisfying the long trip condition, | be a Tensor-
link with premises A, B say, S be a switching of © and (x1,...,x,) the long pretrip
satisfying x1 = A l. If m,k >0 are such that x,, =t (A® B),xy = B |, then:

e IfS(t) =L then m<k.

o If S(7) =R then k <m.

The proof of the other half is similar to what has already been written, however since

Lemma 2.7 contradicts [21, Lemma 2.9.1] we write out the details here:

Proof. Say m < k, then ¢ has the shape
(A,tB,..,t (A®B),1 A,...,B|,(A®B) |,...,Al). (2.14)
Now consider the switching given by

S:Lr— {L,R}

S(a), a=l
q >
L, q=1
Then (2.14) becomes:
which is a short pretrip. O

Lemma 2.8. Let w be a proof structure satisfying the long trip condition, | be a Par-
link with premises A, B say, S be a switching of © and (z1,...,x,) be the long pretrip
satisfying x1 = A l. If m,k >0 are such that x,, =t (A% B),x = B |, then:
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o IfS(t)=L then m<k.
o If S(7) =R then k <m.

Remark 2.9. Lemma 2.7 gives a nice interpretation of Lemma 2.7 that long trips return

to where they left at each Tensor-link.

The situation is a bit different for Par-links; the relevant slogan is long trips wvisit the

premises before returning to the conclusion.

Say 7 satisfies the long trip condition, 7 admits a Tensor-link [ (with premises A, B say)
such that the conclusion of [ is a Conclusion-link, and if [ is removed (i.e, if the link
is removed with premises replaced by Conclusion-links), the resulting proof structure
consists of two disjoint proof structures 7y, mo each satisfying the long trip condition. It
is necessarily the case that any pretrip p of 7 starting at 1 A visits the entirety of U ()
before returning to the Tensor-link [, lest m; admit a short trip. Moreover, it must be
the case that ¢ admits no occurrence of formulas in w9 lest the result of removing the
Tensor-link [ not result in disjoint proof structures. Thus, if such a link [ exists, it is
mazimal in the sense that there is no other Tensor-link I” where a pretrip starting at a
premise of I’ contains the entirety of any pretrip starting at A. Most of the remainder
of this section will amount to proving the converse, that any such maximal Tensor-link
“splits” 7. This is the splitting lemma of [21], which is the main technical lemma required

to prove the Sequentialisation Theorem.

Definition 2.24. Let 7 be a proof structure satisfying the long trip condition, S a
switching of m, and A an occurrence of a formula in 7. Consider the long pretrip
(21, ..., ) satisfying x; =t A. We denote by PTrip(A,1) the subsequence (x1, ..., %)
of (x1,...,xy,) satisfying x,,, = A |. We define PTrip(A4, |) similarly.

Also, for a € {1, |} we define the following set
Visits(A,a) = {C e O(m) |t C,C | occur in PTrip(A,a)}. (2.16)
The up empire of A is the following set:
Emp; A := {C € O() | For all switchings S we have 1t C,C' | occur in PTrip(A, 1)}
The down empire of A is defined symmetrically.

One point of difference between the proof presented here and the original proof [21] is
that Girard did not consider down empires. At the time of writing, the current author
does not see how to avoid down empires, and believes the proof in [21] is too terse to

extract a rigorous proof which avoids them.



Algebraic Geometry and Linear Logic 28

With the new terminology, we now have some Corollaries of Lemmas 2.7 and 2.8:

Corollary 2.25. Let w be a proof structure satisfying the long trip condition, and let S
be a switching of m, for a formula A and a € {1,|}:

1. If A is part of an aziom link then PTrip(A,1) = (1 A, PTrip(-A4,]), A l), where this
notation means the sequence PTrip(=A,|) with 1 A prepended and A | appended.

2. Ifl is a Tensor-link with conclusion A® B:

(a) If S(I) = L:

e Ptrip(A4,|) =(A|,PTrip(A® B,|),PTrip(B,1),1 A).

e PTrip(B,|) = (B |,PTrip(A,1),PTrip(A® B,|),1 B).

e PTrip(A® B,1) = (1 A® B,PTrip(B,1),PTrip(4,1),A® B |).
(b) If S(I) = R:

e PTrip(A,]) = (A |,PTrip(B,1),PTrip(A® B,|),1 A).

e PTrip(B,|) = (B |,PTrip(A® B, |),PTrip(A4,1),1 B).

e PTrip(A® B,1) = (1 A® B, PTrip(A, 1), PTrip(B, 1), A® B |).

3. If A is a premise of a Par-link | with conclusion A% B:

(a) If S(1) = L:

e PTrip(A,]) = (A |,PTrip(A% B,|),t A).

e PTrip(B,|)=(B|,1 B).

o PTvip(A% B,1) = (1 A B, PTrip(4,1), A% B |).
(b) If S(I) = R:

o PTrip(A,1) = (A 1,1 A).

o PTvip(B,|) = (B |,PTrip(AB B, ),1 B).

e PTrip(A® B,1) = (1t A® B,PTrip(B,1),A® B ).

Corollary 2.26. Let w be a proof structure satisfying the long trip condition, we have

the following.

1. For any axiom link with conclusions A,-A:
Emp; A = Emp,(-A) u {A}. (2.17)
2. For any cut link with premises A,-A:

Emp; A = Emp,(-A4) u {A}. (2.18)
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3. For any Tensor-link with premises A, B:

Emp; AnEmp, B = @. (2.19)

4. For any tensor or Par-link with premises A, B and conclusion C':

Emp,; C = Emp; AuEmp; Bu {C}. (2.20)

5. For any Tensor-link with premises A, B:

Emp, B = Emp; AuEmp (A ® B) u{B}. (2.21)

Definition 2.27. Given any link [ we write B €[ if B occurs as either a premise or a

conclusion of [.

Let 7 be a proof structure satisfying the long trip condition, and a € {f,|}. The set of
links of A with respect to S is the set

Lo(A):={leL;|VBel,BeEmp, A}. (2.22)

Definition 2.28. Let m be a proof structure satisfying the long trip condition and let
a € {1,l}. Define the set

Po(A) :={l € L | Exactly one premise of [ is in Emp, A}. (2.23)

The following two results, the Realisation Lemma and the Separation Lemma will assume
that m is cut-free. The case involving cuts will be reduced to this case in the proof of
Theorem 2.23.

Lemma 2.10 (Realisation Lemma). Let m be a cut-free proof structure satisfying the
long trip condition, let a € {t,l} and A an occurrence of a formula in 7. Define the

following function:

S:Pu(A) — {L,R}

L, if the right premise of | is in Emp, A

| —>

R, if the left premise of | is in Emp, A
and extend this to a switching S : Lr —> {L, R} arbitrarily. Then

Emp, A = Visitg(4, a). (2.24)
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Proof. We proceed by induction on the cardinality of the set £,(A). For the base case,

assume |L£,(A)| = 0. Then 7 is a disjoint collection of Axiom links. The formula A is

part of one of these, and so Emp; A = {A,-A} and Emp; A = {A}, the result follows

easily.

Now assume that |£,(A)| = n > 0 and the result holds for any formula B such that

|Lqo(B)| < n. First say a =1, and A is a conclusion of either a tensor or a Par-link

Ny o
Iz

where ® e {®,%} and A=A4; ® Ay or A=A; ¥ As. By (2.20) we have

Emp; A = Emp; Ay UEmp, Ay u {A}
= ViSité(Al, T) U ViSitS(AQ, T) u {A}
= ViSitg(A, T)
where the second equality follows from the inductive hypothesis.

Assume A is part of an axiom link. By (2.17)
Emp; A = Emp,(-A4) u {A}

with
IL4(A)] = [£,(=A)].

(2.25)

(2.26)

Since |£,(-~A)| > 0 we necessarily have that -A is not a conclusion. Thus, since 7 is

cut-free, A is connected to an occurrence —A which is a premise to either a Tensor-link

or a Par-link. In the case of the former, we have:

)

®
l0®ﬂA
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then by (2.21):

Emp,(-A) = Emp, C UEmp,(C ® -A) u {-A}
= ViSitS(C, Ny ViSitS(C ®-A,|)u{-A}
=Vlsltg(—u4,i)

where the second equality follows from the inductive hypothesis.

If - A is a premise of a Par-link

N
[or-a

then by construction of S, where we use the specific definition of S for the first time,

Empl(—\A) = {—\A}
= VlSltsv(—lA, ‘L)
The case when a =/ is exactly similar and so we omit the proof. O

Definition 2.29. A tensor or Par-link is terminal if its conclusion is premise to a

Conclusion Link.

Corollary 2.30. Let w be a cut-free proof structure satisfying the long trip condition.
Let | be a terminal Tensor-link with premises A, B, say, of m. Then m admits a Par-link
I" with premises C, D, say, such that C € Emp; A and D € Emp, B if and only if for

every switching S of ™ we have

Emp, A # Visitg(A, 1) or Emp, B # Visitg(B,1).

Proof. Say m admitted I’. If the switching S is such that S(I') = L then C % D ¢
Visitg(B) ~ Emp; B and if S(I') = R then C' % D € Visits(A) \ Emp; A.

Conversely, say m admits no such Par-link [’, that is, assume
Pr(A)nPy(B) = @. (2.27)
Then there is by Lemma 2.10 a well defined function

§:Py(A) UP(B) — {L,R)
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which extends to a switching S such that
Emp; A = Visitg (A, 1) and Emp; B = Visitg (B, 1). (2.28)

O]

Lemma 2.11 (Separation Lemma). A cut-free proof structure m satisfying the long trip
condition with only Tensor-links amongst its terminal links admits a Tensor-link [, with

premises A, B, say, satisfying
O(m) = Emp, AuEmp, Bu {A® B}. (2.29)

Moreover, removing A ® B results in a disconnected graph with each component a proof

structure satisfying the long trip condition.

Proof. Consider the set of Tensor-links £ of 7. We endow this with the following partial

order <: a pair of Tensor-links:

Node Ny
[e |con

are such that [ < 1" if Emp; AuEmp; B ¢ Emp, CuEmp; D. Let [ (with conclusion A® B

say) be a Tensor-link maximal with respect to <. We show that [ satisfies the required

property.

Say O(w) # Emp; AuEmp; Bu{A® B}. Then by Lemma 2.30 there exists a Par-link
I', with premises C, D say, such that C'e Emp; A and D € Emp, B. Since 7 admits no
terminal Par-links, the unique maximal length directed path of m beginning at the node
X of I’ terminates at an edge labelled E'® F, for some E, F. The edge is necessarily the

conclusion to some Tensor-link I”, by the hypothesis.

Notice that if I =1, then either C% D € Emp, A or C % D € Emp, B which in either case
implies Emp; AnEmp; B # @, contradicting Corollary 2.26, 2.19, and so " #1. Without

any loss of generality, assume that the unique directed path from I’ to a Conclusion-link
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passes F'. The situation looks as follows.

N
lCW?D

Node Ny
[e [or

C C

Let S be a switching of m so that Emp, F' = Visitg(F,1) and so that S(I") = L, which
exists by Lemma 2.30. Let ¢t = (x1,...,x,) be the long pretrip of © with respect to S
satisfying x1 = F' 1. We have by Lemma 2.8 that ¢ takes the following shape:

(1F,..1 (C8D),1C,...D|,1D,...,Cl,(C8D)|,...Fl,..). (2.30)

We have that D € Emp,; B so for simplicity, rewrite (2.30) as t' = (211, ..., Tp4) for
some k > 0 (where i + k means ¢ + kmodn) so that 1 B occurs to the left of D | and B |

occurring to the right of 1 D.

We have chosen S so that Emp; F' = Visitg(F,1). This same choice of S satisfies
Emp, B = Visitg(B,1). We have that C' ¢ Emp,; B = Visits(B,1) and so by Lemma

2.8 we have:
t B occurs in (1 C,...,D |) and B | occurs in (1 D,...,C |). (2.31)

This implies that B € Visitg(F, 1) = Emp; F.

By reversing the switching of I’ we can similarly show that A € Emp, F', contradicting

the maximality of [. This proves the first claim.

For the second claim, since O(7) = Emp; A u Emp; Bu {A ® B} we have by Lemma
2.30 that P;(A® B) = @ and we saw in the proof of Lemma 2.10 that a switching S
which realises Emp; A is given by setting all switchings arbitrarily except for those in

P+(A® B). This means that for any switching S of 7:

Visitg(A, 1) = Emp; A and Visits(B,1) = Emp, B (2.32)
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which is to say the two subproof structures given by removing A® B never admit a short

trip, that is, they each satisfy the long trip condition. ]

Proof of Theorem 2.23. First assume that 7 is cut-free.

We proceed by induction on the size |L;| of the set L. If this is zero then 7 consists of

a single axiom link and so the result is clear.

For the inductive step, we consider two cases, first say m admits a Par-link for a conclu-
sion. Then removing this Par-link clearly results in a cut-free proof structure satsifying
the long trip condition and so the result follows from the inductive hypothesis. If no such
terminal Par-link exists, then by the Separation Lemma there exists some Tensor-link

in the conclusion for which we can remove and apply the inductive hypothesis.

Now say that m contains Cut-links. We replace each Cut-link with a Tensor-link to
create a new proof (. That there exists a proof = which maps to ¢ follows from the
part of the result proved already as ( is cut-free. We adapt = appropriately by replacing

Tensor-links by Cut-rules and we are done.

Conversely, say 7 is a proof net and let 7" denote an MLL proof (Definition 2.4) such that
T(7") = m, where T is the translation map of Definition 2.10. One proves by induction

on the structure of 7’ that 7 satisfies the long trip condition. O

2.2.2 Geometry of Interaction 0

As mentioned in the Introduction, Geometry of Interaction was initiated by Girard and
further developed by many more authors. None of the ideas presented here are new,
the standard textbook reference is [26] however the following was developed from the

original papers.

There is a distinction between a formal language’s syntazr, the raw language of the
system, and its semantics, the meaning of the language. Considering logic as a linguistic
tool constructed with intentional redundancy so that many different sentences can be
formed to describe the same thing, it makes sense to look for mathematical invariants

of a logic’s syntax.

Geometry of Interaction models take a different approach, and consider logic as a com-
putational system whose dynamics are provided by the cut-elimination process. From
this angle, it makes sense to search for mathematical models of a logic’s syntax which
are not invariant under cut-elimination. Instead, if 7 is a proof which cut-reduces to

7', and if [r], [7'] respectively denote the interpretations of 7, 7', then there ought to
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be some mathematical relationship [7] ~ [7'] transforming one interpretation into the

other.

In this section we present what we call Geometry of Interaction 0, which is a model
of MLL proof nets where to each proof 7 is associated a permutation «,; on a set of
formulas which are conclusions to Axiom-links of w. The reference for Geometry of
Interaction 0 is [22], which this section follows. See the Introduction of [61] for more on

the distinction between denotational semantics and Geometry of Interaction.

Remark 2.12. We have motivated Geometry of Interaction as “dynamics conscious” se-
mantics for proofs. This was not the only concern in the original papers though. A
Geometry of Interaction model not only models cut-elimination, but also sequentialisa-
tion, and and more generally orthogonality. In this thesis we do not consider this side
of Geometry of Interaction. Sequentialisation and orthogonality are concepts tied more
closely to the logic of the system, for example, they have been motivated by the question
“what is a type? ([24, Page 222])”.

For us, we primarily view linear logic as a system of computation, so we are most
interested in its cut-elimination process. Thus, we do not consider these aspects of our
models. We do not rule out the possibility of these ideas being interpretable in our

models of Chapter 4, and leave these as interesting further research questions.

A cut-free proof m in MLL with a single conclusion A, and with all premises of all
Axiom-links atomic is determined by A up to the Axiom-links of 7. For instance, when
the following proof net is read with dashed Axiom-links ignored, we obtain a proof net

m, and similarly if we read the dashed Axiom-links and with the solid arrow Axiom links

ignored.
Ax
s _Ax AN
/ - ~< N
’ _- ~o N
’ e N \
/ e ~ \
e SO
// 7 \\
/0 Ax Ax
/ AN
e AN (2.33)
1, W\
W) A
® 2
m X®X
%
l(ﬁX@aﬁX)?S(X?XX)
c

A compact way of describing the axiom links of a proof in MLL is to read each Axiom-link

as a transposition, and to give the product of these as a permutation. This translation
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of proofs into permutations was first given in [22] and was expounded upon in [24]. Due

to the popularity of the latter paper, the former is often overlooked.

We present some of the core results of [22] where it is shown how to relate the permu-
tations of a proof with cuts to the permutations of the associated normal form. The
most important difference between the current presentation and that of [22] is that we

use unoriented atoms (Definition 2.17).

Definition 2.31. Let 7 be a proof net. Let P(7) denote the disjoint union of all the

unoriented atoms of all formulas which are conclusions to Axiom-links in .

Recall the definitions of pretrips (Definition 2.24) and switchings (Definition 2.20).

Definition 2.32. Let 7 be a proof net with Axiom-links [y, ...,{, say. Foreachi=1,...,n
the link [; defines a permutation 7;, on the set P(7) in the following way: if /; has
conclusions —A4, A then the j% element of the sequence of unoriented atoms of A is
mapped via 7, to the ™ element of the sequence of unoriented atoms of ~A. We define
the axiom link permutation associated to 7w a; to be the product of all these
permutations:

(2.34)

Qo =Ty T, -

n

Let S be a switching of 7. For each unoriented atom X € P(7), corresponding to a for-
mula A say, let ﬁf (X) denote the unoriented atom corresponding to the first occurrence
in PTrip(7, S, A,|) of the form 1 B where B is a formula labeling a conclusion of an

Axiom-link in 7.
The set of all permutations of the second form is denoted
S(7):={B7| S is a switching of }. (2.35)

Example 2.3. The proof net given by ignoring the dashed lines in (2.33) corresponds

to the permutation
X1 <~ XQ,X?, <> X4 (236)

and that given by ignoring the aziom links and including the dashed lines is

X, o X4, X5 < Xs. (2.37)
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1-X, 1 T X, L TaX, L Tox, L 1-X5 |

T Xl T2X; ) T Xg !l

/Y

i

@

FIGURE 2.3: The switching S of Example 2.4

Example 2.4. Let w denote the following proof structure with Tensor-links labelled
l1,12,13 as displayed. The formula A denotes - X ® =X .

/N /AX\ N YN

-Xi Xy =X3 -X5 Xe Xy X3

./ \/ |

-A®-A
1
C

Consider the switching S(l1) = S(l2) = S(l3) = L. Then we have
B X1 Xre X5 > Xy X1, Xio X;,i=2,4,6,8. (2.38)
The long trip corresponding to this switching is illustrated in Figure 2.4.

We can now rephrase the long trip condition of Section 2.2.1 in terms of permutations.
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Proposition 2.13. Let w be a proof structure, then m is a proof net if and only if for

all B € X(7) the permutation oS is cyclic.

Lemma 2.14. Let 7 be a proof structure such that every conclusion of every Axiom-link

18 atomic. Assume there is a Cut-link in © with premises A,-A. Write
A= X1 X1 Mp—1 Xn (239)

where for each i=1,...,n-1 we have ®; € {®, R} and for each i =1,...,n we have that
X, is atomic. Let { be a proof structure equivalent to m under cut-reduction which is
obtained by reducing all ® | -reductions. Then in (, there exists for each i a cut link l;

with premises X;, -~ X;.

Proof. By induction on n. O

Definition 2.33. We define a permutation 7, on P(7) (Definition 2.31). Let I be a
cut link in 7 with premises —A, A, say. Let —=A, A have corresponding unoriented atoms
X1,...,X, and Yi,...,Y,. Let 7 be the permutation which swaps X; and Y;. By
Lemma 2.14 this corresponds to a transposition of a pair of elements in P(7) uniquely

determined by X;,Y;. Ranging over all cut links /1,...,l, we define

Vo = Vi e V- (2.40)

Example 2.5. We denote by 7 the following proof net with artificial labels on the for-

mulas. Assume X; fori=1,...,6 is atomic.
Ax Ax Ax
-X g Y ﬁy 2X4 Xs’c lﬁXG
¢ ® c 23 (2.41)
m Cut A

’)/WZXQ <—>X6, X3 <—>X5, Xz<—>Xz,Z= 1,4. (242)

We have

We introduce n-expansion, which relates Axiom-links of a compound formula A to

Axiom-links of the formulas constituting A.

Definition 2.34. A pair of proof nets (7,7") where 7’ is obtained from 7 via replacing

some subgraph of 7 of the form on the left of the following with that on the right is an
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. . ’
n-expansion, written m —, 7.

A@ij X\%A??ﬁB A< >< >ﬂB

—

Lemma 2.15. The set P(7) is invariant under reduction of ®]%-reductions and n-

expansion. More precisely, we have the following two statements:

e Say 7' is produced by reducing a ®/%-reduction in 7, then P(w) =P(x').

o Say m —, ', then P(m) =P(n’).

Proof. For the first claim we simply notice that reducing a ® /%-reductions has no effect
on the Axiom-links of w. For the second we see that the order of the sequence of
unoriented atoms of A, B is explicated by the Axiom-links produced by an n-expansion.

O

Hence, when considering P(7), we can always assume without loss of generality that 7
contains no possibility of ®/%-reductions and that all conclusions of all Axiom-links of

7 are atomic.

Lemma 2.16. Let m be a proof net admitting no possibility of ®/%-reductions and
assume that all conclusions of all Axiom-links of © are atomic. All reductions m — 7’

are necessarily of the following form, with X atomic.
Ax Ax Ax
-X X -X X
/ X / \ / \ (2.43)
: Cut : : :

Proof. All reductions of 7w are Ax/Cut-reductions, but since all the Axiom-links have
atoms as conclusions, it must be the case that the Cut-links in these Ax / Cut-reductions
have premises which are also atoms. These atoms can only possibly exist if they are

conclusions to an Axiom-link, and so we obtain the form given in the statement. O

Definition 2.35. Say 7 is a proof net with no ®/%-reductions and all conclusions of all

Axiom-links are atomic. Moreover, say there is a reduction @ — 7’ which by Lemma
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2.15 is of the form (2.43). We define a function ¢ : P(n") » P() given by the following

schema:
/ Ax \

-X X
4 4

(2.44)

AX\ /Ax

-X X -X X
1

R

Definition 2.36. Let m be a proof net and consider P(7), in light of Lemma 2.15
we can assume without loss of generality that 7 admits no ®/%-reductions and that
all conclusions of all Axiom-links in 7 are atomic. Let ¢ be the corresponding normal
form. Let (7 =y, m, = () be a sequence of cut reductions. These induce a family of

functions:
P(C) = 73(7"'71) - 73(7"-n—1) T P(ﬂ'?) - P(ﬂ-l) = P(ﬂ-) (2'45)

Composing these determines a function .5 : P(¢) — P(x).

Remark 2.17. MLL is confluent, meaning that for every pair of cut-reduction steps
m — m',m — 7" there exists a proof net 7’ and reductions 7’ — 7", 7" — 7. Tt

follows from this that the morphism ¢, is independent of the choice of reduction path.

We give an alternate characterisation of the image of ¢,.

Lemma 2.18. Let w be a proof net and assume all conclusions of all Aziom-links are
atomic. A formula A in 7 is in im i, if and only if it is not the premise to a Cut-link.
Proof. First we consider the case where 7 admits no ®/%-reductions.

Say A is premise to a Cut-link. Since A € P(7) it is also the case that A is conclusion
to an Axiom-link. Hence there exists a cut reduction which removes A, and so A is not

in the image of ¢.

Now say A is not premise to a Cut-link and so A is necessarily not part of an Ax/Cut-
reduction. There are no ®/%-reductions in w. Hence A survives cut-elimination. In

other words, A € im¢,.

The general case follows from inspection of the ®/%-reduction of Definition 2.12. O]
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Definition 2.37. Let 7 be a proof net. We describe a final permutation ¢, on P().
For each X € P(7) let d; denote the least integer such that (o o 77 )% (X) is above a
Conclusion-link (meaning the unique maximal length directed path from X ends at a

Conclusion-link).

We define the following permutation on P(7), the permutations:
37(X) = (ar 0 7x) % (X). (2.46)

Remark 2.19. Notice that such an integer d; in Definition 2.37 always exists as 7 is a

proof net (as 7 satisfies the long trip condition, see Section 2.2.1).

At the start of this section we mentioned that Geometry of Interaction models interpret
cut-elimination non-trivially. In Geometry of Interaction O this role is played by d, in
the following theorem which can be viewed as a projection of the permutation a, onto
the subset P(¢) ¢ P ().

Theorem 2.38. [Geometry of Interaction 0] Let w be a proof net possibly with Cut-links
and let ¢ be the normal form of w. Then

r =150, (2.47)

Proof. By inspection we have that v, is invariant under reduction of ®/%-reductions.
Also, a is clearly invariant under reduction of ®/%-reductions, thus we can assume that
7 admits no possibility of a ®/%-reduction. Furthermore, by inspection of Definition
(2.34) we see that a is invariant under n-expansion, it is also clear that 7, is invariant
under n-expansion. Thus we can also assume that all conclusions of all Axiom-links of

7 are atomic.

All cut links appear inside “chains” of Axiom and Cut-links, such as in the following

Ax Ax
-X X
N D
Cut Cut

By Lemma 2.18, all formulas in the “interior” of these chains are not in im¢,. Hence,

Diagram.

dr is a product of transposes where the formulas on the two extreme ends of these
chains are swapped. By considering the cut elimination rules we see that this is exactly
the behaviour of a¢, and that these two formulas are the images of the corresponding

formulas in ¢. O
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2.2.3 Geometry of Interaction I

Geometry of Interaction 0 interprets MLL proof nets as permutations which correspond
to the Axiom-links of the proof being interpreted. Geometry of Interaction I attempts to
extend this model to MELL by replacing each variable X in the set P(A) of conclusions
to Axiom-links with an entire copy of the natural numbers N and then uses bijections

N x N — N to model the exponentials.

For this section (and only this section), we need to consider a variation on the negation of
formulas given in Definition 2.1. We consider instead the following equivalence relation

on the set of preformulas:

ﬁ(A@B)NﬂA??—!B, ﬁ(A??B)N—!A®—\B, —l(X,l')N(X,f)
JAN?2A, —7ANSA

The difference is that the negation of multiplicative formulas no longer swaps the order
of A, B.

A permutation o on a finite set X induces a bounded linear operator on the Hilbert
space F'X freely generated by X, which is defined by x — ox for each x € X. Writing
this linear operator as a matrix with respect to the basis X of F'X we obtain an n xn

matrix M,, where n is the number of elements of X, where each entry is either 0 or 1.

We focus on the specific Hilbert space H = £? of sequences z = (g, 21,...) of complex
numbers which are square summable, ie, Y77 |zn|2 converges. Then we consider the
space of bounded linear operators B(H) on H. Since B(H) is (countably) infinite dimen-
sional, we have that B(H)" =z B(H) for every n > 0. Thus, if we read each entry 1 of M,
as the identity operator, and each entry O as the zero operator, then each M, induces
an operator H — H (in other words, an element of B(H)) allowing for each such matrix
to be compared on the same footing. More precisely, each matrix is an element of the
same Hilbert space, even though they differ in size. Thus, the ultimate interpretation

[7] of an MELL proof net 7 is a bounded linear operator [r] € B(H).

In fact, each bounded linear operator [r] is a partial isometry.
Definition 2.39. A bounded linear operator u : £2 — ¢? is a partial isometry if any,
and hence all, of the following equivalent conditions are met.

o uutu =u,

e wuut =u*,

*

o (uu*)? =uu”,
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o (u*u)?=u*u.

Girard wanted to “internalise” the direct sum ¢2 @ ¢? and the tensor product £2® ¢? into
% itself using bijections N[N — N and N x N — N respectively. When attempting
to internalise a neutral element for tensor product, Girard remarks in [24] that id ®u is
not isomorphic to u for general u, so instead he relates these two by a partial isometry
induced by the injective function r : N — N x N,n — (0,n). The core observation is
that given a partial injection ¢ : N — N, i.e. a partial function with domain of definition
D c N such that ¢|p : D — N is injective, induces a projection A, : 2 — (2. If 1 is a
bijection then A, is unitary. Any partial injection ¢ can be decomposed as ¢ = poo where
o is a bijection and p a partial identity (that is, if D is the domain of definition of p then
plp is the identity on D). Thus A, = A,A, where A, is unitary and A, a projection.
Such a decomposition guarantees that A, is a partial isometry. This motivates the idea

that to model exponentials, permutations must be generalised to partial isometries.

To end up with a Geometry of Interaction model, Girard introduces [24] the ezecution
formula (Definition 2.44) which in some cases relates an interpretation [r] of a proof
net 7 to the interpretation [7'] of a proof net 7’ obtained by reducing all cuts in 7. The
class of proofs for which the execution formula genuinely relates [7] to ['] is when 7 is
cut-equivalent to a proof net which only promotes against an empty context. In Section

2.2.4 we give an example of this formula not holding and provide some extra comments.

The space H has an inner product defined as follows:
<§7 w> = Z Zp W, (248)
n=0

In fact, the sum H™ of m copies of H also has an inner product structure, defined by

((gl, ...,gm), ( L ...,Qm)>Hm = JZ::I ((gj,gj»H. (2.49)

g

We fix the standard basis for £? consisting of sequences b; such that all entries are equal
to 0 except for the i*" which is equal to 1. We note that this basis is countably infinite.

Consider the following functions

altN—>N agiN—>N

n+— 2n n+——2n+1
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which induce a bijection « : N[N — N. Applying these functions to the standard

basis vectors of £2 we obtain the following partial isometries:

pil®— 12 q: 0> — 12

(20, 21,...) — (20,0, 21,0, 29, ...) (21, 22,...) — (0,20,0,21,0,...)
which have the following adjoints:

p*:EQ'_)£2 q*:€2_)€2

(Zo,zl, ) > (Zo,zg, ) (20,21, ) —> (21,Z3, )

Lemma 2.20. The functions p,q,p*,q* satisfy the following:

o p'p=idp =q"q,
e pp* +qq" =idgp,
e pqg=0=q"p.

Definition 2.40. Let m be a proof structure. We decorate the edges of m with the
symbols p, q,id which will later be interpreted as the operators with the same name.
The labeling is done in the following way: the left premise of each Tensor and each
Par-link is labelled p and the right premise of each Tensor and each Par-link is labelled

¢, the remaining edges are labelled id. An example is given as follows.

Ax Ax Ax
id g K q 2 id p§ )q
C ® C 5
x Cut /

Each persistent path of 7w consists of formulas whose corresponding edge is traversed
either forwards, or backwards. If the edge is traversed forwards then we associate a
symbol in {p,q,id} to this edge. If the edge is traversed backwards then we augment
the label with an asterisk * and consider a symbol from {p*,¢*,id*}. For example, the
unique (assuming A is atomic), positively oriented persistent path in the above example
has associated word

id* qidid* ¢"pidid* p*id. (2.50)
Denote the operator of the same name as w € {p, q,id,p*,¢*,id*} by w. The operator

associated to p is

0p =Wy, © -+ 0 WY. (2.51)
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So, in the above example, the associated operator is qq*pp* = id. We will see that this
is the same operator which is associated to the proof net given by a single Axiom-link,

which is the normal form of the original proof net.

Definition 2.41. Let m be a proof structure and ¢ the proof structure obtained by
removing all the Cut-links of 7 (and appending conclusion links to the premises of the
Cut-links removed). Consider all the unoriented atoms of all premises to conclusion
links of (, say there are n of these. We construct an n x n matrix [r], we will use these
unoriented atoms as the indices for the rows and columns of [r]. For each persistent
path p of ¢, form o, of Definition 2.40 and let this be entry BA of [r]] where p begins

at B and ends at A. The remaining entries are 0.

Example 2.6. Consider w of Example 2.2. We remove the Cut-link to obtain a proof-
structure w'. Label the left premise of each Tensor and each Par-link by p and the right
premise of each Tensor and each Par-link by q. Label the remaining edges by the identity

map idy2. For convenience, we have added artificial labels to the formulas.

Ax Ax Ax
-X3, - X5, Xe,
~X1,id 3.4 X4,id 5 p§ \l 64
X27p
C ® C %
l/X7®—‘X3,id \L—\X97§’X1071d
[ ] [ ]

Now we calculate the persistent paths in ©' along with their associated linear operators.

These are as follows:

v = (X, Xo, X7) oy, =idpid = p, (2.52)
ve = (X7, X2, X1) oy, =1id* p*id* =p*, (2.53)
v = (X4, X3, X3g) oy, =idqid =g, (2.54)
vy = (Xs, X3, X4) oy, =id* ¢"id* = ¢~, (2.55)
vs = (X9, X5, X6, X10) 0ys =idgp*id* = gqp”, (2.56)
ve = (X10, X6, X5, X9) 0y =1dpg™id" = pq”. (2.57)
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Hence [r] is the following 4x4 matriz, where we assume respectively that index 1,2,3,4,5,6

corresponds to conclusion X1, X7,-Xg, X4,-Xg, X10:

-X1 X7 -Xg X4 -Xo X0

x| o p 0 0 o0 0]
X7 p 0 0 0 O 0
M| 000 ¢ 0 0 258)
x| 0 0 ¢ 0 0 0
-Xo 0o 0 0 0 0 pg
X [ O 0 0 0 gp* 0 |

Remark 2.21. There are more paths which begin and end at conclusions in 7’ than the

persistent paths vy, ..., 6. For example, there is the following path:
p = (ﬁXl,XQ,ﬂXg,XAL). (259)

The path p has corresponding operator o, = ¢*p. We notice that this is the zero operator.

This reflects the fact that p is not a persistent path.

Definition 2.42. Let 7 be a proof structure and ( the proof structure obtained by
removing all Cut-links in 7 (and appending Conclusion-links to the premises of the Cut-
links removed). Say 7 has atoms Xi,...,X,, amongst the premises to its Conclusion-
links, and say it has atoms Y7,...,Y, amongst the premises of the Cut-links. We will
construct a (2n+m) x (2n+m) matrix o and use X1,..., X, Y1,Y{,...,Y,, Y, as labels

for the indices of this matrix.

For each i =1,...,n consider the minor with rows and columns Y;,Y;'. Set this to be the
matrix
Y, v/
Y; 0 1
(2.60)
vy |1 O

The remaining entries are 0.

The point is that 7] contains the information of the persistent paths of 7 once the Cut-
links have been removed, and ¢ contains the information of the Cut-links. This allows
us to talk about persistent paths of m which traverse Cut-links some chosen amount of

times in a way made precise by the following proposition.

Proposition 2.22. Let XY be amongst the unoriented atoms of all premises to all
Concluston-links of some proof structure w. The operator given by the persistent path
from X toY and which traverses Cut-links exactly m times is the Y X entry of the

matriz [7](o[n])™. Moreover, if no such path exists then this entry is equal to 0.
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Proof. Both [r] and o can be thought of as weighted incidence matrices of the graph .
This makes the first claim clear. For the second, first notice the Y X entry of [#](o[7])™
is the composition of some sequence of operators which in turn are given by persistent
paths in (, the proof structure given by removing the Cut-links of 7. Since the incidences
described by o are exactly the ones given by the way persistent paths connect at Cut-

links, we must have some corresponding persistent path in 7 as claimed. ]
Corollary 2.43. If w is a proof net and o, is as defined in Definition 2.42 then there
exists an integer n > 0 such that 7] (op[7])" =0

Proof. Follows from Proposition 2.22 along with the fact that persistent paths in proof

nets are of finite length. O

Definition 2.44. Let m be a proof stucture. Let { denote the proof structure given
by removing the Cut-links of 7, and adding Conclusion-links at the premises of these
removed Cut-links. Let n denote the sum of the number of unoriented atoms of all the

conclusions of (. We define, where [ is the n x n identity matrix,

Ex([r]) = (I - o*)[x](I - ox]) ™ (I - 0*) (2.61)

= (1= ) X (=) ) (I - o) (2.62)
i=0
which by Corollary 2.43 is a well-defined matrix. This is the execution formula.

The execution formula (2.61) is due to Girard [24].

Example 2.7. We continue with w from Examples 2.2 and 2.6. Using the same indezing

as Fxample 2.6 we have that o is the following matrizx.

-X1 X7 -Xsg Xy -Xo Xio

x[ o o o o o o]
x> | 0 0 0 0 1 0
x| 0 0 0 0 0 1
"l o 0o 0 0o 0 o
Xe | 01 0 0 0 0
Xxo ] 00 1 0 0 0
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This matrixz reflects the “plugging” in the unique positively oriented persistent path of ™

of X7 into =Xg and of -Xg into X19. Notice that this matriz satisfies the following.

o O O o o =

o O O o o O

o O O o o o

SO O = O O O

o O O o o O

o O O o o O

(2.63)

Consider also [r]o[r], which is a matriz whose ij™ entry corresponds to the sum of

operators corresponding to the paths in w which traverse the cut once, where the start

of the path is the conclusion in ©' with label corresponding to column j, and whose end

point is the conclusion with label corresponding to row i. In our current example this is

given as follows:

0 0 0 0
0 0 0 0
0 0 0 0
[w]of~] = .
0 0 0 0 gq¢gp
0 0 0 pgiq 0
lgp"p 0 0 O
Multiplying by o[[r] yields:
[ 0 0 0 ppg
0 0
0 0 0
[wlolnlol=]=| , .
¢qp’p 0 0
0 0
0 0

o O o o O

o O o o o

o O O o o O©

o O O o o O

K_ O O O O O

o O = O O O

o O O o o O

o O O o o O©

o O O o o o

o O O o o O

o O o o o

o O O o o =

o O O

X%

c o 8

o O O o o o

LS

o O o o o

o O O o o O©

(2.64)

(2.65)
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The matriz [r)o[r]o[r]o[x] is the zero matriz and therefore [r](o[x])"™ =0 for n>2.

Thus

-X1 X7 -Xsg Xy -Xo Xio

-X1 o o o0 1 0 ¢
X7 0O o0 0 o0 1 0
-Xsg 0O 0 0 0 O 1
7| + |wllo|x] + [7]o[r]o|x] + - = 2.66
[7] + [lo[x] + [x]ox]o[x] N 1 0 0 0 » 0 (2.66)
-Xo o 1 0 p O 0
X | ¢ 0 1 0 0 0 ]
The execution formula thus yields
-X1 X7 -Xg Xua -X9 Xio
x [0 0o 0 1 0 0]
X7 0O 0 0 0 o0 0
-X 0O 0 0 0 o0 0
Ex([7]) = (2.67)
X4 10 0 0 0 0
-Xo 0O 0 0 0 o0 0
Xo | 0 0 0O 0 O 0 |

What happens if we perform the same process to w after we have performed cut-elimination?

Under this process, w corresponds to the proof consisting of a single axiom link:
- / Ax \)(/4
c c

which corresponds to the matriz

-X1 X4

-X 0 1
' (2.68)

X4 1 0

which appears as a submatriz in (2.65). Theorem 2.45 states that this is not a coinci-

dence.

Theorem 2.45 (Geometry of Interaction I). Let w be a proof net and ¢ normal form of
. Then the matriz [C] exists as a minor in Ex([r]) and any entry in Ex([r]) which

is not in the minor corresponding to [(] is equal to 0.

Proof. Tt is clear by inspection of the reduction rules for MLL (Definition 2.12) that

persistent paths are preserved by reduction. This establishes the first claim.
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On the level of words, we replace instances of p*p and ¢*q with 1. That this is observed
by the execution formula follows from the fact that as operators p*p = ¢*¢ = 1 (Lemma
2.20).

There are also entries in [r] + [r]o[x] + [r]o[r]o[#] + ... which do not correspond to
persistent paths in 7, but instead correspond to persistent paths in the proof structure
obtained by removing the Cut-links in 7. However, these are sent to 0 by the presence

of the matrices (I —o?) in the execution formula. O

2.2.4 A comment

In our presentation of Geometry of Interaction I we have only discussed the multiplicative
fragment of linear logic. The original paper also includes definitions for the exponential
fragment too, but the execution formula does not hold for this fragment. This example
is known to the community and was pointed out to me by Laurent Régnier, Damiano

Mazza, and Olivier Laurent. We give an explicit example of this here.

Define the following functions

t:(NxN)xN-— Nx (NxN) r:N— NxN
((n,m), k) —> (n,(m,k)) n+— (0,n).

By abuse of notation, we also denote by t,r the respective induced linear transformations
t:H3 — H3,r: H— H?.

Consider the following proof net m

[ ) [ ] [ ) [
ﬁ\y Ax 7 Ax
A A
? ?
] | \
e — Pax —————— ! — o o — Pax ———————— | — o
?ﬂAl \) J/!A
C 1A Cut 7-A ¢
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which normalises to the following proof net 7’:

[ ] [ ]
VAX
A
?
o \
e — Pax —————— | — o
?ﬂl l!A
c c

Following [24] we have (where the conclusions labeling the rows and columns are read

from left to right)

7-A 1A 7.4 1A
7-A 0 0 0 (1er)t
1A 0 0 t(ler* 0
[7] = (ter?) (2.69)
7-4 0 (1er)t* 0 0
i | r(ler”) 0 0 0
and
?7-A 1A
7-A 0 ler)t”
[+] = (ler) (2.70)
A | t(ler”) 0
Calculating Ex([r]) we see:
(ler )t t(ler) 0 0 0
0 t(ler*)(1er)t* 0 0
[7]olr] = | (271
0 0 0 ((Ler)t*)
0 0 (t1er))? 0

Thus, we need (1®r)t* = ((1 ®r)t*)2, where we have suppressed isomorphisms between
N and N2, Let #: NxN — N be a bijection. For the execution formula to hold we
require

(luen ® 87 )t (B 1) = lpem ® B 7. (2.72)

For our particular choice of r, there is no such  which satisfies (2.72). At the time of
writing this thesis, it is an open question (and has been for four decades) whether there

exists an appropriate choice of 3, so that (2.72) holds.
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2.3 Origins

This section features the joint work of the current author, Morgan Rogers, and Thomas

Seiller, to which all authors made equal contribution.

In the initial development of linear logic [21], an important part was played by the
‘normal functors’ model of untyped A-calculus [23] where terms are interpreted by finite
polynomial functors [38]. This model has been studied through the lens of categorical
semantics [31, 63], and plays a fundamental role in the current work around 2-categorical
models of linear logic [14, 15, 18]. In [23] Girard proved his so-called Normal Form

Theorem!

. an equivalence between normal functors and analytic functors®, by way of
a normal form common to each type of functor. We give a proof of this result using

modern notation in Appendix C.

Exploiting this result, he constructed a model of the untyped A-calculus which can
be understood as a categorification of Scott domains [19, 55-57]: instead of interpret-
ing terms as continuous functions between directed complete partially ordered sets, he
interprets them as functors preserving certain (co)limits (normal functors) between cat-
egories which possess the corresponding (co)limits. More precisely, a term ¢ (equipped
with a valid context z) is interpreted as a normal functor [z | ] : (Set?)™ - Set?, where

A is a fixed countably infinite set.

In [54] we found that one need not consider normal functors at all, as the core mathe-
matical ideas at work can be understood by considering much simpler normal functions
instead. This leads to a simplification of the normal functors model given in Section
2.3.1. At face value, the simplified model is similar to the weighted relational model [39],
and also to the “weighted Scott domains” model [13, Section 3]. We show in Section
[54, Section 6] that it is distinct from these. We present here enough of our simplified
model in order to understand the decomposition of the intuitionistic implication, and
defer further details to [54].

2.3.1 J)-terms as normal functions
We present enough details of our simplified model needed to comprehend the decompo-
sition !p — ¢ of the intuitionistic implication p o q.

Notation 2.46. For a set A, we denote by Q(A) the set of functions a: A - NuU {co}
and by Z(A) the subset consisting of those a such that Y ,.4a(a) < co (that is, those

"Which is a variant of normal form theorems on ordinals obtained within the theory of dilators [20].
2We stress here that the notion of analytic functor as introduced by Girard differs from that introduced
and studied by Joyal [36].
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for which all values are finite and all but finitely many are 0). The set Q(A) admits a

partial order < given by a; < a, if and only if Va € A, a;(a) < as(a).

Definition 2.47. We say a function f: Q(A) — Q(B) is normal if it is order-preserving

and preserves suprema of filtered sets. That is, if {a, }es is a filtered set of elements in

Q(A), then f(supses{a;}) =sup;e;{f(a;)}-
Observe that Q(A) x Q(A’) 2 Q(Au A") and this bijection induces a natural ordering
on the left-hand side, so we can extend Definition 2.47 to functions of several variables.
Theorem 2.48. Let f: Q(A) - Q(B) be order preserving. Then f is normal if and
only if for any pair (a,b) € Q(A) x B we have
f(@)(0) = sup f(u)(b)Tu<a (2.73)
ueZ(A)

where Ty<q 5 equal to 1 if and only if u < a and is equal to 0 otherwise.

Proof. Suppose f is normal and let (a,b) € Q(A) x B. Consider the set 2, := {ueZ(A) |
w<a}. Then 2, is filtered with respect to the ordering on Z(A) and sup £, = a. Since

f is normal, we thus have

f(a)(b) = f(Sup u)(b) = Sup f(u)(b) = sup f(u)(b)Tu<a- (2.74)

ueZa ueZa ueZ(A)

On the other hand, suppose (2.73) holds. Let {a,}ic; be a filtered set. Then for any

b e B we have

f(sup{a;})(b) = e {f (W) (D) Tuesupyer {a,} }- (2.75)
Also,
sup{f(a;)(0)} =sup{ sup {f(u)(b)Tusa,}} (2.76)
1€l iel  ueZ(A)

One can verify that the right-hand sides of (2.75) and (2.76) are equal by a circle of

inequalities, exploiting the fact that a < a’ implies Ty<4 < Ty<q for all u. O

We can “curry” a normal function f: Q(A) x Q(B) - Q(C) to a function f*: Q(A) —»
Q(Z(B) x C) and dually “uncurry” functions.

Definition 2.49. Let f: Q(A) x Q(B) — Q(C) be arbitrary. We can define a function
fF:Q(A) - Q(Z(B) x C) as follows:

(@) (w,¢) = fa,u)(c). (2.77)
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Conversely, given arbitrary g: Q(A) - Q(Z(B)xC) we define g~ : Q(A)xQ(B) - Q(C)
as

g (a,b)(c) = sup g(a)(u,c)Tup. (2.78)
ueZ(B)

We note that f* is normal when f is and g~ is normal when ¢ is by Theorem 2.48.

That currying then uncurrying yields the identity, is the following proposition. We also

consider the effect of uncurrying followed by currying.

Proposition 2.23. Given f: Q(A)xQ(B) —» Q(C) and g : Q(A) - Q(Z(B) xC') which

are normal, we have (f*)" = f and (g7)" > g¢.
Proof. Let (a,b) € Q(A) x Q(B),ce C. We have:

(f7) (a,b)(c) = Sup)J”(Q)(ﬁ, )Tush = sup f(a,b)(c)Tuch = f(a,b)(c).

ueZ(B ueZ(B)

On the other hand, for a,c as above and u € Z(B),

(97) (a)(u,c) =g (a,u)(c) = sup g(a)(u',c)Tuw<y > g(a)(b;c).
u'eZ(B)

O]

Now fix an infinite set A and a choice of bijection ¢ :Z(A)x A - A. There is an induced
bijection §: Q(A) - Q(Z(A) x A).

Definition 2.50. A context is a sequence of variables z = {z1,...,2,}. A context z is

valid for a A-term ¢ if the set of free variables of ¢ is a subset of x.
Definition 2.51. Let z = {z1,...,2,} be a set of variables and let ¢ be a A-term for
which z is a valid context. We associate to each such pair (z,t) a normal function
[z |t]: Q(A)" - Q(A) inductively on the structure of ¢:

e When ¢ = z; is a variable, [z | ;] := ;.

e When ¢ =ty is an application, [z | (t1)t2] = (7o [z [t1])” o (id(geayn, [z | 2])-

e When ¢ = \y.t' is an abstraction, [z | A\y.t'] :=g 1 o ([z,y | t'])".

Example 2.8 (Church numeral 2 in A-calculus). Consider the term (f)(f)z in the

context (f,x). Its interpretation in our model is as follows after simplifying:

[f;x| ffa]: Q(A) x Q(A) - Q(A)

(a1,05) = 7 (1,7 (a1,05)).
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The interpretation of the Church numeral 2 := AfAx.f fx is obtained by applying (-)*
and G b (twice) but the essence of the interpretation is captured by the above. Beware

that G~ is distinct from g/

In our model, application is interpreted by introducing a new summand in the domain
(via G~ ) and then substituting the interpretation of the second term into this new sum-
mand. So, in the above, we think of the interpretation of fx as the substitution of ay
into the new argument of a, introduced by q—. Then for ffx, this intermediate term

q (ay,a5) is substituted into the new argument of a, introduced by the outermost g .

Lemma 2.24 (Substitution Lemma). Let t,s be A-terms and z = {z1,...,2,} be a
collection of variables and y another variable so that x U{y} is a valid context for t and

x is a valid context for s. Then for any o€ Q(A)"™ we have
[z | tly = s][(@) = [z,y | ] (e [z | s](a)). (2.79)

Proof. We proceed by induction on the structure of the term ¢. The base case where ¢

is a variable is trivial.

Say t = t1to is an application. First, for (a,a) € Q(A)" x Q(A), we have the following,

note that we suppress the contexts to ease notation:

[tit2](e, @) = (q[t1])~ (@, a), [t2] (e, a)) - (2.80)

On the other hand,

[(t1[y = sD)(t2[y = sDI(a) = (@[t1[y = s]1)™ (o, [t2[y = s]](@))
= (@[t:])” (e, [s] (), [E2D (e, [s1()))

where in the final line we have used the inductive hypothesis.

Say t = \y'.t' is an abstraction. We have, for (a,a) € Q(A)" x Q(A):

[z,y | M t](c,a) =7 [z, 5,9 | ] (o, ). (2.81)
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On the other hand, we have for o € Q(A4)" and c € A the following (assume ¢ !(c) =

(Q’, C”)).

[z, y | Xy t[y = s]l(a)(c) = (T [z, v, | [y = s]]") (@) (c)
= [z,y, 9" [ ¥y = s]]"(a)(, ")
= supyez(aye [2, 54" [ [y = s]](u, ) (") Tuga
= supyez(aye [z, v, 4" [ ] (u, [z ] ] (u), ) (") Tusga
= [z, v, ¢ [ U] (e, [z | s] (@), ) (")
=g [z, v,y [T (a, [z | s])(c)

where we have used the inductive hypothesis in the fourth line. O

Theorem 2.52. Definition 2.51 gives a denotational model of the A-calculus.

Proof. By the Substitution Lemma we have for aw € Q(A)™:

[z [ty := s]](a) = [z, y | t] (e [z | s]()). (2.82)

On the other hand, we have

[z | (Ayt)s](e) = (7 [z, y | t]") (id, [z | s]))(e)
= [z, y [ t](e, [z | s](a))

which concludes the proof. O

2.3.2 Linear proofs as linear functions

The model given in Definition 2.51 of the untyped A-calculus can easily be extended
to a model of the simply typed A-calculus by allowing the set A to vary. Via the
Curry-Howard correspondence we thus obtain a model of the implicative fragment of
intuitionistic sequent calculus, where implication A = B is interpreted as Q(Z(A) x B).
The presence of the pair of constructors (Z, x) suggests the decomposition of A = B as
!A — B. This suggestion is supported by the model as a normal function f: Q(A) —
Q(A) is one which is uniquely determined by its restriction f|z(4):Z(A) — Q(A), but
the stronger condition that f is determined by its restriction f|4: A — Q(A) (using
the identification 6 : A — Z(A),a — §,) is satisfied by the linear functions (Definition
2.53). Since our model distinguishes between linear and non-linear functions, our syntax

ought to as well.



Algebraic Geometry and Linear Logic 57

Thus, we can shift our perspective, and assign to each formula A a set A, and to each
sequent A + B a linear function Q(A) — Q(B), or what is the same, a function
A — Q(B). In fact, Q can be extended to a comonad, and so we really assign to each

sequent a morphism in the cokleisli category of Q.

Definition 2.53. Given an element a € A, let §, € Q(A) be the function for which d,(a’)
evaluates to 1 if a = a’ and to 0 otherwise. We say a function f: Q(A) - Q(B) is linear
if

F(a)(b) = 3 a(a) f(3a) (D).

acA
More generally, given sets Aj,..., Ay, B, a function f : [Tir; Q(A;) - Q(B) is said to
be multilinear if it is linear in each argument. We denote the set of such functions

Lin(TTiL; Q(4;), Q(B)).

Remark 2.25. Whereas a normal function f: Q(A) - Q(B) is determined by its restric-
tion to the domain Z(A) - Q(B), if f is linear then it is determined by its restriction
to the domain A — Q(B) (after identifying a € A with §,).

To understand multilinearity, given a function f: Q(A) x Q(B) - Q(C') which is linear
in the second argument, for any a € Q(A) and b€ Q(B) we have

fab) - f(g, S b(b) -6a) = b) - Fa.d). (2.89)
beB beB

We can actually “curry” and “uncurry” multilinear functions using the presentation
expressed in (2.83). Unlike currying for normal functions, this linear currying is a

bijection.

Proposition 2.26. There is a bijection,
(=)
Lin (Q(4) x Q(B), 9(C)) ? Lin (Q(A),Q(B % C)). (2.84)

Proof. We define f*: Q(A) - Q(B x C) as follows for a € Q(A) and (b,c) € B x C":

f(a)(b,c) = f(a,d)(c). (2.85)

Conversely, given a linear function g: Q(A) - Q(B x C') we define g7 : Q(A4) x Q(B) —
Q(C) as follows for (a,b) € Q(A) x Q(B),ce C:

97 (a,b)(c) = X, b(b) - g(a)(b,c). (2.86)

beB

Clearly, if f: Q(A) x Q(B) - Q(C) is linear in its second argument, then (f*)* = f.
Conversely, for any g: Q(A) - Q(B x C) we have (g*)* = g. O
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Example 2.9. Taking A= B and C = {*} in Proposition 2.26, we find that (idg(a)*

18 the ‘scalar product’ map,

(idg(a)) (a,a') = 2;49(@) -d/(a) eN

which is the linear extension of (a,a’) ~ d,(a’).

At this point we already have enough structure to interpret the formulas of linear logic.

Definition 2.54. We choose, for each atomic formula X, a set which we denote X. For

a formula, we define the interpretation inductively via the rules:

A®B=A—-B=AxB, 1A=T(A). (2.87)

Rather than the category of sets, we take the context for these interpretations to be
the Kleisli category of Q. Indeed, Q becomes a monad on Set when equipped with unit
transformation ¢ : A - Q(A) mapping a to J, and multiplication p: Q(Q(A)) - Q(A)
given by viewing elements on each side as extended multisets and taking the disjoint
union. Morphisms A — B in the Kleisli category are functions A - Q(B), which in turn
correspond to linear functions Q(A) - Q(B). As such, we will interpret a proof 7 of
a sequent Ap,..., A, - B as a multilinear function Q(A;) x---x Q(A,) - Q(B), which
correspond to linear maps Q(A; x --- x A,) - Q(B). Thus cartesian products of sets

induces the monoidal product operation on the Kleisli category.

To interpret proofs, we need a little more structure. Let dgq : Q(Z(A)) — Q(A) be
the map sending 6, to Y c4 a(a)dq, extended linearly. Let py : Q(A) - Q(Z(A)) be
the morphism that maps d, to d;,, extended linearly. We will also employ the linear
extension of the diagonal map, which we denote A4 : Q(Z(A)) > Q(Z(A) xZ(A)), and
the swap map 54,5 : Q(4) x Q(B) ~ Q(B) x Q(A).

Definition 2.55. We construct the interpretation [7] of a proof 7 in Intuitionistic Mul-
tiplicative Exponential Linear Logic by induction on the structure of 7, with reference
to Definition 2.6. Throughout, when a composition symbol carries a subscript, this

indicates the formula corresponding to the argument at which to compose.

If  consists of a single Axiom-rule, then [7] :=idgx).

If 7 ends with a Cut-rule, then [r] := [m2] 04 [m1].
e If 7 ends with an Exchange-rule, then [7] := [7'] 04 5 SB 4.

If 7 ends with a Left Tensor-rule, then [r] := [7'] up to identifying multilinear
maps out of Q(A) x Q(B) with linear maps out of Q(A x B).
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o If 7 ends with a Right Tensor-rule, then [7](a,b) := [m1](a) x [m2](b).
e If m ends with a Right Implication-rule, then ] := [7']*.

o If 7 ends with a Left Implication-rule, then for a € A, [7](a,a,b,B) = [m1] (o, a) -

[2] (b, B) (this is the linear version of application).

If 7 ends with a Dereliction-rule, then [7] := [7'] 04 da.

If 7 ends with a Promotion-rule, then [r] := pa o [7'].

If 7 ends with a Contraction-rule, then [7] := [7'] 01414 A4.
e If 7 ends with a Weakening-rule, then [7](ay,...,q,,a) = [7"](ay,-..,a,)-

Example 2.10 (Church numeral 2, in linear logic). Consider the Church numeral 2 4
(without the penultimate right implication rules). Recall that by definition, A — A = AxA
(where on the right-hand side we drop the underline on the A for convenience). Thus
we can write f € (A —- A) =T(Ax A) as f =Y, ci(ai,b;) with a;,b; € A and ¢; € N.
With this notation, daxa(dy) = ¥i-1 €id(a, ), and hence the interpretation of the above
proof is the function Q(A) x Q(Z(A x A)) - Q(A) obtained as the linear extension of:

AxT(AxA) - Q(A)

n n n

(ajf) > (ZC”L . 6a(ai)) . ( Z ciCj (Sbi(aj)) . (Z cj - 6bj) .
i=1 i,j=1 j=1

Theorem 2.56. Definition 2.55 gives a model of intuitionistic linear logic. That is, if

71 and my are Cut-equivalent proofs, then [m1] = [n2].

Proof. We go through each Cut-elimination rule methodically and prove invariance of

the interpretations under these transformations.

The interesting cases are Prom /Der and (R —)/(L —). First we consider Prom /Der.
Say 7 is on the left of the cut and 7’ is on the right. The two interpretations are

respectively
[[7?’]] opadaoiapac ], [[W']] o4 [n]. (2.88)

So it suffices to show that d4 opa =idg(z(a)). It suffices to check this on elements of
the form d,, and indeed da(pa(d4)) =da(ds,) = dq is the identity, as required.

Next we consider (R —)/(L —). One of the interpretations involves ([¢]*)* for some
proof ¢ where the other involves simply [(]. These are equal by Proposition 2.26 and
the result follows. ]
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Remark 2.27. We have not yet motivated the splitting of the disjunction connective A
made by linear logic. To justify this we need a slightly bigger logic than MELL. We
must consider Intuitionistic Multiplicative Additive Exponential Linear Logic (IMAELL)
which admits a further two connectives (the additive connectives) ®,& which have

the following Right-introduction-rules:

' A I'-B
'+ A& B

I'-A
I'-Ae B

' A

T~ BoA 1oL

Rog

R&

There are two equivalent choices for the Right-Introduction-rule of A. They are:

' A A+ B
I''ArAn B

' A I'-B
I'-Any B

Rnq Rng

These are each derivable from the other due to the following proof tree fragments:

' A I'B ' A A+ B
RA _ _
T'TrAn B 1 T.A-A Weak TA-B Weak
—————Fx/Ctr Rng
I'-An B I''A+Any B

However, if we tried to reproduce this in linear logic, we fail because we do not have
the Contraction-rules nor Weakening-rules for arbitrary formulas. Thus, once we have
decided to only allow Contraction-rules and Weakening-rules for promoted formulas,
the connective A naturally splits into two connectives. Hence why linear logic has two
multiplicative connectives and two additive connectives. We see that A1 = ® and A = &.
For the other connectives we consider the two possible constructions of v, thought of as

the word “or”:

Then these are equivalent by the following prooftrees (this time in Classical Logic)

'-AB Iy ey
'-AvyB,B 7l 2 Weak
Rviq I'-AB
'-AviB,Avi B ———5 V2
Ctr I'-Avy B
FI—AVlB

Again, these proofs crucially use Contraction and Weakening-rules, so they form non-

equivalent connectives in linear logic. We see that vi = ®,vy =%,



Chapter 3

Proofs and Locally Projective

Schemes

3.1 Parameter spaces

Proofs in Multiplicative Linear Logic (MLL) are modelled by systems of linear equa-
tions between occurrences of formulas, and computation of a program is elimination of
variables appearing in these systems [50]. This chapter proves that shallow proofs (Defi-
nition 3.2) are locally projective schemes. Algebraically, these locally projective schemes
describe equations between formulas along with equations between these equations, as

made formal in Remark 3.18.
Definition 3.1. Let A be a formula. We define the depth Depth(A) of A by induction
on the structure of A as follows:
e If A= X is atomic then Depth(A) = 0.
o If A=A ® Ay where ® € {®,%} then Depth(A) = max{Depth(A;),Depth(As2)}.
o If A=0A" where Oe€{!,?} then Depth(A) = Depth(A") + 1.
Definition 3.2. A formula A is linear if Depth(A) = 0 and is shallow if Depth(A) < 1.

A proof 7 is shallow if all formulas appearing in 7 are shallow.

In [50] we associated to every MLL proof net m a coordinate ring R, as a quotient
Ry = P;/I;, where P; is a polynomial ring and I is an ideal. The polynomial ring
P, is defined as a tensor product of polynomial rings P4, where are free commutative

k-algebras over the unoriented atoms of A. The polynomial ring P, depends only on the

61



Algebraic Geometry and Linear Logic 62

formulas which appear in 7, and I; depends on the links. Of course, one could consider
the closed embedding of affine schemes Spec(R;) — Spec Py, but the geometry of I is
not interesting, as I; is always generated by polynomials of the form x —y for variables
x,y. However, for shallow proofs this perspective is interesting because it allows for

CL'J?

bang to be modeled using a parameter space.

Every closed subscheme X — Y of an affine scheme Y = Spec R (where R is some k-
algebra) is affine and given by Spec(X/I) for some ideal I € R uniquely determined by
X [30, §IT Ex 3.11]. There is an equivalence of categories AffSchy” =~ k-Alg between the
opposite category of the category AffSch; whose objects are affine schemes over Speck
and the category k-Alg whose objects are k-algebras. Under this equivalence, the ring
P, corresponds to the scheme Spec Py. If we denote by A® the affine space Spec(k[X])
then Spec P4 is isomorphic to A”. Amongst the set of all ideals I ¢ P4 2 k[X7,..., X,,]
are those which are determined by proofs of A. We are therefore interested in the
set of closed subschemes of Spec R, but in general this collection is not itself a scheme.
However, the set of particular closed subschemes of projective space does form a scheme,
the Hilbert scheme. Moreover, the algebraic model of MLL is easily made projective, as

we will explain in due course.

For affine schemes the categorical product is easy to understand, as A' x Al ~ A2, For
projective schemes, the situation is rather different; if we let P! denote the projective
scheme Proj(k[X’, X]) then P! x P! £ P2, There does exist however a closed embedding
P! x P! — P3. For affine schemes, the correspondence between closed subschemes and
ideals is one-to-one, the analogous statement about projective schemes and graded!

k-algebras is given as follows.

Proposition 3.1. Let A be a k-algebra.

o IfY is a closed subscheme of P" (for some r > 1) then there is a homogeneous
ideal I ¢ S = Alxog,...,x,] such that Y = ProjS/I. Moreover, if I is saturated
(Definition 3.3) then I is uniquely determined by Y.

e A scheme Y over SpecR, with R a k-algebra, is projective if and only if it is
isomorphic to Proj S for some graded ring S, where the degree 0 elements Sy are

giwen by R, and S is finitely generated by the degree 1 elements Sy as an Sp-algebra.

Proof. See [30, 1T Corollary 5.16]. O
Definition 3.3. Let I ¢ k[xo,...,2,] be a homogeneous ideal. The saturation I of I
is

I={sekl[zg,...,z,]|V¥i=0,...,7,3n >0 such that z's e [}. (3.1)

' All graded algebras in this chapter are N-graded
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If T =T then I is saturated.

We replace A! x Al with P3 and following this, all the geometry corresponding to the
polynomials arising from MLL can easily be made projective. In projective space, if T'is a
graded k-algebra such that ProjT = P", for some r, then particular closed subschemes of
P" can be parameterised by the Hilbert scheme Hp of T. More precisely, the construction
of the Hilbert scheme begins with the Hilbert functor. Recall that a for R a ring and
M and R-module, and k > 0 an integer, M is locally free of rank k if there exists
n >0, f1,..., fn € R such that for all i = 1,...,n, My, is a free Ry,-module of rank k. If
T is a graded k-algebra, and h : N — N is some choice of function, then the Hilbert
functor of T with respect to h is a functor Hél : k- Alg — Set where Set is the category
of sets and functions. This functor maps a]k_—algebra R to the following set, where R®T
denotes @40 R ® T};:

H_;}[E(R) ={I < R®T|I is homogeneous and Vd >0,
(R®Ty)/1, is a locally free R-module
of rank h(d)}.

It was first proved by Grothendieck in [28] that there exists a scheme, which we denote by

Hé?, representing this functor. That is, there is a natural isomorphism for all R € k- Alg
H}(R) = Homga, (Spec(R), H1:) (3.2)

where Sch; is the category of schemes X — Speck over Speck and morphisms of
schemes commuting over Speck. We provide a detailed definition of this scheme in
Section 3.1.2.2, and in Appendix D.6 we provide a construction. This particular version

of the Hilbert scheme along with its construction is first written down in [29].

The foundation of our theory is the observation that all MLL proofs induce homogeneous
ideals of graded k-algebras of the correct form. The guiding philosophy for interpreting
shallow proofs is that !A is the “space of proofs of A”. For example, if we consider a

proof 7 consisting simply of an Axiom-link
N
c c

then we have attributed to 7 the ideal (X1 —X5) c k[ X1, Xo] 2 k[ X ] @k k[X]. Geomet-
rically, this corresponds to the closed subscheme given by the diagonal A1 —s Al x Al
which we replace with the diagonal of projective schemes Ap1 —> P! x P! (which we

ultimately post-compose with the closed embedding P! x P! — P3 mentioned earlier).
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To understand this algebraically, we use the fact that there exists an operator xj such
that for graded k-algebras S,T we have Proj(S xy T') = Proj S x ProjT.

Definition 3.4. Let 5,7 be graded k-algebras. We define their Cartesian product,
denoted S xi T', to be the following graded k-algebra: as a k-module it is the sum of
the images of the k-module morphisms Sy xi Ty — S ®, T for all d > 0. This is a
k-subalgebra of S ®; T' which is a graded k-algebra with grading (S xi T)g 2 Sq ®k Ty
for d > 0.

Proposition 3.2. Let S, T be graded k-algebras, and suppose that S is generated by Sy
as an So-algebra and that T is generated by Ty as a Ty-algebra. Then Proj(S xy T) =
Proj S x3 ProjT.

Proof. See [30, Exercise 5.11]. O

We remark that
Proj (k[ X1, X1] xi k[ X}, Xo]) /(X1 X5 - X1 X)) 2 Apr. (3.3)

So the equation X7 — X5 € k[ X7, X2] has been replaced by the equation X3 X) — X{ X5 €
k[X], X1] i k[ X5, Xa]. We notice that I = (X; X5 - X{X5) is such that I € HA(k)
where T = k[ X7, X1] xi k[ X}, X2] and h is the Hilbert function of I ¢ T. We show in
Lemma 3.15 that for any MLL proof net 7 there exists a Hilbert function h, a graded
k-algebra T, and a k-algebra R such that I € H%(R) We therefore interpret !A as
Hr =1 HY where H is the set of all Hilbert functions.

In Definition 3.27, for each reduction v : 7 — «’, if X(7),X(7") denote respectively
the corresponding (locally) closed subschemes of 7, 7', we give a pair of morphisms of
schemes S, : X(7m) — X(n'), Ty : X(7") — X(7). Our main result is Theorem 3.31

which states that the morphisms S,,7T’, are mutually inverse isomorphisms.

3.1.1 Projective schemes

We provide background material on projective schemes. We assume the reader has a
working knowledge of affine schemes over an algebraically closed field, but for a reminder

see Appendix D.1.

Let S = @450 54 be a graded ring and I € S an ideal.

Definition 3.5. The irrelevant ideal S, of S is @49 54. The ideal I is homogeneous
if
I=(InSy). (3.4)

d>0
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Given a graded ring S, we let Proj S denote the set of homogeneous prime ideals of S

which do not contain S;. We denote by V(I) the set
V(I)={peProjS|p2al}. (3.5)

For each p € Proj S we consider the ring S(,) of elements of degree zero in the localisation
ring K~'S where K is the multiplicatively closed set of homogeneous elements which

are not in p. For any open subset U ¢ ProjS we define O(U) to be the following set

Oprojs(U) ={s:U — [ Sq) | ¥p € U, s(p) € Sy, and there exists
a neighbourhood U 2 V 3 p and homogeneous

a, f €5, of equal degree such that VqeV,
f#aands(q)=a/feSy)}

Proposition 3.3. For any p € Proj S, the stalk Oy = S(y,), where S,y denotes the degree
0 elements of Sp.

Moreover, for any homogeneous f € Sy, let D,(f) denote {p € ProjS | f ¢p} then D.(f)

s open and

(D+(f), O|D+(f)) ~ Spec S(f). (3.6)
Proof. See [30]. O

Given any p € Proj S, since p 2 S, there exists f € S; such that f ¢ p. Thus p € D.(f).
This shows that the collection {D,(f)}fes, cover ProjS. It follows that ProjsS is a

scheme.
Remark 3.4. In the particular case S = k[xg, ..., x,], we have for all i=0,...,n
k[wo, ..\ Zn](e,) 2 K[wo/Ts, . s wic1 [Ti, Tis1 [T, .. 20 [ 74]
and so Projk[zg,...,z,] is canonically covered by affine schemes of polynomial rings
Speck[xzo/Tiy ..., Ti-1/Tis xiv1]Tiy - .. X [zi] — Projk[xo, ..., zn]. (3.7)

Given two k-algebras A, B (not necessarily graded), and a homomorphism ¢ : A — B
there is a corresponding morphism of schemes Spec B — Spec A. The corresponding

statement for projective schemes is given by the following lemma.
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Lemma 3.5. LetT,S be two graded k-algebras and ¢ : T'— S a graded homomorphism
preserving degrees. Let U € Proj S denote the set {p € ProjS |p 2 p(Ty)}. Then U is

open and @ induces a morphism of schemes U — ProjT.

Proof. Let p € ProjS. Say p 2 S,, then ¢ '(p) 2 ¢ 1(S,) = T, which implies p 2
0(01(p)) 2 ¢(Ty). Thus we have a well defined map U — ProjT. O
Definition 3.6. We write P for Projk[zo,...,2s].

Given k-algebras S, T, the scheme Proj(S ®y T') is covered by open subsets D.(f ® g)

for f € S,g € T homogeneous of the same degree d > 0. The following are well-defined

morphisms of k-algebras

Crg S — (SxkT)feg Vig:T(g) — (S xkT)seg

s s®g" t ffet

—_— > — —_——

fr (fegm g (feg)"
If h e S,k €T are homogeneous of the same positive degree then the following diagram
commutes

ef, v,
Sty ——— ($xuT)geg) ¢« Tiy)
| l I e
Pfh,hk Yth,gk

Sy — > (Sxx 1) (nagk)y < T(gk)

By Lemma 3.5, the morphisms Spec(¢y,4), Spec(1¢ 4) glue to give morphisms of schemes

over Speck:
¢ : Proj(S x T) — Proj S, 1 :Proj(S xxT) — ProjT. (3.9)

From this, it is easy to prove Proposition 3.2.
Corollary 3.7. Fiz integers m,n > 1. There is a canonical closed immersion P™ x

P —s PO+ D=1 o schemes over Kk, called the Segre embedding.

Proof. Consider the following morphism of graded k-algebras

v k[{zij |0<i<m,0<j<n}] — k[zo,...,zm] xx k[v0,---,Yn]

Zij m> Ti®Yi

which is surjective since the latter ring is generated as a k-algebra by the elements x; ®y;.
Therefore the morphism of k-schemes induced by v and Lemma 3.5 is the desired closed

immersion. OJ
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Corollary 3.8. Fizn>0. There exists a closed immersion [, P! —s P2"~1,

Proof. Consider the following homomorphism of k-algebras.

yek[{ziy o, | Vi=1,.,m,05 € {0,1}}] — k[, 21] xx ... x5 k[2D, 2]

Ziq.ip T wlll ®...0 .I‘f.bn

which is surjective. O

3.1.2 Properties of the Hilbert scheme

Section 3.2 differs from the original Geometry of Interaction paper [24] where rather
than interpreting exponentials using the Hilbert scheme, Girard interpreted exponentials

using the Hilbert hotel.

To understand the geometry of the model to be defined in Section 3.2 one need not
first aquire a knowledge of the Hilbert scheme’s construction, but one must understand
some of its properties. We have organised this chapter so that the minimal theory of the
Hilbert scheme required to understand our model is presented first and then the algebraic

geometry involving the construction of the Hilbert scheme is delayed till Appendix D.5.

3.1.2.1 The Grassmann scheme

Definition 3.9. Let X be a scheme. We denote the following functor by hx:

hX : k—%—)m
R — Homgg, (Spec R, X)

and which maps a homomorphism of k-algebras f : R — T to the composition map
fo (=) : Hom(Spec R, X) — Hom(SpecT, X) which maps a morphism of schemes
g :Spec R — X to the composite fo g, where f : Spec : T'— Spec R is induced by f.

If F: k- Alg — Set is a functor and there exists a scheme X such that F' = hy, then

F is representable and is represented by X.

Let R be a k-algebra. Let n >0, 0 < k <n and define the set

G_fL(R) ={Lc R"| L is an R submodule, and
R"/L is a locally free R-module of rank k}.
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Example 3.1. Consider the C-algebra C2. Then for any C-algebra R we have R®cC? =

R?. Let eq, ey be the standard R-basis for R? and consider the short exact sequence

0 — Spang{e; — ez} s R? s R s 0.

We have Spanp{e; —ea} € G_%(R)

Given an element L € Gfl and a k-algebra homomorphism ¢ : R — S we can tensor the

following short exact sequence

0——L—— R"— R"JL — 0. (3.10)

by S over R and obtain a new short exact sequence which is isomorphic (as localisation

commutes with tensor product) to the following.

0 —— SerlL > S > S"/(Ser L) —— 0.

It follows that S™/(S ®y L) is locally free if R"/L is. Thus we have a well defined map
G_’fL(R) — G_fL(S) : L — S ®p L which is denoted G_ﬁ(qﬁ) and in this way G_fj extends

to a functor.

Definition 3.10. The functor G,’Z :k — Alg — Set is the Grassmann Functor.

Let {e;,,...,e; } be a size k subset of {ei,...,e,}, the standard basis vectors of R",
with i1 <...<ik. Amongst the elements of G_fl(R) are the modules L € G_ﬁ(R) such that
R"/L has basis {[e;,]r,---,[ei]r}, where for j = 1,...,k, [e;;]r denotes the image of

e; € R™ under the standard quotient map R"” — R"/L. Fix a subset B = {¢;,,...,€;,} C
{e1,..., ey}, we will denote by [B], the set {[e; ]r,...,[€i, ]L}-

Definition 3.11. Let B = {e;,,...,€;, } be a size k subset of {e1,...,e,}. Define the

following subset
Ghp(R) = {L e Gy(R) | R"L is free with R-basis [B].} € G (R). (3.11)

This defines a full subfunctor of G_f;'

Lemma 3.6. The functor GZ\B is represented by

Speck[{z/ [1<i<k,1<j<n-k}] (3.12)
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Proof. Fix a k-algebra R. If L € GZ\ p then for each e;; ¢ B we have

k
lei;] = l; ajalei] (3.13)

for some coefficients a;; € R. The data of these coefficients is equivalent to a k-algebra
morphism

k[{z)}] — R (3.14)
which in turn is equivalent to a morphism Spec R — Spec ]k[{zf - O

Proposition 3.7. For alln >k >0, the functor Gf; 1s represented by a closed subscheme
of p()-1,

Proof. See Appendix D.5. O

Definition 3.12. We denote the projective scheme representing the functor G’;i by G’,ﬁ.
This is the Grassmann scheme.

Remark 3.8. To summarise our notation, we have defined the Grassmann functor G
k

v, l.e, there exists a natural isomor-

which is represented by the Grassmann scheme G

phism hgk = Gk,

3.1.2.2 The Hilbert scheme

We follow [29].

Definition 3.13. A graded k-module with operators is a pair (7, F') consisting of
a graded k-module

T=P1T, (3.15)
deN
and a family of operators
F=|J Fye, where Vd,eeN, F;, < Hom(Ty,T.). (3.16)

d,eeN

Definition 3.14. Let (7', F') be a graded k-module with operators. A graded submodule

L=@LscT (3.17)
deN

is an F-submodule if Fy.(Lg) € L, for all d,e € N.

Example 3.2. IfT is a graded k-algebra, then any homogeneous ideal is a homogeneous
F-module when the family {Fyc}deen is taken to be the set of all multiplications by

monomials of degree e — d.
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Definition 3.15. If (T, F') is a graded k-module with operators and D ¢ N is a subset
of the degrees, we denote by (Tp, Fp) the graded k-module with operators where

TDZ@Td, FDZ{FdﬁEFld,eED}. (3.18)
deD

Let R be a commutative k-algebra. Notice that if (7', F') is a graded k-module with
operators, then so is

ReT:=@PRT, (3.19)
deN

when paired with the operators F = {idr ®Fjc}d.cen. We define the set

H}(R) = {F - submodules LS R®T | Vd eN,(R®Ty)/Lq is
locally free of rank h(d)}.

Let ¢ : R — S be a k-algebra homomorphism. Let fi,..., f, € R be a set of elements
generating the unit ideal. Then for any d € N and any ¢ =1,...,n there is a short exact

sequence
0 — (La)s, — (R Ty)s, — (R®Ty/La)s, — 0. (3:20)

By tensoring with S over R we obtain a similar short exact sequence. The function
L — S® L is denoted H(¢)

Hi(¢) : HE(R) — HP(S). (3.21)

It is easy to see that H% :k — Alg — Set is a functor.
Definition 3.16. The functor H% is the Hilbert functor.

Definition 3.17. Let D ¢ N. The restriction is the following natural transformation

Resp,, : qui — H;ED which maps an element L ¢ H%(R) to the restriction Lp = @g4ep Lq.
Theorem 3.18. Let (T, F) be a graded k-module with operators. Let h: N — N be a
function such that ¥ gy h(d) < co. Suppose M € N ¢ T are homogeneous k-submodules
satisfying:

o N is a finitely generated k-module.

o N generates T' as an F-module.

e For every field K € k — Alg and every L € HI(K), M generates (K ® T)/L as a
K -module.
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o There is a subset G € F' so that G is the closure of F' under composition and G s

such that GM < N.
Then H{,’w is represented by a quasiprojective scheme H{,ﬁ
Proof. See [29, Theorem 2.2]. We also reproduce this proof in Appendix D.6. O

Theorem 3.18 only holds when & is such that ¥y h(d) < co because we construct H:
as a subscheme of G, for some r > ¥ ;o h(d). We wish to work with graded polynomial
rings k[xo,...,x,]| where the associated Hilbert function is not of finite support. Our
method will be to construct a subset D € N and exhibit the Hilbert functor H% as a

subfunctor of HQ}ED, and relate to this a closed embedding of schemes Héf — H%D.
Proposition 3.9. Let d >0,c>0. There exists a unique expression
ka ka1 ) (/%)
= + +...+ 3.22
¢ ( d) (d 1 5 (3.22)

where kg >kg_1>...>ks>06>0.

Proof. See [2]. O

Definition 3.19. The d-binomial expansion of c¢ is the unique expansion given by
(3.22).

The d** Macaulay difference set of ¢, My(c) is defined as the tuple

My(e) = (kg —d,dg_y - (d—-1),..., ks - 5). (3.23)

We note that the data of the d-binomial expansion of ¢ is equivalent to that of the d'"

Macaulay difference set of c.

Example 3.3. The following is the 4-binomial expansion of 27:

6 ) 2 1
27= (4) " (3) ! (2) ’ (1) (324
This has 4™ Macaulay difference set (2,2,0,0).

Definition 3.20. Let ¢ > 0,d > 0, and let kg > kq_1 > ... > ks > 0 > 0 be the integers

involved in the d-binomial expansion of c¢. Define the following natural number

ky+1 kg1+1 ks+1
(d) _ (Fd d-1 5
¢ (d+1)+( d )+...+(5+1). (3.25)
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The upper pointy bracket d is the function

(-)¥:N—N

¢l

Remark 3.10. The d™ Macaulay difference set of ¢ and the (d+1)" Macaulay difference

set of ¢!® are equal.

Proposition 3.11. Fiz n >0 and a homogeneous ideal I € k[xg,...,x,]. Let h be the

Hilbert function of I. There exists an integer j such that for all d > j we have
h(d+1) = h(d)'. (3.26)

Proof. See [2, Section 2]. O

Corollary 3.21. Let I ¢ k[zg,...,x,] be homogeneous with Hilbert function h. Let j
be the integer such that for all d > j we have (3.26). Then for all d > j the d" Macaulay
difference set of h(d) is equal to the j™ Macaulay difference set of h(3).

Proof. By induction on d > j. Say d > j and that the d*® Macaulay difference set of
h(d) is equal to the j'" Macaulay difference set of h(j). Then by Remark 3.10 we have
the (d +1)™ Macaulay difference set of h(d){® is equal to the d™® Macaulay difference
set of h(d). By Proposition 3.11 h(d)¥ = h(d +1). Therefore the (d + 1) Macaulay
difference set of h(d + 1) is equal to the d'" Macaulay difference set of h(d). O

Definition 3.22. Let I < k[xg,...,z,] be a homogeneous ideal. The Gotzmann
number G(I) of I ¢ k[zy,...,x,] is the number of elements in the eventually constant
d™™ Macaulay difference set of h(d).

Example 3.4. Consider the Segre embedding (Corollary 3.7) Seg : PLxP! — P3 and the
canonical closed embedding of the diagonal v : A — P! xP1. Since these are both closed
embeddings, so is their composite Segt: A — P3. This closed embedding corresponds
uniquely to a saturated homogeneous ideal I ¢ S = k[ Zoo, Zo1, Z10, Z11] (Proposition 3.1).
This ideal I is

I'=(Zn - Z10, ZooZ11 — Zo Z1o)- (3.27)

We calculate the Gotzmann number of I € S. First we calculate the Hilbert function.
We can calculate the Hilbert function of I € S directly by using a minimal free graded
resolution of S|I. Let f = Zy — Z10,9 = ZooZ11 — Zo1Z10- Then we have the following

minimal free graded resolution, where for d > 0 the notation S(d) denotes the graded
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k-algebra S with degree shifted by d:

f 9))

00— 8(-3) —2L & S(-1) @ 5(~2) y S — L 5 §/1 y 0.
Thus for any d >0:

0 =dim S(—?))d —dim S(—l)d —dim S(—Q)d + dim Sd - dim(S/I)d
=dim Sd_g —dim Sd—l —dim Sd_g + dim Sd - dim(S/I)d.

In general, if S" = k[x1,...,2,] then the dimension of S} is the number of monomials

in n variables of degree d. This number is

-1
dim S/, = (” +Z ) (3.28)
Here, n =3 and so:
d d+2 d+1 d+3
i Dg= - - 2
dim(S/Da (d—S) (d—l) (d—2)+( d ) (3.29)
which is equal to 2d+1. So the Hilbert function of I is h: N — N, h(d) =2d+1. Notice
that
d+1 d
2d+1 = : 3.30
" ( d ) " (d— 1) (3.30)

By uniqueness of such expressions (Proposition 3.9) it follows that the Macaulay differ-
ence set is (1,1) and the Gotzmann number G(I) of I is 2.

Definition 3.23. Let D ¢ N. We say that D is supportive if the canonical mor-
phism H g — H gD is a closed embedding. It is very supportive if H g — H gD is an

isomorphism (see [29, Corollary 3.4)).

For the remainder of this Section let S = k[xo,...,zy] for some fixed n > 0.

Proposition 3.12. Let I € S be a homogeneous ideal with Hilbert function h. Let G(I)
denote the Gotzmann number of I € S. Then the set {G(I)} is supportive and the set
{G(I),G(I) + 1} is very supportive.

Proof. See [29, Proposition 4.2]. O

Corollary 3.24. Let I € S be a homogeneous ideal with Hilbert function h. Let G(I)
denote the Gotzmann number of I €S and let D = {G(I)}. Denote by r,s the following

(e ) o ldan) 0

integers
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There exists a composable sequence of closed embeddings
Hg — HSD — Gf}(G(I)) — P (3.32)

In particular, Hg s projective.

It follows from Proposition 3.1 that for h : N — N there exists a homogeneous ideal
I ¢ S such that Proj(S/I) = H. Explicit equations for such an ideal were first given
by Iarrobino and Kleiman in [35]. There is another presentation due to Bayer, see [29,

Section 4] for a comparison.

Remark 3.13. We only consider shallow proofs (Definition 3.2) in this chapter, for which
the details of the embedding (3.32) are not necessary, though we will use that H g is
projective. It is due to the fact that we work with shallow proofs that we only need to
know that H g is projective. In order to extend the model of Section 3.2 to all of MELL
it seems necessary to prove certain properties of at least one of the sets of equations
which define an ideal I such that Proj(S/I) = H%. Due to time limits, we have withheld
from this investigation, but we believe it would be interesting to extend our model to
MELL using a deeper knowledge of (3.32). We comment on this again in Remark 3.16

and in Section 3.3.

3.2 Exponentials

Definition 3.25. Let H denote the set of all Hilbert functions h: N — N.

Recall from Definition 3.2 that a proof is shallow if all of its formulas have depth < 1.

Definition 3.26. Let A be a shallow formula. The scheme of A, S(A), is defined

inductively to be a disjoint union of projective spaces as follows:

o If A=(X,z) then S(A) =P

o If A= A; ® Ay, then say S(A1) = [1;e; P™,S(A2) = ;e P*. Recall by Corol-
lary 3.7 there exists for each pair (i,5) € I x J a closed embedding P"i x P —
Pri+D(s;+1)-1 We define

S(A) = [J[Jrte+D -1, (3.33)
iel jeJ

o If A=!B with A linear. If m denotes the number of unoriented atoms of B then

S(B) = P?"~1. By Proposition 3.12 there exists for each h € 7 an integer s; > 0
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and a closed embedding H g — P*r. We define
S(4) = [ P (3.34)
heH
Definition 3.27. Each edge e of a proof net 7 is labelled by a formula A.. The ambient

scheme of 7 denoted S(7) is the product of all schemes of formulas ranging over all

edges e in 7. That is, let £; denote the set of edges of 7 then

S(r) = [T S(A.). (3.35)

eeEr

Definition 3.28. For every pair of formulas A, B, write S(A) = [1;c; P"*,S(B) = [, P¥

and fix an isomorphism, for ® € {®, %}

dnS(A® B) — [ [ RCiD D=L (3.36)
i€l jeJ

For any Hilbert function h € H let s, > 0 be such that S(?A) = [} P*", fix an isomor-

phism
¢p : S(?A) x S(A) — ] P*" xS(A). (3.37)
heH
For every sequence i = 1,...,n, every set of formulas ?A;,...,?A,, with S(7A4;) =

L1},e3 P, and every linear formula B we fix an isomorphism

¢P1:ﬁS(?Ai)xS(B)—> ... 1T [IB" xs(B). (3.38)

hieH hneH i=1

For S(IB) = I1ey P** we fix an isomorphism

n n
Pp2 HS(?Ai) xS(!B) — H H H HIP’S’%' x Poh, (3.39)

i=1 hieH  hpeH heM i=1
Let [ be a link of a shallow proof net 7. If [ is not a Promotion-link then let £; denote
the set of edges incident to . If [ is a Promotion-link then let £; denote the set of edges
which are conclusions to the Promotion-link and all associated Pax-links. We define a

closed subscheme X(I) of []cer, S(Ae) along with a closed embedding

0 X(l) — 1;[ S(Ae). (3.40)

Conclusion-link

o(i
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Then we define X(I) to be the identity closed subscheme S(A) of S(A) and take ¢; to be
the identity morphism
1 :X(1) =id: S(A) — S(A). (3.41)

Axiom or Cut-link

NG

In both cases, we use the fact that S(-A) = S(A). We define X(I) to be the diagonal

Ag(4) and define ¢; to be the canonical embedding

L - AS(A) —> S(ﬂA) X S(A) (3.42)

Tensor or Par-link ®,%.

Node Ny
[ [

Let ® € {®,%}. Say S(A) = [1;e; P"",S(B) = e, P*. For each pair (i,j) € I x J there
exists the Segre embedding

PTZ‘ x st _ ]P;(T‘iJrl)(SjJrl)fl‘ (343)
We compose with the canonical inclusion morphisms to obtain

P x P — [P DD = S(Awm B). (3.44)
iel jeJ

By the universal property of the coproduct this induces a morphism

[T]]P" =xP% — S(Ar B) (3.45)
iel jeJ

which we pre-compose with gbi/[l to obtain

f:S(A)xS(B) — S(Ax B). (3.46)
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We take the graph of f, I't to be X(/) and the canonical inclusion to be ¢;:

1 X(1) =T — S(A) xS(B) x S(A® B). (3.47)

Dereliction-link.

i
u|

We have assumed that 7 is shallow, and so A is linear. Thus if m denotes the num-
ber of unoriented atoms of A then S(A) = P?"~!. Let S denote the graded k-algebra
k[xo,...,zam_1]. For each h € H there exists an integer s such that S(?7A) = [I,ey P°".
Fix h e H, let U = Spec R denote an open affine of H g, and consider the bijection

¥ : Hs"(R) = Homga, (U, HY) (3.48)

coming from representability of the functor &h.

Associated to the inclusion U — H g is an element I € H Q(R) This is a homogeneous

ideal of R ® S with Hilbert function A. This in turn corresponds to a closed embedding
Uy =Proj((R® S)/I) — Proj(R® S) 2 Spec R x S(A). (3.49)

By glueing along all open affines U ¢ H g we obtain a closed subscheme
LUy — HE xS(A). (3.50)

We post-compose with the product of the embedding H g —> P*" and the identity
id:S(A) — S(A):
U, — P°* x S(A). (3.51)

We post-compose with the canonical inclusion to obtain a closed embedding

Uy, — [] (P xS(A)). (3.52)
heH

We post-compose with ¢>‘Dl to obtain a closed embedding

U, — S(?A) x S(A). (3.53)



Algebraic Geometry and Linear Logic 78

By the universal property of the coproduct, this induces a morphism

u:X(1) = [ Up — S(?4) x S(A). (3.54)
heH

Promotion-link.

?All ?Anl B (3.55)

o — Pax — ... — Pax — ! — o

?All ?Anl xBl

Let ¢ denote the proof net in the interior of the box and let £ denote the set of links
of (. For each link I € L, the scheme X(!) is a subscheme of some product of schemes
associated to some edges of (. Let EJ denote the edges of ( which are not in £;, and let

A, denote the formula labelling an edge e. Then there is a closed subscheme

[T S(Ae) xX(1) — S(¢). (3.56)

eeElc

We identify X(7) with this subscheme.The intersection of the subschemes associated to
link [ € L, gives a closed subscheme X(¢) = Nieg, X(1) — S(C).

For each i =1,...,n let {sy, }n,ex denote a set of integers so that
S(?4;) = [] P (3.57)
hiGH
We fix an element h = (hq,...,hy) € H" and consider the product of projective schemes
»P°hi. For each i =1,...,n we let U; = Spec R; be an open affine chart of Hg;, where
S; = k[xo,...,z9mi_1] where m; is the number of unoriented atoms of A;. Post-compose

this with the inclusions ng — P"si | take the product with id : S(B) — S(B) and take

the product over all i =1,...,n to obtain:

ﬁ U; xS(B) — ﬁPhSi x S(B). (3.58)
=1 i=1

We post-compose this with the canonical inclusion morphisms of the coproduct to obtain

ﬁUixS(B)—> 1111 ﬁ[@% x S(B) (3.59)

i=1 hieH hpeH 1=1
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which we post-compose with qﬁgﬁ to obtain the following.
[1U: xS(B) — []S(?A4:) xS(B). (3.60)
i=1 i=1

We prove in Lemma 3.15 below that composing ¢¢ : X(¢) — S(¢) with the projection

PConc * S(C) — TTiL; S(?A;) x S(B) induces a closed embedding

Concl¢

X(¢) —Z= s 17, S(24;) < S(B). (3.61)

We next consider the scheme Yy, such that the following is a pullback diagram

[Tis1 Ui x S(B) —— TIi; S(7A;) x S(B)

T TPCOHCLC (3.62)

Yh > X(¢)

Let R =®j., R; and fix a choice of isomorphism

§:[]U; — SpecR. (3.63)
i=1

Let m denote the number of unoriented atoms of B and let S denote the graded k-module

k[xo,...,zom_1]. We fix another isomorphism
8" : Spec R x S(B) — Proj(R®y S) (3.64)

where R ® S is graded with R taken in degree 0. Consider the composition

Ixid ’
1%, U; xS(B) ——2> Spec Rx S(B) —— Proj(R® S)

It follows that there exists a homogeneous saturated ideal I € R® S such that Proj((R®
S)/I) 2 Yy,. We justify in Lemma 3.15 below that for all d > 0 the R-module (R® S/I)4
is locally free of rank h(d), where h is the Hilbert function of I ¢ R®S. Thus I € H(R).

By the universal property of the Hilbert scheme, the ideal I corresponds to a morphism
Spec R — HP. (3.65)

We pre-compose this with 67! to obtain

n
[1U: — HE. (3.66)
i=1

This is a morphism depending on choices of open affines Uy,...,U, of Hgll, . H g:

respectively. By ranging over all such choices we obtain a family of morphisms which
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we can glue to obtain the following

f:J]HE — HE. (3.67)
i=1
We consider the graph of this
n
Ty — []HY x H. (3.68)
i=1

For each i = 1,...,n there is a fixed choice (3.32) of closed embedding ng — P,
Similarly for each h € H there is a fixed choice of closed embedding H g — P%» for some

sp. We post-compose with the product of these to obtain

n
T — [P x P*h. (3.69)
i=1

We then post-compose with the canonical inclusion morphisms to obtain

ry— ] ... 1] H]ﬂ[]@hixp% (3.70)

hieH hneH heH i=1

We post-compose with qﬁ;é to obtain to obtain

0 X(1) =Ty — [[S(24:) x S(IB), (3.71)
=1

Weakening-link
Weak

[

We take the empty subscheme & for X(1) and the unique morphism @ — S(!A) for ¢

uX(1) = @ — S(1A). (3.72)

Contraction-link

SN
?Al
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Let I'a be the graph of the diagonal A : S(?7A) — S(?A) x S(?A). We take this to be

X(1), and ¢; to be the canonical inclusion

0 :X(1) =Ta — S(?A) xS(?A4) x S(?A). (3.73)

Pax-link.

5

Pax

|

We take the diagonal A to be X(I) and ¢; to be the canonical inclusion.
1:X(l)=A — S(A) xS(A). (3.74)

Lemma 3.14. Let ¢ be an MLL proof net with conclusions Ay,..., An. Then if pcone :
S(¢) — TTiv; S(A;) denotes the standard projection, then the following composite

X(¢) — S(¢) L& I, S(A) (3.75)

1 a closed embedding.

Proof. Fix a choice of i € {1,...,n} and let X; be an unoriented atom in A;. Then there
exists an integer j € {1,...,n} and an unoriented atom Xj of Aj such that X7 and Xo
are two end points of a common persistent path. Say ¢ = j = 1. Let Xs,..., X,, denote
the remaining unoriented atoms of A; (where we allow for the possibility that there are

none of these). Consider the diagonal
Apg — P! x P (3.76)

We take the product of this with m —2 copies of the identity idp: : P! — P! to form the
closed embedding

m—2 m
Arax [P — []P. (3.77)
i=1 i=1

We post-compose this with Segre embedding []7, P! — P2"~! to form the closed em-

bedding

m-2
Aqgx [] Pt — Pt =S(4). (3.78)
i=1
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By taking the product of this with the product [Tioid : [T 5 S(4;) — TTiLo S(A;) we

obtain a closed embedding
m—2 n n
i=1 i=2 i=1
By construction of X(7) we have the following commuting diagram

Aqg x [T P x [T S(Ai) —— TTi; S(A)

T

X(m)
The cases when ¢ = j # 1 and when ¢ # j are similar. 0

Lemma 3.15. Let ¢ be a shallow proof with no Promotion-links and with conclusions
A1, ..., 7An, B. Then if pcone : S(¢) — TIiv; S(?A;) x S(B) denotes the standard

projection, then the composition
X(r) ——— S(¢) =22y [T, S(?4;) x S(B) (3.80)

s a closed embedding.

Also, for eachi=1,...,n let {sp, }n,ey denote a set of integers so that
S(?4;) = [] P (3.81)
hiEH
Fiz an element h = (hy,...,hy) € H™ and consider the product of projective schemes

2 Pl Foreachi=1,...,n we let U; = Spec R; be an open affine chart of th, where
Si = k[xg,...,xom;_1] where m; is the number of unoriented atoms of A;. Post-compose
this with the inclusions H;LZ — Phsi | take the product with id : S(B) — S(B) and take

the product over alli=1,...,n to obtain:

n n
[1Ui xS(B) — []P"i xS(B). (3.82)
i=1 i=1

Post-compose this with the canonical inclusion morphisms of the coproduct to obtain the

following:
QUZ-XS(B)—> [T .- [ [P xS(B). (3.83)

hieH hneH i=1

Post-compose with d)%j of Definition 3.27 to obtain the following.

[1U: x S(B) — [S(?4,) x S(B). (3.84)
=1 i=1
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By the first part of this lemma we have a closed embedding

PConcl¢

X(C) 1, S(?A;) x S(B). (3.85)

We next consider the pullback Yy, in the diagram

n U x S(B) — T, S(?4;) x S(B)

T Tpconcbg (3.86)

Yp > X(¢)

Let R=Q®;, R; and fix a choice of isomorphism
§:[]U; — SpecR. (3.87)
i=1

Let m denote the number of unoriented atoms of B and let S denote the graded k-module

k[zo,...,zom_1]. We fix another isomorphism
8" : Spec R x S(B) = Proj(R ®y S) (3.88)

where R® S is graded with R taken in degree 0. Consider the composition

XidS(B)

1) /
1%, Ui x S(B) ———22 5 Spec R xS(B) ——>— Proj(R® S)

It follows that there exists a homogeneous saturated ideal I € R® S such that Proj((R®
S)/I) 2 Yy. Then for all d >0 the module ((R® S)/I)q is a free R-module.

Proof. First consider the case n = 0 (ie, there are no Pax-links). Let m denote the
number of unoriented atoms of B. Since ¢ is a proof net, m is even [50, Proposition
4.11]. Then d is even and there exists an isomorphism X(() 2 HZF A i+1 such that the

following diagram commutes

X(6) > S(B)

l TSeg
m/2

Ii2) ey i

2
H:Z{ Ajisg —— [I% P!

where Seg : [T7 P! — P2"~! = §(B) is the Segre embedding and HZ{Q LA 1S 2

product of canonical inclusions of diagonals ta t A1 — P! x P, We can thus

i+l

write down generators for I explicitly:

1= (ZZ‘OZjl - ZileQ)Oging cS=k[{Zix|0<i<m,ke{0,1}}]. (3.89)
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For each d > 0 the module (S/I), is a free k-module.

Now say n >0 and say all premises to all Pax-links are conclusions to Dereliction-links.

We fix i € {1,...,n} and consider the Dereliction-link with conclusion ?A;. If m; denotes
the number of unoriented atoms of A; and S; denotes the algebra S; = k[zg, ..., zomi_1]
then
S(74;) x S(A;) = [ ] HE x S(A). (3.90)
heH

For each i = 1,...,n we fix an h; € H and consider ng x S(A;) along with the closed
embedding given in (3.50):
Up, — HY xS(4). (3.91)

Since this is a closed embedding it follows from Lemma 3.14 that the following composite

is a closed embedding

n n ; Projection n i
X(¢) NIy Up, ——— TTiy Hg! nS(0) — L1 (Hg xS(4)) xS(B)
(3.92)
We need to show that post-composing this with the product of projections
(HY < S(A;)) xS(B) — [] HE xS(B)
i-1 i=1

is a closed embedding.
Fix an i € {1,...,n}. Let S; denote the following graded k-algebra

Si = k[xp, 21] xx . .. xg ka7 ]. (3.93)

There exists a homogeneous ideal I; € S; such that S;/I; = S;. Tt follows that there is a
canonical degree preserving surjective homomorphism ; : S; — S; (which is that given
in the proof of Corollary 3.8). By Lemma 3.5 this induces a morphism of projective
schemes 1) : (PY)™ — P?™" =1 which is the Segre embedding. Moreover, if J € S; is a
homogeneous ideal with Hilbert function A, then ¢;*(.J) ¢ S; is also homogeneous and
also has Hilbert function h. Thus there is a natural transformation between the functors
H gihi — ﬂhi which induces a morphism of schemes f; : Hg: — Hg“ We consider the
product of ¥ with f; to obtain

bix fi: Hy' x (P')™ — Hg' x P2 (3.94)
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If Uy, denotes the universal closed subscheme U;;, — Hgl x P2"=1 and [[jzhz —
H g’ x (P1)™ that for H gl x (P1)™i, then the following is a pullback diagram

Uin, — HE x (B)™

| |

Ui, —— Hy xS(A;)

Let m denote the number of unoriented atoms in B and let Seg : (P!)™ — S(B) denote

the Segre embedding. We have the following factorisation of the composite (3.92):

X(¢) NIy Ui, — Ty (HE x S(A;)) x S(B)

T(H?Jixmxseg

?:1(ng x (P1)™i) x (PH)™
T]‘[;;l 7;xid
7, Ui, x (PH™

Foreachi=1,...,nlet m; denote the number of unoriented atoms of A; whose persistent

path ends at A; for some j. We obtain a factorisation of the composite
n no n
X(¢)n 1‘{ Ui, — q Uip, x (PH™ — 1‘{(1{5 x (P1)™) x (PH)™ (3.95)
given as follows

X(C) T Usp, —— Tl (L x (BH)™) x ()™

\ T

P (HE x (P1)™) x (BH)™

Each persistent path determined by one of the m; atoms, for each i, yields an identifica-
tion between two copies of P! in H?jl H gl X (Pl)mg. Thus we can push forward along the
projection which projects out S(A;) and result in a closed subscheme. This establishes

the claim about closedness.

The claim about freeness also follows easily from the fact that U, is constructed by

glueing together affine schemes with the required property.

Contraction-links and Pax-links only introduce trivial identifications and so the general

case easily reduces to the previous. O
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Remark 3.16. We remark that Lemma 3.14 is the main hurdle in extending our model
beyond shallow proofs and to all MELL proofs. In the notation of that lemma, there
seems to be no simple way of assuring that the ideal I corresponding to Yy, is such that
for all d >0 the R-module ((R® 5)/I)4 is locally free of rank h(d). We commented on

this already in Remark 3.13 and we will again in Section 3.3.

Definition 3.29. Let 7 be a proof net with set of links £;. For each link [ € £, the
scheme X(1) is a subscheme of some product of schemes associated to some edges of 7
associated to . Let Ej denote the edges of 7w which are not incident to I, and let A,

denote the formula labelling an edge e. Then there is a closed subscheme

[T S(4e) xX(1) — S(). (3.96)

ecEy
We identify X(7) with this subscheme.

The scheme associated to 7 is the intersection of all schemes associated to the links.

X(m) = ) X(0). (3.97)

leLr

Definition 3.30. For each reduction «y: 7 — 7’ we define a closed subscheme Y(7') ¢

S(7") and a pair of morphisms of schemes S, : S(7) — S(7'), T : Y(n") — S(m).
Let v:m — 7’ be a reduction. Let &, denote the set of edges of 7/, and &, that of 7’

v:m — 7' is an Ax/Cut-reduction. We set Y(7') = S(n"). Consider the following

reduction where the labels a, b, ¢, d are artificial.

Ax

- / \Abl 2 Adl (3.98)
. _‘AC .
: Cut :

Let e € £. For the edge displayed in (3.98) labelled =A; define a morphism p, to be
the projection p, : S(7m) — S(-A,).

For every edge e € & which is not displayed in (3.98) there is a corresponding edge €’

in &;. For these set p. to be the projection pe : S(m) — S(A¢r).

We define S, : S(w) — S(n") to be the morphism induced by the universal property of
the product and the set {p.}.

Now let e € &;. For the edges displayed in (3.98) define a morphism 7, to be a projection
S(m) — S(=A4y).
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For every edge e € &; which is not displayed in (3.99) there is a corresponding edge €’ in

Err. For these set 7, to be the projection 7. : S(7') — S(A¢r).

We define T, : S(n") — S(7) to be the morphism induced by the universal property of
the product and the set {7.}.

v:m— 7' is a ®/%-reduction. We set Y (') = S(7').

A(x ® JBb —\Bx ?? /—u‘ld
(A®% Cut %ﬂ%fl)g

y (3.99)

Cut

Let e € &. For the edges displayed in (3.99) define a morphism p, to be a projection

according to the following table.

Edge label Pe
By S(m) — S(Bs)
-B; S(m) — S(-B.)
4j S(m) — S(Aa)
- Ay S(m) — S(=44)

For every edge e € £ which is not displayed in (3.99) there is a corresponding edge €’
in &;. For these set p. to be the projection S(7) — S(Ae).

We define S, : S(m) — S(n") to be the morphism induced by the universal property of
the product and the set {p¢}.

Now let e € &;. For the following edges displayed in (3.99) define a morphism 7. to be a

projection according to the following table.
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Edge label Te
A, S(m) — S(4)
By, S(m) — S(By)
-B, S(m) — S(-Bp)
-Ag S(m) — S(-4))

For the edge labelled (A ® B)y: say S(A) = L;e; P, S(B) = [, P, for each pair

(i,7) € I x J we consider the Segre embedding
Seg: P"i x P —» plri+)(s;+1)-1

We post-compose this with the canonical inclusion to obtain

]P)’I‘i % st _ L[ HP(T‘,L'+1)(SJ'+1)—1 — S(A ® B)

iel jeJ

By the universal property of the coproduct we obtain

[11]P" x P — S(A® B)
i€l jeJ

which we pre-compose with ¢y of Definition 3.27 to obtain
S(A) xS(B) — S(A® B).

We set this to be 7y. We define 7,4 similarly.

(3.100)

(3.101)

(3.102)

(3.103)

We define T, : S(7") — S(7) to be the morphism induced by the universal property of

the product and the set {7.}.
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v:m— 7' is a !/?-reduction. Consider the following reduction.

~Aa|

| — Pax — o

? .
\) / l? B, (3.104)
A oyt &MY c

e
moh Cut & 4 c

Say S(?By) = Up,en P*. Then there exists a graded k-algebra S, such that for each
Hilbert function h € H, there is a fixed choice of closed embedding H g — P, We set

Y(n') = Upe HE 0S(7").

Let e € &. For the edges displayed in (3.99) define a morphism p, to be a projection

according to the following table.

Edge label

Pe

S(m) — S(=4a)

Ai

S(m) — S(4)

7B,

S(w) — S(?B.)

For every edge e € £,/ which is not displayed in (3.104) there is a corresponding edge e’

in &;. For these we set p. to be the projection S(7) — S(Ae¢r).

We define S : S(m) — S(7") to be the morphism given by the universal property of the

product and the set {p.}.

Now let e € ;. For the following edges displayed in (3.104) we define a morphism 7, to

be a projection according to the following table.

Edge label

Te

S(m) — S(=4n)

Ay

S(m) — S(4)

7B,

S(m) — S(?B;j)

?B,

S() — S(7B;)
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Let ¢ denote the proof net in the interior of the displayed box. We have already seen in
Definition 3.27 that if S(1A) = [I,ey P°* and if we are given an element h; € H, we can
construct a morphism
h h
f:Hg — Hg (3.105)

as in (3.67), for graded k-algebras S1,S. We post-compose with the canonical inclusion

to obtain

H — J_LHQ = S(1A). (3.106)

By the universal property of the disjoint union we obtain

[T HE —s(14) (3.107)
heH

ny )71, which is the inverse of a restriction of Op2

which we pre-compose with (¢P2|H =
heH S1

of Definition 3.27 in order to obtain

[T HE A (S(?B;) xS(A;)) — S(14). (3.108)
hieH

We take 74 and 74 to be the result of pre-composing this with the projection S(7’) —
S(?7Bj) x S(A;):
T =74:Y(x') — S(l4). (3.109)

We define T, : Y(7') — S(7) to be the morphism induced by the universal property of
the product and the set {7.}.
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v:m—> 7' is a |/ Pax-reduction. We set Y(7') = S(n’).

o — Pax — Pax — | — o
\ / l?cj l!Dk
1-Byj, c c
[ ] [ ]
[ ] [ ]
(3.110)
24, lﬁBm
° Pax — ! °
!ﬁBX /Bp
An Cut
b o |
. Pax Pax — | —
7As ?7C, Dy,
C c c

Let e € &;. For the edges displayed in (3.110) define a morphism p, to be a projection

according to the following table.

Edge label Pe

TA; S(w) — S(?A,)
-B S(w) — S(-By)
7A, S(m) — S(7A4y)
-B, S(m) — S(1-By,)
?B, S(m) — S(?B;)
2, S(m) — S(2C;)
D, S(m) — S(Dy)
TA, S(m) — S(?7A4y)
e S(m) — S(2C;)
'D, S(7) — S(!Dy)
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For every edge e € £, which is not displayed in (3.110) there is a corresponding edge e’
in &;. For these we set p. to be the projection p. : S(m) — S(Ae).

We define S, : S(r) — S(n’) to be the morphism induced by the universal property of

the product and the set {pe}.

Now let e € &;. For the edges displayed in (3.110) we define a morphism 7, to be a

projection according to the following table.

Edge label

Te

1A,

S(m) — S(?A)

S(m) — S(=Crm)

?C,

S(r) — S(?C,)

7B,

S(m) — S(?By)

Dy

S(m) — S(Dr)

74,

S(w) — S(?A,)

!—|Ch

S(m) — S(!1-C,)

?C;

S(m) — S(?7Cy)

S(m) — S(?Bt)

D,

S(m) — S(1Dw)

For every edge e € &; which is not displayed in (3.110) there is a corresponding edge €’

in . For these we set 7. to be the projection 7, : S(7') — S(A¢).

We define T, : S(n") — S() to be the morphism given by the universal property of the

product and the set {7.}.
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v:m—> 7' is a Weak /!-reduction.

lAC j/?Bd

Weak ° | — Pax .
l?B f
7-Aq 14, .
Cut :
—
Weak

l?Bg

Let @43 — S(7B,) denote the empty subscheme. We set Y(n') = &, nS(n").

Let e € & be the displayed edge of 7’ labelled ?7B,. We define p. to be the projection
pe:S(m) — S(?By).

For every edge e € £,/ which is not displayed in (3.104) there is a corresponding edge e’
in &;. For these we set p. to be the projection S(7) — S(Ae¢r).

We define S, : S(w) — S(n") to be the morphism induced by the universal property of
the product and the set {p.}.

Now let e € &;. Let ¢ denote the proof inside the box. The empty scheme & is the initial
object in the category of schemes (over k). For each edge e in  we define 7. to be the
unique morphism 7. : @g — S(A.). If e is labelled 7-A, or !4, we similarly define 7,

to be the unique morphism 7. : @, — S(A.).

For every edge e € &, which is not displayed in (3.110) there is a corresponding edge ¢’

in &... For these we set 7. to be the projection 7 : S(7') — S(A¢).

The universal property of the product then induces a morphism which we take to be
T, :Y(r") — S(m).
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v:m—> 7' is a Ctr/!-reduction. Set Y(7') = S(«').

?ﬁ/& Ctr /%Ab .
[z5n
7-Af Cut 1A :

Ctr

(3.111)

Let e € &. For the edges displayed in (3.110) define a morphism p, to be a projection

according to the following table.

Edge label De
"-Am | S(r) — S(74,)
1A, S(m) — S(14,)
A; S(m) — S(Ac)
?B; S(m) — S(?By)
7B, S(m) — S(7By,)
7-A, S(m) — S(?7-4y)
1A, S(m) — S(1A4y)
Ay S(m) — S(Ac)
?B; S(w) — S(?By)
7B, S(w) — S(7By)
?Bs S(w) — S(7By)
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For every edge e € £, which is not displayed in (3.110) there is a corresponding edge e’
in &;. For these we set p. to be the projection p. : S(m) — S(Ae).

We define S, : S(m) — S(7") to be the morphism induced by the universal property of
the product and the set {p}.

Now let e € &;. For the edges displayed in (3.110) we define a morphism 7. to be a

projection according to the following table.

Edge label Te

TA, S(w) — S(?A,)
7= A, S(m) — S(14,,)

A, | S(m)—S(4)
7By S(m) — S(7Bj)
7-Af S(m) — S(7A,)
A, S(m) — S(1Ay)
7By, S(w) — S(?B,)

For every edge e € & which is not displayed in (3.110) there is a corresponding edge €’

in . For these we set 7. to be the projection 7, : S(7') — S(A¢).

The universal property of the product then induces a morphism which we take to be
T, :S(r") — S(n).

Remark 3.17. We only needed to introduce the restriction S(7")|y () in Definition 3.30

for !/?-reductions and !/ Weak-reductions. It can be checked easily that given a sequence

of reductions mq AT Ty, the morphisms 7', for all ¢ factor through the appropriate

restrictions so that we end up with a composable sequence of morphisms 7%, o...o T, .

Theorem 3.31. If v : @ — @' is a reduction, then the morphisms S, : S(w) —

S(n"), T : Y(n') — S() restrict to well defined morphisms

Sylx(ry : X(m) — X(7')
T’le(w’) :X(7") — X(7)

which are mutually inverse isomorphisms.
Proof. v:m — ' is an Ax/Cut-reduction. We refer to Diagram (3.98) and consider
only this type of Ax/Cut-reduction.

It suffices to consider only the links involved in the reduction. Let [ denote the link in

7 to which —A,. is the conclusion, and let !’ denote the link in 7 to which -A, is the
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premise. We define the following restrictions

S50 = S A, 50, nx (1)

Sy1r = Sylxnyna, 0.

and consider the three dimensional diagram, ignoring the dashed line for now.

X nX(1) > X(1)
-
,/’//// Sq,l
X)) nAgpn Ay nX(1) > Agp N Ay nX(1)
(3.112)
X(1") > S(7")
S, l
<
X(l,) N Aa,b N Ab,c > S(ﬂ)

The morphisms S,; and S, are isomorphisms with inverses given by T|x(), T lx )
respectively. The front-face and the back-face of the cube (3.112), given as follows, are

both pullback diagrams.

X(I") A Agp 1 Ay N X(1) —— Agyn ApenX(1) X(I') n X (1) — X(1)
X(I") N Agp N Ape ———— S(r) X(I') —— S()

This implies that the dashed arrow X(I') n Ay n Ay . NnX(1) — X(I') nX(?) in (3.112)

both exists and is an isomorphism with inverse given by T7|X(l,)ﬁx(l).

v:m — 7' is a ®/%-reduction. This case is similar to the previous so we omit the

proof.

v:m — 7' is a !/?-reduction. We consider only the case where there are a restricted
amount of Pax-link, and with Conclusion-links as displayed in Definition 3.30, but the

general result follows easily from this.

We refer to Diagram (3.104). Let ¢ denote the proof net inside the box. We have
already seen in Definition 3.27 that if we write S(?B) = [,ey P°", fix a Hilbert function
h1 € H, let m71 denotes the number of unoriented atoms of B, if m denotes the number

of unoriented atoms of A, and we let

Slz]k[a}o,...,xgml_l], SZ]k[ajl,...,{L'Qm_l] (3.113)



Algebraic Geometry and Linear Logic 97

then we can construct a morphism
frHY — HE (3.114)

for some Hilbert function h. We have also shown in Definition 3.27 how to construct a
morphism U, — H g xS(A) which we post-compose with the composite H g — P —
S(1A) times the identity on S(A) to obtain ¢y, : U, — S(!A) xS(A). On the other hand,
consider the closed embedding

Ty — Hul x H§ (3.115)

of the graph of f. Associated to hi, h are fixed choices of closed embeddings Hgll —
Psh H fg‘ — P° which we can post-compose with the canonical inclusions to obtain

Hgll — S(?B), H} — S(!A). Post-composing (3.115) with the product of these gives
0:T'y — S(?B) xS(!A) (3.116)

The intersection we must analyse is the following

Uhme > S(A)XFf

l/ lldS(A) X0

L Xid ?
Uy, x S(?B) ———24 S(A) x S(?B) x S(IA)

We claim that the following is a pullback diagram

X(()ml“f > S(A)er

| i 17)

hX
To show that (3.117) is a pullback diagram, it suffices to show that the following is.

X(()nl'y ———— U,

! L

h
Hg' xS(A) Tl HExS(A)
This can be shown by taking open affine charts of Hgll,H g‘ and the fact that the tensor
product induces pullbacks in the category k — Alg of k-algebras.

v:m — 7’ is a !/ Pax-reduction. We consider only the case where there are restricted

Pax-doors, and with Conclusion-links as in (3.110).

Let (1 denote the proof net inside the displayed box in 7 on the left in 7, and let
(s denote the proof net inside the box on the right. Let hy € H, let m; denote the
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number of unoriented atoms of A, m the number of unoriented atoms of B, and k the
number of unoriented atoms of C. Let Sy = k[zq,...,xom1-1],S = k[zg,...,xom_1],T =

k[zo,...,Z9r_1]. Then there exists Hilbert functions h, g such that
friHE — HE,  fo: HE — H, (3.118)

correspond respectively to X({1) n Hgl and X({2) n Hg

Consider the closed subscheme I'y n X({2) — H 211 x H! x S(C). This corresponds to a
function ¢ : Hgll x HY — HY. On the other hand, let p: Hgll x Hg x HY, — Hgll x HY,
denote the canonical projection. If p, denotes the pushforward along p, then we need
to show

p«(Lp nLp) = p.Tg (3.119)
but this is easy because clearly I'y nI'y = I';.

v:m —> 7w is a Weak /l-reduction. This case is trivial as we are mapping empty
schemes to empty schemes via morphisms uniquely defined by the property that their

domain is the initial object in the category of schemes (over Speck).
v:m — 7’ is a Ctr/!-reduction. We refer to Diagram (3.111).

Due to the diagonals at the Axiom and Cut-links it suffices to consider only the displayed

Promotion-links, Pax-links, and the displayed Contraction-link of 7’.

L

Let Iy, Ipax respectively denote the displayed Promotion and Pax-links of 7. Let [}, 15

Pax>

Z!R, LE | lcy respectively denote the Promotion-link of 7’ displayed on the left, the

Pax>

Pax-link of " displayed on the left, the Promotion-link of 7’ displayed on the right, and
the Pax-link of 7" displayed on the right.

By inspection of the definition of S,,7’,, we obtain the following commuting diagram

X() nX(lpax) — X(IF) n XL, ) n XU n XUE ) nX(lew) — X(0) nX(lpax)

Pax Pax
X(U) n X(Ipax) P AX (U)X (Ipa) > X(0) N X(lpax)
where
2
Ax(1)X(ipay) — (S(Ac) x S(?By) x S(1Ag) x S(?By)) (3.120)

denotes the diagonal which factors through o. All vertical arrows are isomorphisms, and
the bottom horizontal composition is clearly the identity. The argument for the other

composition is similar. O
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3.2.1 An example

Consider the following proof net 7, which is the Church numeral 2y cut against a simple
proof net given by appending a Promotion-link to the Church numeral 0y . We have

labelled the formulas artificially; each X, means the atomic formula X.

Ax Ax Ax X; . °
) / Yh B, / Y‘d - / \
C ® ® C Ax
lxgl ®-Xg, thl ®-Xp, Xn § )ﬂxo
? ? 't
\ / l/Xmlyy_‘XWQ
?(Xi1®ﬁXi2) ?(Xj1®ﬁ j2)
Ctr ° | °

?%M Cut e%fw%)

Associated to the Axiom-links are the following projective schemes:
S(~Xa) = S(Xp) = S(~Xe) = S(Xq) = S(~Xe) = S(Xf) = 8(X,,) = S(=X,) = P".

For the Tensor and Par-links, we will be considering the closed embedding P! xP! —s P3.
So strictly speaking the interpretation of each non-atomic, linear formulas is P* but to
make the ideas of the model more transparent within this example, we will directly

consider the closed subscheme P! x P!, rather than doing so via the Segre embedding:
S(Xgl ® - 92) =S(Xny ® ~Xny) = S( Xy B = Xip,) = P! x P'.

For each of the linear formulas we consider a corresponding graded k-algebra. For
instance, associated to the formula =X, is the graded k-algebra k[ X/, X,]. Since the
variable X is consistent throughout all of the formulas, we will use the algebra k[a’,a]

in place of k[ X/, X,], and similarly for the other variables.

Let S = Kk[z7,21] x k[29, 22]. Then for each Hilbert function h € H we have a fixed
choice of closed embedding of the Hilbert scheme H g given by Proposition 3.12 into

some projective space P*». We take the disjoint union of the codomains of these:

S(?(Xiy, ® 2Xi,)) = S(7(Xj, ® - X))

= S(?(Xkl ® _'sz)) = S('(Xll ® _'Xlz)) = H Pon.
heH

The interior of the box of 7 determines a point in []jc P** which is inside the closed

subscheme H g c P*» for some particular Hilbert function A*. Since the closed subscheme
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X(mw) — S() is given by taking the intersection of X(I) ranging over all links [ of m,
the closed subscheme X(7) is connected with connected component determined by h*.
So for this example we can restrict ourselves to this particular Hilbert function, which

we now calculate.
Consider 0y
Ax
Xn J( iﬁxo
%

lxml Xy

C

We build the closed subscheme X(0y). From the Axiom-link /5, we have the diagonal
X(lax) = Apo — P x PL. If we consider the projection p : S(¢) — P! x P! then we

have that the composite
X(¢) — S(¢) — S(Xim; B =Xpm,) =P x P! (3.121)

is isomorphic to the diagonal
p' 2, p! x P (3.122)

The following ideal
I = (mymgy —mimsg) € k[mf,my] x k[mj, ma] (3.123)

is such that Proj(S/I) = X(¢) (as closed subschemes of P! x P!). Conceptually, this
ideal should be thought of as its corresponding counterpart obtained by dividing by the

primed variables. Now we set S = k[m/,m1] x k[m}, ma]. We have

’ /
mime mima
(mllmlz - m’lmé) c S(m’lm;) (3.124)

Carrying this through the k-algebra isomorphism S, s ) 2 k[m1/my, ma/mi] 2 k[mi, mo]

determined by the rule:

/

!
mim m4Mms9
m’m’2 — ml/mév mrlm/ — mQ/mll (3'125)
1My 1Mo
We obtain the ideal
(m1 —mg) € k[mq,ma]. (3.126)

So we can think of (3.123) as the equation “m; = my” as made transparent by (3.126).

We saw in Example 3.4 that the Hilbert function of I ¢ S is h*(d) = 2d+1, and that the

Gotzmann number G(I) of I is 2. The degree 2 component of the algebra corresponding
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to P2 maps onto the degree 1 component of the algebra corresponding to P* x P!. The
Hilbert scheme H g* is by Proposition 3.12 therefore a closed subscheme of Ggi(l) =G3.
We identify the degree 1 component S; of S with k* via the isomorphism defined by
linearity and the following assignments, where ey, ..., e4 are the standard basis vectors

for k*:
! ! ! !
mymy — eq mymey — €2 mymg — e3 mimg — éy4. (3.127)

Let n: H g* — Gi denote this closed embedding. Recall from Lemma 3.6 that for any
size k subset B of {e1,...,e4} the open subset Gi\ = G% is representable. Consider the
set B = {e3} which corresponds to {m|msa} € S;. There exists the following pullback
diagram

nH(HE) Gi\B

| |

where Gi\ p represents a functor. By Lemma 3.6 it is represented by Spec R where R is
the following ring
R=k[{y;|1<i<3}] (3.128)

Since 7 is a closed embedding, it follows that 7 is and so there exists an ideal J ¢ S
such that n~'(H g) ~ SpecR/J. By representability of H g* and G the morphism 7
corresponds to a natural transformation n between functo@: H ’Sf_—> G3. Let Rbe a
k-algebra, the function 7, : H_g*(R) — G_i(R) maps a homog@aus ideal L CR®KS
(such that for all d > 0 the k-module ((R ®y S)/L)4 is locally free of rank h*(d)) to
L1 € R®, S; = R* (such that R*/L; is locally free of rank 3). Recall from Proposition
3.12 that if £ = {2,3} then HY = Hg; A homomorphism R/J — R is given by a
collection of coefficients {a, € R}i<p<s satisfying the equations of 7. These equations
determine the Hilbert scheme as a subscheme of the Grassmann scheme, and so for the
sake of simplicity we can put them into a black box and deal only with the coefficients
{op € R}i<pes, i.e. k-algebra homomorphisms R — R, i.e. points of the Grassmann

scheme Spec R — Gi\B.

We have the following equation in R/I by (3.127).
! 4
mi m2 = mlmQ
which correspond to the following subspace of k*:

Spanj {es —e3}. (3.129)
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So, we define a function R — k as the k-algebra homomorphism generated by the
following rules

y1—0, yar—1, y3—0. (3.130)

These equations come from the fact that in k*/Span,{es — e3} we have the equation

e3 = yoe1 +yiez +yseq, if y1 =y3 =0,y2 = 1.

Thus, the ideal corresponding to the Promotion-link is

(y1,92-Lys) = R. (3.131)

Now we consider the Dereliction-link

lxgl ®-Xg,

?
l?(xh@ﬂx@)

For the Hilbert function h* we have again that GZ\  is represented by another copy of
R:
R’ =k[y;|1<i<3]. (3.132)

There is a universal subspace of (R')* with basis B given as follows:
Spang,{es — yje1 — yhea — yseat € (R')4 (3.133)

This translates through (3.127) (with m],my, mj, ma respectively replaced by ¢1, g1, g5, 92)
to:

(9192 - Y1919 — ¥29195 — Y39192) € R'[91, 1] xx R'[95, g2].- (3.134)

Similarly, for the other Dereliction-link we have a third copy of R:

R" =k[y!|1<i<3] (3.135)
and the universal subspace
Spang.{es - yi'e1 — yhes —yies)} € (R")? (3.136)

with corresponding ideal

(Wi hg =y, by =yl bl — g hahg) € RV (K, ha] xi R [Ry, ha). (3.137)
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The Contraction-link introduces a fourth copy of R:

R = K[y |1<i<3] (3.138)

7

and contributes the following ideal
(i -vi" v’ =y )1<ics € R @ R @1 R". (3.139)
Finally the Cut-link contributes the ideal
(4"~ yi)iciss SR @ R. (3.140)

All that remains to be considered is the linear component of the proof. The Axiom-link
with conclusions =X, X} is interpreted as the diagonal A — P! x P! which is the given
by the following ideal

(ab’ —a'b) c k[a',a] xi k[V', b]. (3.141)

Similarly to above, we can think of these polynomials as their corresponding polynomials

given by dividing through by the primed variables. We obtain the ideal
(a-0) ck[a,b] (3.142)

which reflects the logical structure that - X, and X} are conclusions to the same Axiom
link.

The Tensor-link with conclusion X, ® =X, contributes the following ideal:

(91950"¢" — g1gabc’, g1g2b'c’ — g1gab'c, g1gab'c’ — g1 gabe)
S (]k[ngl] Xk ]k[géag2]) Xk ]k[b,7 b] Xk E{[c,7c]'

Again, we can think of this as the corresponding ideal given by dividing by the primed

variables, given as follows:

(g1 = b,92 - ¢, 9192 — be) € klgi, 92,0, c]. (3.143)

This reflects the logical structure that the premises X3, ~X. of the Tensor-link have

respective corresponding conclusions X, , = Xg,.

The other Tensor-link and the Par-link are similar. We thus have the following set of

equations:

ab’' —a'b, cd -cd, ef -€f, no'-no
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171 1 /AN U4 14 I/ I I/ I/ I
g195b°c’ = g1 g9bc’, g192b'c —gigab'c gi1geb'c’ — g1gobc
hihbd'e' — h! hhde! Wyhad'e' — b hhd'e, hihad'e' — b hhyde

! I I/ ! ! A ! I/ A A A I/ ! !

mM1MeN 0 — M1MyNo , miman 0 — mMiMyN 0, m1man 0 — miMmMyno

A I 1 I 4 ! A
9192 — Y19192 — Y29192 — Y39192
hyhy = yi' hyhy = yy hahy = y3 hahy

yi, Y2-1, w3

yi—y', for 1<i<3
yi —y;', for 1<i<3

yi =yl for 1<i<3

7

To understand these equations, we can localise at all of the primed variables (except for

the y variables) and obtain the following set of polynomials:

a-b, c¢c-d, e-f, m-o

91— b, g2 — ¢, g192 — be
hl - d, hg - €, h1h2 —de
mp—n, mo — 0, mimsg — no

92— Y1 — Y291 — Y39192
ho —yi —y3h1 —yshihy

Y1, Y2 — 17 Y3

yi—y.', for 1<i<3
yi—vy;', for 1<i<3

yl —yl”, for 1<i <3,

Remark 3.18. In the Introduction we claimed that the exponential fragment of shallow
proofs is modelled by equations between equations. In light of the above example we can

now make this precise. Consider the two equations

92 = Y1 — Y291 — Y39192 (3.144)
ha = yi' = yg h = yghiho. (3.145)
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These are the equations pertaining to the Dereliction-links of . The variables

Yo, Y s YL Y Yl (3.146)

have constraints put upon them by the Contraction-link which introduces the following:

Y1 =91 s Yz = Yo ys =4 (3.147)
yi/ _ y:/l//’ yé/ —_ yé//’ yé’ — yé// (3148)

which imposes the following equations in the quotient:

vi=Y1 Yo = Y3, Y3 = Y5 (3.149)
That is, the normal vector of the two linear spaces (3.144) are set to be equal via the
Contraction-link. Notice that this does not impose that go = hy. This equation does hold,
but due to the Axiom-link with conclusions -X., X4, and the two Tensor-links outside of
the box. So the exponential fragment of shallow proofs only make identifications between
the coefficients of polynomials. The linear component of the proof makes identifications

between the variables.

Remark 3.19. 1t is interesting to note that Section 3.2.1 seems to extend the theory of [50]
which relates cut-elimination to elimination theory. If we define all variables pertaining
to edges which lie above the Cut-link to be elimination variables, and the remaining
two variables a, f as non-elimination variables, then fixing a monomial order on these
variables so that all elimination variables are greater than non-elimination variables, we
can perform the Buchberger algorithm to relate the output to the result of eliminating

the cuts from 7.

Using software algebra, performing the Buchberger Algorithm on the final set of polyno-
mials given in the example yields the polynomial a — f, which is the result of localising
the diagonal A — P! x P!, the closed embedding corresponding to the normal form of

T
-Xa

f Ax \)jf
C C
3.3 Future paths

Extending the model to all of MELL. The immediate obstruction to extending our
model to all of MELL is Lemma 3.15 which only considers shallow proofs. We postulate
that this lemma does indeed generalise. To check this, one must check that the local

freeness condition is satisfied by the embedding (3.32).
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However, it is not precisely this lemma which would be generalised. A difficulty in
working with our model is the fact that we have defined the Hilbert scheme Hr to
parameterise graded k-modules 7. In fact, a more general Hilbert scheme exists which
is parameterised by projective schemes instead. Similarly to Hr the more general Hilbert

scheme represents a functor. The reference for this is [28].

Definition 3.32. Suppose S is a locally Noetherian scheme and X — S is a projective
scheme over S. The Hilbert functor from the category Schg whose objects are locally

Noetherian schemes over S to the categories of sets by:

Hilby g : Schg — Set
T +— {Closed subschemes Z — X xg T |
Z is flat over T'}.

Theorem 3.33. There exists a scheme Hilby g representing this functor.

This is a more interesting functor for us because it yields a simple way of thinking about
Pax-links: they give rise to the product of locally projective schemes Xj x ... x X,, over
which the closed subscheme corresponding to the interior of the box must be flat. In
particular, this will avoid all necessity of localisation inside Definition 3.27, which we

believe would lead to a more natural model.

Thus, our future work proposal is as follows: first we extend the model for shallow
proofs to one where the Hilbert scheme Hrp is replaced by the more general Hilbert
scheme Hilbx /g above. Then, we would aim to extend the resulting model to all of
MELL. Of course, one could also dream of going even further than MELL; additives,

differential linear logic, etc.

Relating this model to the MLL models given in Chapter 4. We present three
models of MLL in total in this thesis. Omne gives proofs as linear equations, which
has been extended to shallow proofs inside this chapter, and the other two give proofs
as matrix factorisations, and proofs as quantum error correction codes. Section 4.2.5
relates the algebraic model to the quantum error correction code model via the matrix
factorisation one, and so it would be interesting to see how the Hilbert scheme plays a
role in these other models. For instance, the Hilbert scheme plays the role of a moduli
space, in that it parameterises flat families of closed subschemes. It would be interesting
to consider the moduli space of matrix factorisations as a possible model in the sense of

[16] of the exponential in linear logic.

Classifying the Hilbert functions which arise from proofs. Our model considers

the set H of all Hilbert functions throughout. Surely not all Hilbert functions arise
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from proofs. It would be interesting to find the subset H' ¢ H so that h € H' if and
only if there exists a proof 7 such that the closed subscheme X(7) — S(7) has Hilbert

function h.

It has been noted in Remark 2.12 that there is more to the Geometry of Interaction
program than just modelling cut-elimination with a non-trivial effective procedure. One
could also ask for a correctness criterion such as the long trip condition given in the
Sequentialisation Theorem (Theorem 2.23) to be present in our model as well. It is
possible that the classification of the Hilbert functions which arise from proofs has

relevance to this line of research.

Elimination Theory. The algebraic model given in [50] not only gives an interpre-
tation of proofs in MLL but also relates the cut-elimination process to the Buchberger
algorithm. As mentioned in Remark 3.19 it seems possible that this relationship extends
to MELL, at least to shallow proofs. There are many connections to the construction of
the (multigraded) Hilbert scheme of [29] and syzygies, monomial ideals, Grobner bases,

etc. These connections should be fully developed.



Chapter 4

Modelling Multiplicative Linear
Logic

“The idea should be that -at a very abstract level-, what processes share is a
common border, but that their inner instructions have nothing in common. So
when A receives a message from B, he can only perform global operations on it:
-erasing, duplicating, sending back to B- depending on which gate of the common
border he received it through. When a message is sent back to B, then B receives

again his own stuff, that he can read; but through an unexpected gate etc.”

J.Y.Girard, Towards a Geometry of Interaction

Computation transforms input data into output data in such a way that no truly new
data is created during the process [3]. However, data may be disposed of during this
transformation process. For instance, consider the computation of the Successor of
2 being equal to 3 in linear logic (Appendix B). The sequence of cut-elimination steps
which manipulate the information to eventually yield the output 3 throws away irrelevant
information (the Cut-links in the original proof), but the output 3 is implicit in the

original proof.

We will define a model of MLL and explain how it splits the transformation process
of computation into two distinct stages; first the input data is “reorganised” into the

output alongside the irrelevant data, and then this irrelevant data is erased:

Reorganise Erase junk

Input ———— Junk + Output ———— Output. (4.1)

This idea has been considered before in other contexts. A historically significant instance

of the idea that computation organises itself in this way was the thought experiment

108
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Mazwell’s Demon [44], where it appears as though heat is being transferred from a cooler
body to a warmer body, apparently contradicting the second law of thermodynamics.
This thought experiment includes an onlooker (the demon) who stands idle and makes
decisions. A proposed solution to the paradox was that the decision process inside the
demon’s mind was to be included as part of the physical system. That is, the computation

being performed by the Demon was a physically relevant part of the experiment.

Rigorous work following this thought experiment includes a result, first proved by Lan-
dauer, that irreversible computation is inherently linked with physical irreversibility [40].
There, it is argued that practical computation fundamentally involves irreversible com-
putation, however Bennett has proven this is not true [3]. Bennett did this by showing
that every terminating computation of a Turing machine can be simulated by a reversible

Turing machine, see [3].

The proof is inspired by the standard way of making a non-injective function injective: to
arbitrary f: X — Y we associate injective I'y : X — X xY which maps z — (z, f(x)).
That is, I'y is the graph of f. We associate to a Turing machine M a Turing machine N
with three tapes, the second of which is its “history” tape which keeps the record of the
transition function steps used, and then unwinds the performance of M after recording

onto the third tape the output of M. This process is summarised in Figure 4.1.

[ZInfelo[T] [ | [elulr[rfofr | [olofr]rfojr] | (zlvfelolm] T T
T T T T T 1T cme Plals[rleolely] nnme [BIzlsTrlefelvT anaw LT T [ [ | |
LT T T ITTT LT T T T T [elofr[elu]e] T [efofr[elulsl |

FIGURE 4.1: The reverse of a Turing machine

Therefore, non-reversible computation can be thought of as performing the first two
steps of Bennett’s construction, which are reversible, followed by performing the non-

reversible step which throws away the first two tapes. This reflects (4.1).

From the perspective of sequent calculus, constructing a proof is about introducing for-
mulas and then shaping the relations between them with deduction rules. We showed in
[50] how to interpret these relations as equations for proofs in multiplicative linear logic,
and thus as ideals in polynomial rings. In Chapter 3 we took this further, and showed
how shallow proofs in MELL can be interpreted as sets of homogeneous equations, or
what is the same, closed subschemes of projective schemes. This suggests the possibility
of a meaningful connection between proof theory and geometry. However, there is much
more to modern algebraic geometry than sets of equations. For example, homological

algebra plays a fundamental role in much of the modern research in the subject.
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At its root, the role of homological algebra in algebraic geometry is to provide a technical
language for reasoning with equations between equations (sometimes called syzygies).
It is therefore natural, having established a connection between proofs and equations, to
wonder if homological algebra can provide some additional insight into the structure of
proofs in this interpretation. In this chapter we begin an investigation of this question,
by showing how the model of multiplicative linear logic in ideals in [50] can be “lifted”
to a model in matrix factorisations. The cut-elimination process in proofs, which was
modeled by elimination in [50], lifts to something called the cut operation on matrix
factorisations and we show that remarkably this has a natural relation to error correcting
codes in quantum computing. The significance of all of this remains unclear at the time
of writing, but at a conceptual level it does provide some evidence that the investigation
of equations between equations in the setting of geometric models of computation may

be worthwhile.

The model summarised in Section 4.2.4 exists in [50] and the quantum error correction
codes model summarised in Section 4.2.3 exists in [51]. These summaries are included to
provide context for the main contribution of this chapter which is in Section 4.2.5 where
the processes modelling reduction are related to one another by relating each to the

common model of reduction involving the aforementioned cut of matrix factorisations.

4.1 Matrix factorisations

Let k denote a commutative ring. Recall that if A, B are Z-graded k-modules then
Hom(A, B) is also Z-graded, and similarly for Zs-graded modules.

Definition 4.1. Let A, B be Zs-graded k-modules. A homomorphism f: A — B is
even if f(Ag) € By and f(A;) € B;. The homomorphism f is odd if f(Ag) € By and
f(Al) c By.

Remark 4.1. If f: A — B is any module homomorphism then f can be written as a

(foo f01). (4.2)
fio fu

The morphism f is even if and only if fo; = fi9 = 0. It is odd if and only if foo = f11 =0.

matrix

Definition 4.2. Let f € k be a non-zero divisor. A linear factorisation of f over
k is a pair (X,0x) consisting of a Zs-graded k-module X = Xy @ X; and an odd

homomorphism 0x : X — X satisfying

0% = f-idx . (4.3)
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If X is free then (X, dx) is a matrix factorisation of f over k. If X is of finite rank

then (X,0x) is a finite rank matrix factorisation.

Definition 4.3. A morphism of linear factorisations a: X — Y of f € k, where
0 »px 0 py
X =(Xo®X1,0x),Y =(Yp@Y1,0y),0x = Oy =
gx O qy O

is a degree zero map which commutes with the differential, meaning that both squares

of the following diagram commute.

XO ax Xl pPx XO

Lo J Jeo (4.4)

q p
Yo — ¥V ——= Y

v
~

v

Definition 4.4. Let «, be morphisms of linear factorisations (X,dx) — (Y, dy).
These are homotopic if there exists a degree 1 map h : X — Y such that the following
hold, where hg: Xg — Yo,h1: X1 — Y1, h =hg+ h1:

ap = fo = pyho + hi1gx, a1 = p1 = hopx + gy hi. (4.5)

The relation of homotopy defines an equivalence relation on the set of morphisms of

linear factorisations.

Definition 4.5. The homotopy category of linear factorisations HF (k, W) is the
category of linear factorisations of f € k modulo homotopy. We denote by HMF (k, f) its
full subcategory of matrix factorisations, and we write hmf(k, f) for the full subcategory

of finite-rank matrix factorisations.

Definition 4.6. Let (X,0x) be a linear factorisation of f € k over k and (Y,dy) a
linear factorisation of g € k also over k. Then the tensor product of (X,dx) and

(Y, 0y') consists of the following data:
X ®Y, Oxe,y =0x ®1+1® 0y (4.6)

where X ® Y is the graded tensor product: for all z1,29 € X,y1,y2 € Y, if |z2],|v1]

respectively denote the degree of xo,y1:

(z1@y1) (w2 @ y2) = (-1)" 1l (2120 @ Y1) (4.7)

Lemma 4.2. The tensor product (X ®x Y,0xe,y) is a linear factorisation of f +g.
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Proof. One checks that 8§(®]ky = (f +g) -idxe,y. See [33][Page 35] for an explicit

calculation. O

4.1.1 Clifford algebras and matrix factorisations

The Introduction of [17] gives the origin of Clifford algebras, but briefly, the state func-
tion 1 of a classical particle in R® with spin 1/2 having its motion studied in spe-
cial relativity leads one to consider the square root of the 3-dimensional Laplacian
A=-2 8—22 - %. If we assume that P = /A ought to be a first order differen-

tial operator with constant coefficients, and if we generalise 3 to arbitrary n > 0, then

we are lead to the expression

20
P = ;%a—% (4.8)

for some coefficients ;. The equation P2 = A holds if and only if the coefficients ;

satisfy the equations

Wo=-li=1,,n; iy +%=0,0% ] (4.9)

The algebra generated by elements 71, ..., 7, satisfying the relations (4.9) always exists,
and it is the Clifford algebra C,, (Appendix E.3).

For example, let H denote the vector space of quaternions and say n = 3. Then v1,y2, 73 :
H — H correspond to multiplication by the quaternions ¢, j, k € H, respectively. Thus,
the question of whether there exists a square root /A of the Laplacian leads to the
study of complex representations C,, — End (V") of the Clifford algebra.

We briefly recall the basic theory of Clifford algebras and relate their representations to

matrix factorisations, Appendix E.3 has more detail.

There will be two Clifford algebras of particular interest in this thesis, they are given in
Definitions 4.7, 4.9 below.

Definition 4.7. For n > 0 the Clifford algebra C,, is the Zs-graded k-algebra gener-
ated by odd elements v1,...,7, and 'y;f, .. ,’Yl subject to Clifford relations, given as

follows:

[v]=0  [Al1=0 [wall=6y 1<ig<n (4.10)

where 6;; = 1 if i = j and ¢;; = 0 if 7 # j. Note that our commutators are graded,
[a,b] = ab— (~1)19Plpa. We set Cp = k.

Remark 4.3. Clifford algebras can be defined as Zs-graded k-algebras generated by odd

elements subject to the Clifford relations, or as universal algebras satisfying a condition



Algebraic Geometry and Linear Logic 113

with respect to a fixed bilinear form, see Appendix E.3 for a reminder. The bilinear form
associated to the Clifford algebra 4.7 is given as follows: consider a finitely generated
free complex vector space F, = Co1&...®C0, along with its dual F*. Weset V = Fo F*.
We begin by defining the following bilinear form on V' and consider the following bilinear

form:

B:VxV —C
((0), (1) — 5 (00 + ().

Then C,, of Definition 4.7 is isomorphic to the Clifford algebra associated to this bilinear

form.

Definition 4.8. Let z = {z1,...,%n},y = {y1,...,Ym} be sets of variables, and define
the polynomials

Y2, (4.11)

NgE

Uz) =2 o, V()=
i=1 1

.
Il

Definition 4.9. We let Cyy denote the Zs-graded k-algebra with odd generators

Wlyenoy fhns V1, - .-, U satisfying the relations
[,u,-,,uj] = —2(51" [ui, Vj] =0 [VZ', Vj] = 252']' (4.12)

Remark 4.4. The algebra Cyy described in Definition 4.9 is the Clifford algebra corre-

sponding to the bilinear form

B k" xk™ — k" x k™

((ml,...,xn), (yl,...,ym)) — éx? —gy?
Definition 4.10. Consider the free k-module
F,=ko®...0k0, (4.13)
where the 6; are formal variables of odd degree, and set
Sn=N\EF=/\kbo.. oko,). (4.14)

Definition 4.11. Left multiplication in the exterior algebra defines an odd operator

0; A (<) : Sp — S
0]'1 ...er l—>02'(9j1...9jr
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Contraction from the left defines an odd operator

G;J(_) :Sp —> Sn

(_1)(1_1)5@]'16]'1 - éjz e 0]'

M=

05, ...0; —

e

~
I
—_

We will simply write 6; for the operator 6; A (—) and 6 for the operators 6 ,(-).

Lemma 4.5. The map C,, — Endy(S,) defined by

= 0n (=), v 05 ,(-) (4.15)

)

is an isomorphism of Zo-graded k-algebras.
Proof. See Lemma E.28. O

The next lemma shows how Clifford actions give rise to matrix factorisations.

Lemma 4.6. Let X be a Zy-graded Cyy-module which is free and finitely generated
over k. Then X := X o k|z, y] coupled with the map

aX = Z,ul:pl + Z Viy; (416)
i=1 j=1

is a matriz factorisation of V(y) - U(z) € k[z,y].

Proof. One checks that 8% =V (y) - U(z). See [33][Lemma 5.6.1]. O

Remark 4.7. The map (4.16) is odd because we consider k[z,y] as equipped with the
Zy-grading where k[z,y] is taken entirely in degree 0. For example, if z = {z},y = {y}

are singleton sets then for p € X:

deg(Ox(p® 1)) =deg(up®z +rvp®Y)
= deg(up) (= deg(vp))
= deg(p) + 1.

Example 4.1. Let R be a commutative k-algebra and t = (t1,...,t,) a reqular sequence

of elements in R. Then the Koszul complex K(t) of (t1,...,ty) is

0 1 2 m—1
dg t t t

d dm
0 > R —— R" —— A*(R") —— ... > AM(RY) —— ...

where for all j >0 the operator di 18 multiplication by t.
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The underlying Zo-graded k-module of the differential graded k-algebra corresponding to
this chain complex is A(R™), which admits a Cyy-action once we fix a basis 61,...,0,
for R"™. Recall Sy, of (4.14):

S = A\(kb ®...0kl,). (4.17)

This is Sy, of (4.14). The operators 6;,0; satisfy the canonical anticommutation relations
(see [33, Lemma 4.2.2] for a proof), given in Definition 4.12 below. In general, any Za-
graded k-algebra equipped with linear operators satisfying the canonical anticommutation

relations admit the structure of a Cyy-representation, given as follows:

i = (91 + (9: V; = 91 - 0; (418)

We thus have a corresponding matriz factorisation of V(y) - U(z):

n n

(Sn @1 K[z, y], D (0: + 0] )wi + (65— 07 )y;). (4.19)
i=1 j=1

Definition 4.12. Let E be a Zs-graded ring, not assumed to be commutative, and

consider odd elements 01,...,60,,07],...,0; € E. These elements satisfy the canonical

anticommutation relations if:

° 910] + 9J91 =0.
o 0707 +0707 =0.
° 919; + 9;91 = 51]

Definition 4.13. The matrix factorisation (4.19) is the Koszul matrix factorisation

of the regular sequence t. It will be denoted MF(t).

4.1.2 The bicategory of Landau-Ginzburg models

We organise finite rank matrix factorisations into a bicategory. Recall the homotopy
category hmf(k[z], W) of Definition 4.5, for W e k[z]. The hom-categories will consist
of the idempotent completion (hmf(k[z], W))wof hmf(k[z], W), for certain polynomi-
als W called potentials (Definition 4.14 below). We recall the basic theory of idempotent
completions in Appendix F. We consider the idempotent completion because in general,
the composition of two finite rank matrix factorisations need not be finite rank. For ex-

ample, consider X = C[z,y],Y = C[y, z] with Zs-grading given by even and odd degrees.
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Consider also the polynomials 32 + 2% € X, 22 + y? € Y with respective potentials dx, dy

defined by the following matrices

0 -1 0 -1
Dy = L I W = (4.20)
Yy +ix 0 Z+1y 0

Then (X, 0x) is a finitely generated C[x, y]-matrix factorisation of y?+x? and (Y, dy) is
a finitely generated C[y, z]-matrix factorisation of 2% + 4%, However, the tensor product

X ®cpy Y 2 C[xz,y, 2] is not finitely generated as a C[z, z]-module.

However, if the full subcategory is idempotent complete, then it can be shown that the
composite is always homotopy equivalent to a finite rank matrix factorisation [12, 33,
37, 48].

Definition 4.14. A polynomial W e k[z1,...,z,] is a potential if (writing f; = 0,, W

for the formal partial derivative of W with respect to z;):

e fi1,...,fn is a quasi-regular sequence.
o klxi,...,z,]/(f1,..., fn) is a finitely generated free k-module.

e The Koszul complex of f1,..., f, is exact except in degree zero.

Given potentials U € k[z] and V' € k[y] we denote the idempotent completion of the

homotopy category of finite rank matrix factorisations of V' — U over k[z,y] by
LG (U, V) = hmf (k[z,y],V -U)". (4.21)

Proposition 4.8. The following data gives a bicategory, which we call the bicategory of

Landau-Ginzburg models over k, denoted LG.

e The objects of LGy are pairs (k[x],U) where k[x] is a polynomial ring and U €
k[z] is a potential.

e The category of 1-morphisms (k[z],U) — (kly], V) is LGk (U, V).
e Composition of the 1-morphisms
(k[z],U) 2 ([y],v) E (1], W) (4.22)
is given by taking the tensor product of linear factorisations over ]k[g]:

(AX7 dX) ®1k[g] (Y, dy) = (X ®1k[g] Ydx®1+1® dy). (4.23)
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e Given a polynomial ring R = k[x1,...,z,] we write R® = R®y R = k[z, 2] where
zi=2;®1 and x} = 1®x;. Given W € R we define the unit matrix factorisation
Aw € hmf (RS, W) where W =W ® 1-1® W. Using formal symbols 0; we define
the R°-module

Aw =N\ (@R%) (4.24)

with the Zo-grading given by 6-degree (where deg; = 1). Typically we will omit
the wedge product and write e.g. 0; A0; simply as 0;0;. To describe the differential
day, we further need the variable changing maps ti(=) which in any polynomial

replace the variable z; by the variable x},
G(-)ikm ) — Kaa', [ floa (4.25)

in terms of which we define the following

, t1..ti-1 £ _t1...t;
0=F i k[z, 2] — k[z,2'], fr— f - f

(4] - X — @

(4.26)

Sometimes we write df;) for 8[%’]2’ Viewing W as an element in k[z] € k[z,z'],

the differential on Ay is then given by

sy =0, +0, 0o=N0EEW-0,A (=), 6= (zi—2})-0;. (4.27)
‘ i=1
e The associator is the familiar collection of maps axyz: (X®Y)®Z — X (Y ®
Z).

o Let a 1-morphism X € LG (W71, W) = hmf(Ry ® Ra, Wo — W1)¥ be given. There

are natural maps

)\X:7T®1X2AW2®RQX'—>X

pX21x®7TIX®RIAW1—>X

which are morphisms in LG (W1, Ws) = hmf(Ry ® Ro, Wa — W1)“.

Proof. See [7, Proposition 2.7]. O

Remark 4.9. The bicategory of Landau-Ginzburn models has much more structure than
what has been given here; it is a monoidal pivotal superbicategory. This extra structure
will not be needed for this thesis, but see [7, 27, 48].
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4.1.3 The cut operation of matrix factorisations

As was shown at the start of Section 4.1.2, it is possible to take the tensor product of two
finite rank matrix factorisations and have the result not be finitely generated. However,
composition in the bicategory of Landau-Ginzburg models is well defined because the
composition of two finite rank matrix factorisations is always homotopy equivalent to
a finite rank matrix factorisation [12, 33, 37, 48]. We will not concern ourselves with
the proof here, but instead we will consider a key object used in the proof: the cut of
two finite rank matrix factorisations. Away from the proof that composition in LGy is
well defined, the cut is an interesting object in its own right. For us, it is central to the
models of multiplicative linear logic which we defined in [50, 51|, and which we relate to

one another in Section 4.2.5.

Throughout this section, let U(z) € k[x1,..., 2],V (y) € k[y1,. .., ym], W(2) € k[21,..., 2]

be potentials, let X be a finite rank matrix factorisation of V(y) - U(z), and let Y a
finite rank matrix factorisation of W(z) -V (y).

Definition 4.15. Let 9,V (y) denote the formal partial derivative of V' (y) with respect
to y;. Denote by Jy(,) the following k[y]-module.

vy =Kyl (0, V (), -, 0y, V(). (4.28)
The cut of (X,0x), (Y,dy) is the data of
Y| X:=(X ®Ly] JV(Q) ®k(y] Y), 8x|y =0x®1®1+1®1®0dy. (4.29)

Lemma 4.10. The cut Y | X is a matriz factorisation of W —=U and is finite rank if X
and Y both are.

Proof. The differential of the cut Y | X is the same as that of the tensor product X ® Y,
so it follows from 4.2 that Y | X is a matrix factorisation. That Y | X is finite rank
follows immediately from the definition and the fact that Jy(,) is finite rank, as V (y)

is a potential. O

Definition 4.16. A Clifford action on Y | X is a family of odd operators 1, . .., Vm, 'yI, .

satisfying the Clifford relations (Definition 4.7) up to homotopy.

The remainder of this section is dedicated to defining a Clifford action on Y | X.

Recall the Zo-graded k-module S,, = A(kb; @ ... ® kb,,) of Section 4.1.1 and its Cy,-
action v, ... ,vm,ﬂ, Y, where 73 acts as 0; A (—) and v; as 67 ,(-). This Cy,-action
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induces an action on the matrix factorisation

(Sm ®K X @[, Y, 100x ®1+1@10dy). (4.30)

In [48] a deformation retraction is constructed:
P
(Y| X, 8y|X) (? (Sm ®x X ®x[y] Y, 1®0xgy). (4.31)

See [33, §5.4] also for more details.

Definition 4.17. By abuse of notation, for ¢ = 1,...,m let ; denote the map ®~;® on
Y | X, and let %fr denote the map (IJ"YZT@.

Notice that since {~;, ’y;r}?il acting on S, forms a Clifford action, it follows that {~;, 'yj N
acting on Y | X forms a Clifford action up to homotopy. Explicit equations for the Cy,-
action on Y | X can be given. A complete treatment is given in [48] with more details

developed in [33], so we provide only a brief summary.

We fix a commutative k-algebra R and a quasi-regular sequence t = (¢1,...,%,) in R.
Let I = (t1,...,t,) be the ideal generated by the elements of ¢t. Let R be the I-adic
completion of R and suppose we have a k-linear section o : R/I — R of the quotient
map 7 : R — R/I such that o(1) = 1.

Lemma 4.11. Assume there exists a k-linear section o : R/[I — R of the quotient map

m: R — RJI. Then every f € R can be written uniquely as a convergent series of the

form
f=> o(ra)t" (4.32)
ueNn?
where r,, € R/I and t* =" ...t}
Proof. See [33, Lemma 3.1.6]. O

Definition 4.18. For each ¢; define a map 0, : R — R as follows. Given f € R, by

Lemma 4.11 we can write f uniquely in the form f =3, 0(ry)t". We define

O (f)= Y wo(r )t (4.33)
ueN"\{0}
where e; = (0,...,1,...,0) has a one in its it" entry and zeros elsewhere.

The maps 0, .. .,0, extend to k[z, z]-linear maps on X®Y = X ® Y ® (k[y])", where

(k[y])" denotes the completion of k[y], in a way which depends on a fixed choice of

basis.
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Definition 4.19. Choose a k[z, z]-basis {eq ® fj}qp for X®Y and define

ea®h® fy—>e,®0,(h)® fp

for all basis elements e, ® f, and h € (k[y])", and then extend k[z, z]-linearly. We also
denote this map 0y,.

Let I =(0y,V,...,0,,,V) be the ideal generated by the quasi-regular (as V' is a potential)
sequence of partial derivatives of V. Denote by I(X®Y') the ideal in X®Y generated
by I. Then

(XBY /I(XBY)) = X ) ((K[y])"/T(k[y])") ®xpyy Y

Y| X.
Lemma 4.12. The map [Oxgy, 0| induces a k[z, z]-linear map on'Y | X.

Proof. This is shown by proving
[Oxay. 0, )(I(XBY)) € I(XBY). (4.34)

see [33, Lemma 5.5.3]. O

Definition 4.20. For each i =1,...n let
At Y | X —Y | X (4.35)

denote the map induced by [Oxgy, 0 ]. We call At; the i'h Atiyah class.

Lemma 4.13. Let (Z,07) be a finite rank matrixz factorisation of a polynomial T €

klwi,...,wg]. Multiplication by a partial derivative Oy, Z is a null-homotopic map on
(Z,0z).
Proof. See [33, Lemma 5.2.1] O

Let A; be a homotopy A; : 9,V (y) ~ 0 on the cut Y| X.

Definition 4.21. On the cut Y | X we define k[z,y]-linear maps
i 1<
Yi = Ati and ’)/i = —)\7; - 5 Elé?yp(ti) Atp (4.36)
p=

for i =1,...,m. Note that these are odd.
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The next result is proven in [48, §4.2] and [33, §5.5].

Proposition 4.14. They1,...,vYm, 'ylf, - ,%L defined in Definition 4.21 agree with those

of the same name given in Definition 4.17.

Consider the operators 71, ... ,'ym,ﬂ, ceey ;51 acting on Sy,. The composition
. T T 4.37
€IV Ym PN (4.37)

of these is a projection S,, — k. It follows that the induced operator (which we also

call e) on the matrix factorisation S,, ®x ® X Oy ¥ splits as
S ®x ®X ®k[y] Y — X ®k[y] Y — 5,0k ®X ®k[y] Y. (4.38)
Passing e through the homotopy (4.31) induces an operator (which we yet again call e)

€=M Am Y, Y| X — Y| X (4.39)

Recall the algebra Cyy; of Definition 4.9 with odd generators p1, ..., fin, v1,...,Vn. Let

Cwyv denote the Clifford algebra with odd generators vy, ..., U, w1, ...,w; subject to
[ﬁi,vj] = —251']‘ [ﬁi,wj] = O [wi,wj] = 25” (440)
The underlying Zo-graded k[z, z]-module of Y | X, noting

Jv = ]kl:ylﬂ"'7ym]/(y17-~-7ym)

is:

Y| X =V @ k2, y] ®y) k @xpy) kly, 2] @1 X
*Y @ X ® k[z, z].

The differential is given as follows, where we write (—) for reduction modulo (y1, ..., Ym)

l n
Iyex = ) Zklik + ) Tiwi. (4.41)
k=1 i1
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Now we compute the representation {'yi,’yj i, of Cpy, note that ¢; = 8%_(1/) = 2y; SO
oy, = %Oyi and so

v = At; = [Oyex, Oy ]

1

5[2331“1 + Zyjl/] + Zijy + Z 2k, yu]
1=

1

2

1m
[yja Yu Vj 52 ij

while
zT ayz (aX) Z 8yq8yi (V) Atq
q

_ 1
=-V; — 5852(‘/) At;
= -v; — At;

= —fi + =V + _Dz‘
2

Remark 4.15. There are two different Clifford algebras at work here and they play two
different roles. One is the Zs-graded k-algebra Cy ¢y, which is used to induce the matrix
factorisations X,Y of interest. The other is the Zs-graded k-algebra C,,, which acts on
the cut Y | X. The C),-action on Y | X is described in terms of the Cy-action on X

and the Cyy-action on Y, and is used to describe an idempotent e.

The idempotent e is:

e:'yl...'ym*yin...fyI

_ QQLm(vl +11) o (T + Vi) T = ) - (T2 = 1),

Note that {%,V;r }m, is a strict Clifford representation, not just up to homotopy. Recall
from Lemma F.3 that im(e) = ker(id —e). Since id —%-'yj = 'yj'yi and Ker('yj'yi) = ker(y;)
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it follows that

im(e) = ker(id —e)
= ﬁ ker(~;)

=
iy

~

s

S
]
—_

ker(v; + ;).

Say e has been split as Y | X — Y * X — Y | X for some matrix factorisation ¥ * X.
Since (4.31) is (by construction) an equivalence of Clifford representations, it follows
that Y * X is isomorphic to Y @ X. If k is Noetherian, then, since Y | X is finite rank,
it would follow that Y = X is also finite rank.

Thus, we have outlined a process of extracting a finite rank representing object of the
composite of two finite rank matrix factorisations. First, the cut Y | X is formed, and
then the idempotent e is split, which will result in a finite rank matrix factorisation

isomorphic to the composite Y o X.

4.2 Geometry of interaction models, MLL

We associate to each proof in multiplicative linear logic, sequent calculus presentation,
a composable family of bordisms which in turn give rise to matrix factorisations via a

pair of strong functors.

4.2.1 Atoms, bordisms, Clifford algebras, matrix factorisations and
MLL proofs

We take k = C in this section. We can associate to each link a matrix factorisation,
and then view a proof m as a pattern of composition of matrix factorisations. Each of
these compositions can be computed by first considering the cut and then splitting an
idempotent as per the end of Section 4.1.3. We will define two bicategories Atom, %ZQ
along with two functors F': Atom — &ZQ, G: %ZQ —> LG¢. The interpretation of m
will then be defined as the image under G o F' of a family of composites of 1-morphisms

in Atom.

Definition 4.22. Let X = (X3,21),...,(Xn, ) be a sequence of oriented atoms. The
associated 0-manifold M x consists of n connected components, with the orientation

of each connected component ¢ agreeing with x;.
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A morphism X — Y, where X,Y are both sequences of oriented atoms, is a compact
oriented 1-manifold M with OM = M [I My

Definition 4.23. The collection of manifolds M x ranging over all finite sequences of
oriented atoms X along with morphisms Mx — My form a category Atom where

composition is the usual composition of bordisms (given by glueing).

Example 4.2. Consider the sequences of oriented atoms Z = (X,-X,Y,Z) and ¥ =
(W,-W). Then the following is a morphism 2 — % in Atom, with orientations

implied by the arrow heads. We notice that loops are allowed in our morphisms.

X -X Y 7Z
l l N A
w -W :

We define a bicategory &ZQ of finite-dimensional Zs-graded C-algebras and their finite-
dimensional Zy-graded bimodules, along with a strong functor F' (ie, a pseudofunctor
between bicategories Atom — %ZQ where all morphisms involved in coherence dia-
grams are invertible):

F: Atom — %ZQ. (4.42)

Definition 4.24. Given X = (X1,21),...,(X,,z,) let F(X) be the Clifford algebra

with odd generators § X1,...,0X, subject to anti-commutation relations
[5Xi, (SXJ] = O,i * j, [5Xz, (SXZ] =2x;. (4.43)

That is, if Wx denotes the polynomial Y ;" xiXiQ , where x; is read as a 1 if z; = + and
. 2
a —1if Ty = —, then [5XZ,5XJ] = <9X?—6X](WX)|§:Q 1.

We define F' to send the empty sequence to C (in degree 0).
Definition 4.25. Given a morphism M : X — Y between sequences
X = (Xla xl)a Y = (Xn,l'n), (Yhyl)a ceey (Y’m7ym)

we associate to it a Zg-graded F/(Y)-F (X )-bimodule F'(M) as follows: let M = Ly [[...[I L, [IC

be written as a disjoint union of oriented intervals L; and loops C, and set

F(M)=/N\(C¢®...8Cty). (4.44)
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That is, F'(M) is the exterior algebra on the free C-vector space on the set of oriented
intervals of M. We define 0X,,dY; acting on the left of F/(M) as follows:

6Xa = ¢z - l'alrbiyr
6Yy = 5 + yptd;

where L; (resp L;) is the unique component of M with the point labelled X, (resp Y})
on its boundary. We define F'(M) as a right F'(X )-module via

n-6Xq=(-D"MsXx, -0, neF(M). (4.45)

Lemma 4.16. F (M) is a Zo-graded F(Y)-F(X)-bimodule.

Proof. See Appendix H. O

Proposition 4.17. The functor F : Atom — %ZZ s a strong functor.
Proof. See Appendix H O

Now we show how to obtain a morphism in the bicategory of Landau-Ginzburg models

LGy from a Clifford algebra representation associated to a sequence of oriented atoms.

Definition 4.26. Let CIlf denote the bicategory with the same objects as Atom and
where

CIf(X,Y) = Alg” (F(X),F(Y)) (4.46)
with composition defined as in %ZZ.
That is, we take the image of F' and remember X after forming F'(X). We can of course
interpret F' as a strong functor F': Atom — CIf.

Proposition 4.18. There is a strong functor G : Clf — LG¢ defined on an object
X =(X1,21),...,(Xn,z,) by
G(X) =Y a; X} (4.47)
i=1

and on a 1-morphism V: X — Y, withY = (Y1,v1),-- -, Yin, Ym) by

G(V) = (V ®c C[Xl, , Xn, Y1,.. .,Ym],a = ZXZ&X’ + ZYVJ(SYVJ) (448)
i-1 j=1

where §X; stands for left multiplication 6X; - (=), and 0Y; stands for left multiplication
8% - ().
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Proof. See Appendix H. O

Definition 4.27. Let A, B be formulas with oriented atoms Uy = (X1,21),..., (Xn,zp)
and Ug = (Y1,41), -+, (Y, ym) respectively. We write My 0 Mp for the sequence of
oriented atoms (X1,21), ..., (Xn,2n), (Y1,91),- -, (Ym,ym) given by concatenating the

two sequences Uy, Up.

Remark 4.19. The operator O extends to a monoidal product on the bicategory of
Landau-Ginzburg models. This level of generality is not needed for the current pur-

poses though so we omit this abstraction.

We can now give a definition of the matrix factorisation associated to a proof 7 in the
multiplicative fragment of linear logic, sequent calculus presentation, which is given by

omitting the exponential rules from Definition 2.3.

Let m be a proof in MLL sequent calculus. We define a morphism in Atom for each
deduction rule, the structure of m then determines a composite of these morphisms

which we take to be the interpretation of 7 in Atom.

Definition 4.28. Let m be a proof in MLL sequent calculus. We associate to 7 a

morphism 7] in the category Atom. Let A, B be formulas with sequences of unoriented
atoms ((Xlawl)v LR (X’rla xn))a ((Y17 y1)7 ceey (Ym7 y’m)) respectively.

Axiom-rule.

CoA A AX

We associate the following morphism 1 — M_4 0 M 4. The notation z; denotes + if

x; = —, and denotes — if x; = +.

3371/_\& =t e N
L] L] L]

A (4.49)

Cut-rule.

FI,-A FAA c
FILA ut

We associate the following bordism from MroM_ oM OMa — MpoMa.
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Tensor-rule. Say A has unoriented atoms (X1,x1),...,(Xn,z,) and B has unoriented

atoms (Y1,91),-+, (Yo, Ym)-

T '

FILA FA,B
FI,AAQ B

Then we have the following morphism (MpraM,)o(MaoMp) — MprOMaOM ags.

x1 Tn Y1 Ym
[ ] [ ] [ ] [ ] [ ] [ ] [ ] “ e [ ]
Tl In Y1 Ym
[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]
Z-rule.
+I,A B 3
FILA®X B

We have the following bordism MroM4oMp — Mro Moo Mp.

1 Tn Y1 Ym
[ ] [ ] [ ] [ ) [ )
x1 Tn Y1 Ym
[ ] [ ] [ ] [} [ ) [ ]
Exchange-rule.
+1,A, B, A E
VT,B,A,A %

We have the following morphism MroM 4O MpoMa — MroMpoOMyoOMa.

x1 Tn Y1 Ym
° ° ° . ° ° ° . °
Y1 Ym z1 Tn
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Definition 4.29. The matrix factorisation of a proof 7 is the image of [7] under

GoPF.

Example 4.3. Consider the following proof w, with artificial labels.

= —|X1,X2 AX = —\X3,X4 gx = —|X5,X6 A};S)
I——-X7,X8®—|X9,X10 F-X11 % X9 Cut
F-X13, X14 "

This is interpreted as a composite in Atom

&

~

MX1 DMﬁXQDMX:sDMﬁXLLDMXs IZ|./\/L)(6

~

./\/lX7 O MX8®ﬂX9 O ./\/le O ./\/lﬁ_XH?yX12

v

MX13 O M_.X14

given by the following bordisms.

)
|

0| &<——— o
0 &——— o
0+ &—— o+

\\//

o+

Now we consider what happens when we apply the functor F. Associated to each of the
sequences of oriented atoms is a Clifford algebra. For example, we have F(Z") is the Clif-
ford algebra generated by 6X1,...,0Xe subject to [0X;,0X;]=0,i+j and [6X;,0X;] =2
fori=2,4,6 and [0X;,0X;] =-2 fori=1,3,5. Associated to the bordism Mx, OM_x, D
Mx, OM_x, OMx, OM_x, is the Zy-graded F'(-X1, X2, X3, X4, X5, X6)-C-module
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A(Cay ® Cag & Cag). All of this information is summarised by the following diagram.

C

/\(COzl &) (CO(Q (&) (Cag)

LeftC

F(_‘leXQa - 3;X4a _‘X55X6)

Right g

/\((Cel dCh,aChse ChyChs o (CH(;)

LeftC

F(-X7,X3g,-X9, X10,-X11, X12)

Right g

A(C1 & Cipy @ Copz @ Cly)

Left C

F(-Xi3,X14)

The list of actions is given as follows. First the left actions:

0X1=aq+aj 0Xo=a1-af 0X3=ag+a; 0X4 =g - a5
(5X5=Oé3+0é§ 5X6:oz3—oz§ 5X7=01+9; (5Xg=92—9;
(5X9=93+9§ 5X10:94—92 (5X11=95+9§ 5X12:96_96

0X13 =1+ 0X14 =Yg~
and the right actions (written as left actions):

5X1:01—9;— 5X2:92+95 5X3=(93—9§ (5X4:94+92
5X5=(95—9§ (5X6=96+9§ 5X7=¢1—1/Jf (5X8=1/12+’¢§
6Xg =13 —13 6X10=Ys+ 9y 0X11 =2 — 3 0X12 =3+ 3
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The image of this under G is given in the following diagram.

(2,0)

(A(Cay @ Caz ® Caz) ® C[ X1, ..., Xe], Doy Xi6X;)

~

“X2+ X3-X3+X2-X2+ X2
(/\(C91 d...0 (CHG) ® (C[X7, R ,X12:|, Zz1:21 Xz(sXZ)

2 2 2 2 2 2
X7+ X5 - Xg + Xijp— X171 + X1

( A(Cp1 @ Cipp ® Cip3 & Cipy) ® C[ X3, X1a], D14, Xi0X;)

~

2 2
—Xi5+ X7y

4.2.2 The cut operation and stabiliser codes

We explore the cut operation and its associated Clifford action in the special case of

composing identity matrix factorisations. As a bordism, this looks as follows

0+ & @0+ <— o+
0+ &—— @0+ {— o+

where each row has n vertices, for some n > 0.

This is the situation of Section 4.1.3 with X =Y = A(C"). For clarity we assume bases
{61,...,0,},{¢1,...,¥n} have been chosen for two copies of C". We write

X=A\(Cheo..0Ch) Y=ACpo. oCy,. (4.50)

In the notation of Section 4.1.1 we consider a polynomial U(z) = ¥, 2Z and a Cu)U(z)-
module X and a Cu(z)u(y)-module Y, where z = {z1,... T}y = YL Unth 2 =

{z1,...,2n} are sets of variables.
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We thus have associated matrix factorisations of U(y) - U(z) and U(z) - U(y) respec-
tively.

(X,0x) = (X®(c]k T y Z;(xz,uﬁyzyl)) (Y,0y) = (Y®C(C Y,z Z;(ylyﬁzzwl)) (4.51)

where

Hq = =0; - 9* Vi:9i+(9;
Ui =i =7, w =i+

The cut is
Y|X-= (/\(@Ce ) ®c /\(@cwz) ®c Clz,z ,il((eiw:)w (i + 1)) (452)

with Clifford action given by

%‘=—%(Vz'+7i) %-T:—%(Vi—ﬂi)
= (00 = 07) =56 07 i)

Next, we consider the idempotent e = y; .. .yn*yﬂ: .. '71[' Splitting e amounts to computing

the following image:

im(e) = (\ker(6; + 67 + i — ). (4.53)
=1

To understand these operators, we observe that A(C#; @...®C6,,) is the C-linearisation
of the set {0,1}" of length n bit-strings, where we associate with a string a=a;...a, €
{0,1}™ the basis vector 6% = 6" ...0%". The operator §; +6; from this point of view is a

bitflip, with some signs.

Lemma 4.20. Let B;: {0,1}" — {0,1}" send ay...a, toay...@;...a, where0=1,1=
0. Then

(6; +67)6% = (_1)a1+-..+a¢7193i(g)
(6, - 67)0 = (~1) g

Proof. If a; = 0 then 002 = 0 and ;0% = (~1)@++2-19B:(a) whereas if a; = 1 then
;02 = 0 and 702 = (~1)0+-+a-19Bila), O

This motivates a recasting of composition of identity matrix factorisations via splitting
an idempotent acting on the cut into the language of quantum computing. The resulting

geometry of interaction model of MLL is the contents of [51].
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To understand this recasting, we will need the basic theory of quantum error correction

codes. We provide this in Appendix G.

4.2.3 Proofs as codes

This section features the joint work of the current author and Daniel Murfet [51], to

which both authors made equal contributions.

Consider the following proof net m, where we have added labels to the atoms.

ﬂ/ \/ Y m

Inspired by the model of proofs in MLL sequent calculus, we can associated to 7 the

(4.54)

following

9
(A(Ch ®...0Cly)®c C[X1,...,X10], ). Xi6X;) (4.55)
i=1

which is a matrix factorisation of X 120 -X 12 This proof 7 admits one positively oriented
persistent path given by the sequence (Xjo,...,X1). This persistent path corresponds

to a sequence of compositions of identity matrix factorisations:

X; -y x, 22y My x (4.56)

where id; : X; — X117 is the matrix factorisation (A CO;, X;0X; + X110 Xi41).

A finite representative can be calculated by considering the cut I | ... | Iy and idempo-

tent e =1 .. ."}/9’73; .. .’yg where 'yim;r is the Clifford action on this cut.

Now, we can write

6271'--7975---79 (4.57)
=1 7 (4.58)

and so we can re-write (4.56) as follows:

9 9 9
' ? ? (4.59)

X3 | X | A . € | Xy
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Each ’yi'y;r

is a projector onto some subspace of A C#;. We make another observation,
recall from Lemma 4.20 that the operators 6; +6; can be viewed as a bitflip operator X;

(recall Definition G.10, Notation G.12).

1
iy = 4(1/@ +v;) (Vi - vi) (4.60)
1 * *
= 5(1 +(0; +6;)(0iv1 +0541)) (4.61)
1
= 5(1 + X Xi41) (4.62)

Warning: the notation X is now overloaded, as X; may refer to the variable in the proof

m, or it may refer to the bitflip operator acting on A C6;.

Recall from the proof of Theorem G.17 that there is a standard projector onto the
stabiliser code of {X;X;,1|i=1,...,8} given by

ﬁ1+XXZ+1

i=1

(4.63)

which by (4.58) and (4.62) is our idempotent e. Thus, our encoding (4.59) of 7 can

again be re-written, now as a lattice

91‘9’f X1X2 92‘95 X2X3 XgXg 99‘03

where at each vertex is a qubit, and each edge is a check operator.

Remark 4.21. This notation may look a bit bizarre. Consider the composition of two

identity morphisms
idq

id
X1 > Xo 2y X3

Then idl = (/\ (C01,X16X1 +X2(5X2) and idQ = (/\ C@Q,X25X2+X3(5X3). Then the tensor

product is isomorphic to
(/\(C@l @ (CHQ, X10X1+Xo00Xo®1+1® Xo0Xo + X3(5X3) (4.64)

which seemingly contains two copies of the operator  Xo. However, one of these copies
acts on 07 on the left, and the other acts on #» on the right. So really this sum just

extends the operator . X5. Thus we can write the composite as

(/\((C91 ®C92)7X15X1 +X2(5X2 +X35X3). (465)

In this section 7 is a proof structure and L, the set of links in 7.
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Definition 4.30 (Unoriented atoms of a link). To each link [ in £, we associate

a set of unoriented atoms U;. If [ is a Conclusion link then U; = @. For Axiom and

Cut-links
Ax
ﬁi/ \il
. . A\\ /A
: : Cut

involving formulas A, —A with the same set of unoriented atoms { X1, ..., X;,}. We define
Ul = {Xla 7Xn} :

For Tensor and Par-links involving formulas A, B

Node Nyl
[ s

where A has unoriented atoms { X1, ..., X,,} and B has unoriented atoms {Y7,...,Y,,},
Uy = {X1, s X, Yiy oo, Vin b
Definition 4.31. The set of qubits @, of 7 is the disjoint union

Q=110 (4.66)

leL

A qubit ordering for 7 is a sequence Uy, ..., U, where Q = {Uy,...,U,}.

In [50, Definition 3.16] we defined a set U, of unoriented atoms of 7 by taking a disjoint
union over edges. In this section our unoriented atoms are associated to links, and to
avoid confusion we tend to refer to them as the qubits of m rather than the “unoriented

atoms of 7”.

Lemma 4.22. There is a bijection between the set of qubits Q and the set of unordered

pairs V,V' € U, of unoriented atoms of m with V ~ V.

Proof. See [51, Lemma 3.3]. O
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Definition 4.32. The Hilbert space H; of a link [ € L is

H =\ D Tl (4.67)

XGUl

where @Z)fx is a formal generator corresponding to X € U;. The Hilbert space of 7 is

He= ND D Cuk. (4.68)

leL XeU,

We refer to the le as link fermions. Sometimes we denote le by ¥ x, keeping in mind
each generator is associated with a unique link. If we choose an ordering on the links

then we get an isomorphism H, = ®; H;.

Remark 4.23. Recall that there is an equivalence relation ~ on U, generated by a relation
~ [50, Definition 4.8]. Two unoriented atoms V, V' satisfy V' ~ V' if they occur in formulas
on edges incident at a common link [ which is not a Conclusion-link [50, Definition 3.18,
3.19].

Suppose A=U ® U with U atomic, then with U; =U for 1 <i<4
-A= —|(U1 ® U2) =-Us W -Uy

we have

/ AX \ —|U375)—|U4 Ul@UQ (469)
x Cut /

=Us %% =Uy Ui ®Us

The content of these links is Uy = Us, Uz = Us (see [50]) and we represent these equations
by link fermions 1, 99 respectively. The correspondence between fermions and equations

can be represented informally as ¥ ~ Uy — Uy, 19 ~ Uy — Us.

Definition 4.33. Let Uy,...,U, be a qubit ordering for 7. The associated isomorphism
of Hilbert spaces I': (C?)®" — H, is

[lag-an) =45 A Agr (4.70)

where |a1, ..., a,) € (C*)®" denotes the element a; ® ... ® ay,

Let 7 be a proof structure with Hilbert space H,. The structure of 7 lies in the fact that
there is redundancy in the set of qubits: some unoriented atoms are represented twice

in the set of qubits Q.. To be more precise, let (U,yy) be an oriented atom appearing
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in a formula A on an edge in m connecting two links I — [’ which are not conclusions:

A

o (4.71)

The unoriented atom U appears in both U; and Uy and there are consequently two
qubits wb,l/% in H, that are associated to U. We introduce a self-adjoint operator Oy
which represents the statement “U = U” for these two copies, and derive from these
operators an error-correcting code. We write ¢y for wlU and 1y, for ¢6~ Associated to

these generators are operators on H;

Yu=vu (=), Yy=vy.(-)
and similarly for ;.

Definition 4.34. The edge operator on H, associated to (U,yy) is

Oy = v (W = yu ) (Yo + yoriy) (4.72)

While the edge operator depends on the pair consisting of an oriented atom and the
edge in 7 on which it appears, to simplify the notation we often write @lU_’ " or even

just Oy where it will not cause confusion.

Lemma 4.24. Oy is a self-adjoint operator on H.
Proof. See [51, Lemma 3.8] O

Recall the isomorphism of Hilbert spaces I' from Definition 4.33.

Proposition 4.25. Let w be a proof structure with qubit ordering Uy, ...,U,. As above
let a particular oriented atom (U,yy) be chosen, let U; be the copy of U in U, and U;

the copy in Uyp. Then there is a commutative diagram

((C2)®n r s H.

Fl l@U (4.73)

((C2)®n T> H,

where

[ IfyUZ-‘r andj<i thenF:Xij_,_l"'Zi_lXi. Ifi=j+1 th@’nFZXjXZ'.

o Ifyy =+ and j>i then F = -X;Z; - Z; X.
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° IfyU = - and] > 1 then F:XiZi+1’”Zj—1Xj- If’L =5-1 then FZXZXJ

o Ifyy=—and j<i then F = X;Z;7; X;.

Proof. See [51, Proposition 3.9]. O

Corollary 4.35. For any oriented atom (U,yy) the operator ©y belongs to the Pauli

group Gy, (see Appendiz G) when viewed as an operator on (C*)®" using any qubit

ordering.

Recall that 7 is an arbitrary proof structure.

Definition 4.36. The stabiliser quantum error-correcting code of 7 is the pair
[7] = (Hx, Sx) (4.74)

where Sy is the subgroup of the Pauli group generated by the operators G, = {Oy}y,
with U ranging over oriented atoms appearing in formulas decorating edges in 7 con-
necting links which are not Conclusion-links. The codespace of 7 is the invariant
subspace

H = {peH, | Xp=p forall X eS,}. (4.75)

The main theorem of [51] is the following.

Theorem 4.37 (The Reduction Theorem). For each reduction vy :m — ©' there exists

a subset C € S; and an isomorphism:
At Har —> HE™ (4.76)

such that for every g € Sy \ Cyr there is a unique g' € Sy making the following diagram
commute:
Hp —— HCr

lg, gl (4.77)

Hpr —— HE

and this map g — ¢’ is a bijection Sy ~ Cr —> Sy.
Proof. See [51, Reduction Theorem] O

The interesting part of Theorem 4.37 is the definition of 4 (given below) as it represents
entanglement, motivating the slogan “proofs are patterns of entanglement”. We conclude

this section by presenting the definition of 4.
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Given a reduction m — 7’ we will define a map ~ : [r] — [#'] depending on what type

of reduction 7 is.

Definition 4.38. First we define v in the context where 7 — #’ is an Ax/Cut-
reduction of the form given as follows, the other case is similar. We label the relevant

links of 7, " according to the following diagram.
le

1 l
Ax ° U

y X — lﬂA
. lCut -A :

Cut

For each oriented atom (U,y) of -=A we define a Zg-degree zero map for y = + by:

o ACYl — ACyl ® A Chis @ A Cplax (4.78)
1 .
Y — —(|+++)+ (1) |- - - 4.79
1) ﬂ(l Y+ (=17 |---)) (4.79)
If y = — then vy has the same domain and formula, but its codomain is:
ACyix @ ATy ® A\ Cyj. (4.80)

If m # [ is a link of 7/ and V an unoriented atom of m, then m is in 7 and we define
w : ACYyP — ACy7? to be the identity.

Assume now that we have a linear order U < --- < U, of w. Then in all cases of U,V

above, post composing with an inclusion induces a morphism with codomain:

AC, ® @ \Cy,. (4.81)

Assuming now that Vi < --- < Vv is a linear order of n’, we tensor over all morphisms

considered to thus obtain a morphism:

/\(wa Q- ® /\(C"?Z}VT/ - /\(CwUl Q- ® /\(CwUr' (4'82)

Finally, pre and post composing with the respective isomorphisms we obtain the mor-
phism of interest:
v :Hp — Hr. (4.83)

Now we define the subset C € S,. Let A be the unoriented atoms of =A and hence also
of A. Define
Cr = {0 lewy u{el o e . (4.84)
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Next, we define 4 in the case when 7 — 7’ is a ®/%-reduction. For convenience, we
label the links involved in the reduction according to the following Diagram (note: there

may be some equalities among mq, ma, ms, my).
mi me ms3 maq
[} [ ) [ ) [ ]
f& le /9 ﬂx Iy /B
® 2
A®B m AB
\ o

mi ma ms3 ma
° ° ° °

k /
a b
Cut Cut

For each oriented atom (U, y,) of A and (V,y,) of B we define Zs-degree zero maps:

v ACYE — ACyg @ ACyp™ © ACYF,  yu=+ (
s ACYE — NCYG @ ACyg™ @ ACUf,  yu=- (4.86
w: ACY, — ACyp @ ACPyt © ACYP, o=+ (
w i ACY, — ACUP @ ACuP™ © ACYY, gy = - (

all by the following formula:

i) 54 (1= ), (189

Following the same procedure as in the case when the reduction @ — 7’ reduced an

a-redex, we tensor over all links with respect to the order given by the linear order on

7w and then compose with the relevant isomorphisms to obtain the following, injective,
Zo-degree zero map of interest:

v:Hp — Hr. (4.90)

Let A denote the unoriented atoms of A (and hence of =A) and B that of B (and hence
of —|B)

Cr = {00, O g vep U {O IO, O TN Yy g ves. (4.91)
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4.2.4 Cut-elimination and the Falling Roofs algorithm

This section features the joint work of the current author and Daniel Murfet [50], to

which both authors made equal contributions.

In Section 4.1.1 we described how, given a commutative ring R, an element f € R,
and elements aq,...,an,b1,...,b, € R such that f = Y}, a;b;, one can construct a ma-
trix factorisation for f in the presence of a Zs-graded R-module M with odd R-linear
maps 6;,0F : M — M,i =1,...,n satisfying the canonical anticommutation relations

7

(Definition 4.12).

This matrix factorisation has underlying Zs-graded R-module A(R™) and has differential
Yitpaif; + Y, bi0F . In the special case where R = k[z] = k[z,...,2,] is a polynomial

ring, we have an isomorphism

AK[z]") = A(K") @ k[z] (4.92)

which relates the matrix factorisations considered in Section 4.2.2 to the identity mor-

phisms of the bicategory of Landau-Ginzburg models.

Notation 4.39. The matrix factorisation of f induced by sequences a = (a1, ...,a,),b=

(b1,...,by) as above and maps 6;,0; is denoted {a,b}.

The matrix factorisation {a,b} is independent of a up to homotopy if a is a regular
sequence (see [6, §D.1] and take X to be the identity matrix factorisation). Thus, we
can consider the model of Section 4.2.1 where each proof 7 is given an associated matrix
factorisation, but we forget all the information other than the sequences b involved. This
leads to the model given in [50], where to each proof 7 is an associated polynomial ring
P, determined by the formulas occurring in 7, an ideal I; determined by the links in ,

and finally a coordinate ring Py /I .

For example, consider again the proof net 7 of (4.54) with corresponding matrix fac-
torisation (4.55). Corresponding to the regular sequence t = (X;41 — X;)Y., there is,
as defined generally in Example 4.1, an associated matrix factorisation MF(¢) which is
(4.55). Since MF(t) can be reconstructed from ¢, we can forget all the information other

than the set of polynomials
Gr= {X2 -X1,...,X10- Xg} c lk[Xl, .. 7)(1[)] =P,. (493)

The defining ideal I, of 7 is the ideal generated by G, and the coordinate ring R,
is defined to be the quotient R, = P,/I;. Defining this model and relating the cut-

elimination process to elimination theory was done in [50], though the connection to
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matrix factorisations was never given there. We reveal here though that these ideas

were present the entire time.

Continuing with the above example, since the formulas - X7, X1g are the only two which
are above Conclusion-links, whereas the others are above Cut-links, it is the remaining
variables Xo, - Xg, X3®-Xg, X7%-X4, X5, ~Xg which will not survive the cut-elimination

process.

On the algebraic side, this corresponds to introducing an order
X9>...>X2>X10>X1 (494)

on the indeterminants and then considering the induced lexicographic monomial order
< on P;. The exact order of (4.94) is not important, as long as the variables which lie

above Conclusion-links are all greater than those which lie above Cut-links.

In general, a set of polynomials S form a Grobner basis for the ideal (S) generated
by S if (LT S) = (LT(S)), where LT S is the set of leading terms of the polynomials in S
and LT(S) is the set of leading terms of all polynomials in the ideal (S).

For instance, LT G = {X2, X3,..., Xo} whereas ¥ . g = X10 — X1 which has leading
term X19. Thus X9 € (LT(Gr)) but Xio ¢ (LT G). That is, G is not a Grobner basis
for I.

The Buchberger algorithm constructs a Grobner basis for (S) given S and is recalled in
[8, Theorem 2]. The Buchberger algorithm will not be needed here, but we state that

the result B(Gy, <) of extending G, to a Grobner basis is given as follows:
IB(GW,<)={XQ—Xl,...,Xlo—Xg,Xlo—Xl}. (495)

Now, the proof 7 cut-reduces to the proof net 7 consisting of only a single Axiom-link

—:Xl/ AX\AXT)
C C

This has corresponding defining ideal generated by the following;:

as follows

Gz ={X10- X1} (4.96)
which we see is also given by the following, where P, 7 = k[ X7, X10]:

B(Gr,<) N P;. (4.97)
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That this can be done for arbitrary proof nets is [50, Theorem 7.11].

There, we also considered how elimination theory handles single-step cut-reduction, this
involves making a small adaptation to the Buchberger algorithm, but the general ideal is
the same. See [50, Theorem 7.2] for a precise statement. Both single-step cut-reduction
as well as single-step normalisation (where all cuts are removed in a single step) are
modeled using elimination theory in a related way when the Falling Roofs algorithm [50]
is employed. The operations of this algorithm are studied carefully in its original paper,
but how this algorithm relates to quantum error correcting codes is not explained in
either of [50] nor [51]. We make this connection precise in Section 4.2.5. For the reader’s

convenience, we write down the Falling Roofs algorithm again here, see Algorithm 1.

The following is an alternate (but equivalent) definition of the matrix factorisation of a

proof net with single conclusion A which does not require the functors F,G.

Definition 4.40. Let A be a formula with oriented atoms Uy = {(x1, X1), ..., (zn, Xn)}.
The potential of A is

(Ua,W4) = ({Xl,...,Xn},Zn:a:in) (4.101)
i=1

where z; is read as 1 if x; = + and read as -1 if x; = —.

ny
=1

Recall that associated to each link [ € £ of , there is a set of polynomials G = ( fll)
whose union U G gives a set of generators for the defining ideal I, of w. The sets
G| are defined in [50, Definitions 3.18, 3.19]. The polynomial ring P is defined in [50,
Definition 3.14] and the defining ideal I; of 7 in [50, Definition 3.21]. We also make
use of the Hilbert space H, associated to m which is given in Definition 4.32 and [51,
Definition 3.4]. We use also the fact that there is a bijection b between the set of qubits
Qr and the set of unoriented pairs V, V' € U, of unoriented atoms of = with V' ~ V', this

is Lemma [51, Lemma 3.3].

Definition 4.41. Let 7 be a multiplicative proof net with conclusion A, set of links L.

We define a matrix factorisation of W4 € Py
Xr = (Hr ® Pr,0r) € hmf(Pr, W4) (4.102)

with the following differential, where we write gﬁ for X - Y if le is X+Y

ny
On = 20 2oy 07 + 9oy 00)- (4.103)
leLyi=1

Lemma 4.26. The pair X, = (Pr ®k Hr,Or) is a matriz factorisation of W4 over Py.
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Algorithm 1 Falling Roofs

Require: Linear graph .
N«
Mark all edges in 4" as live
while ./ contains a live roof do
(e,e’) < the first live roof in A
Mark e, e’ as dead
If it does not exist, add to 4 a live edge d as shown below:

K (4.98)

while d is part of a live roof in .4 do
if (d,e") is a live roof in .4 then
Mark e’ as dead
If it does not exist, add to .4 a live edge d’ as shown below:

. (4.99)

Remove d from A
d<d
else if (e¢,d) is a live roof in .4 then
Mark €” as dead
If it does not exist, add to .4 a live edge d’ as shown below:

. (4.100)

Remove d from A
d<«d
end if
end while
end while
return 4
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FIGURE 4.2: The trefoil knot and the Hopf link

FIGURE 4.3: The unknot

Proof. Tt suffices to show that Y. Y0 fé(i)gll)(i) = W,. This is a telescoping sum with

only surviving variables those appearing in A. O

Remark 4.27. The matrix factorisation here agrees with that defined in Definition 4.29.

Remark 4.28. We conclude this section with a brief explanation of where the idea to
attribute matrix factorisations to proof nets came from in the first place. We do this by
briefly explaining another context where matrix factorisations have been used to great

utility.

A knot is a smoothly embedded circle in R?; a link is a disjoint union of non-intersecting
knots. The trefoil knot and Hopf link are shown in Figure 4.2. The basic problem in knot
theory is to distinguish knots by computing topological invariants. One such invariant
is Khovanov-Rozansky link homology, which involves projecting a knot onto the two-
dimensional plane and replacing each crossing with a resolution of matrix factorisations.
We keep the present discussion intentionally vague, but the interested reader can consult

[6] for precise definitions.

The most trivial knot is the unknot which involves no crossings, displayed in Figure
4.3. Khovanov and Rozansky’s link homology applied to the unknot involves artificially

attributing nodes to the projection of the unknot onto the plane, and then attributing
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N

to each arc a polynomial z;", for some N > 0.

N+1 N+1
1 2

To each node we then attribute the identity matrix factorisation, which is that associated

{V - :L'év *1 At this point, we can simply replace knots by proof nets and see what

tox
results from the theory. This is what we do and the result is the model defined in
Definition 4.41. Though the matrix factorisations we have associated to the unknot are
not interesting mathematically, we claim that this proof invariant is interesting due to

its relationship to cut-elimination and the resulting relationship to elimination theory.

4.2.5 From error correction to Falling Roofs

A typical step of the Falling Roofs algorithm looks as follows. Consider the polynomial
ring k[x,y, z] with total order x < z < y on the indeterminants {x,y, 2} which endows
k[x,y,z] with a monomial order via lexicographic ordering. Consider also the polyno-
mials y — z,y —x. We can present this graphically as follows, where a formula is higher

up the page if it is larger with respect to <.

Yy
\ B (4.104)
x
Denote this graph S. The Falling Roofs algorithm applied to S is
Y
/ r\\
o (4.105)

from which we extract the sequence (y-z,y—x,z—x), whose underlying set is a Grobner
basis for the ideal (y - z,y — ) € k[z,y, z]', though it is not a regular sequence. We

can write the smaller of the two polynomials y — z,y — x (which is y — z) in terms of the

Tn this section, there will be many sequences and many ideals generated by explicit generators.
Throughout this thesis we have used parentheses (-) to denote both of these. In this section though, we
will use parentheses for sequences, and angle brackets (-) for ideals.
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polynomials y — z,z — x, and so we can just consider the sequence (y — z,z — x) which
generates the same ideal, and is now a regular sequence (in fact, it is also a Grobner

basis t00).

In this way, the Falling Roofs algorithm has generated a map of sequences
(y-2y-2)— (y= 2,2 -2) (4.106)
which we claim induces an isomorphism of matrix factorisations (recall Notation 4.39)

{(~y-zy+2),(y-2y-2)} —{(xz-2-y+2),(y-22-2)} (4.107)

of 22 — 22

. We adopt the convention that the regular sequence is the one determined
by writing the polynomials pertaining to the edges in the Falling Roofs algorithm from

largest to smallest, for the variables associated to the 6* operators.

1
Denote by A the matrix A = (

0
1) and notice that

A(y—z):(y—z) (4.108)
y—x z2-T

Since every matrix factorisation of the form {a,b} is independent of a up to homotopy
[6, §D.1] provided a is a regular sequence, we are free to pick any strategy which updates
the sequences a as long as we maintain a matrix factorisation of 22 -2, and as long as we
result in an isomorphism of matrix factorisations. Since the updating of the sequences

b given by the matrix A, we can use the inverse transpose (A™1)7 to update a.

2o = by gy = by = (Ab) (A1) ay) = B (A7) ay). (4.109)

T 1 1
In the above example, we have (A™)" = 01 and so

prUT(y+Z)=(Z_x). (4.110)
—y-z —y-x

Since A is invertible, it follows easily that if A induces a morphism of matrix factori-
sations, then it is an isomorphism. Thus, it remains to check that A induces such a

morphism.

Let R denote the k[x,y]-algebra k[z,y]0; ® k[z,y]02. Then we can view AT as a
linear transformation R? — R? with respect to the basis 61,6,. This induces an R-

algebra homomorphism A AT : A R — A R. The exterior algebra A R is the underlying
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R-algebra of the Koszul complex K(y — z,y — x) associated to the regular sequence
(y —z,y—x) € R. We now show the map A AT is a morphism of Koszul complexes

K(y-zy-z) — K(y-=zz-2).
Explicitly, we need to show commutativity of the following diagram.

(y—z,y—w)> R2 (y-z,y-z)

0 > s ANPR2 ——— 0

R
idRJ/ ATJ/ /\2 AT\L
R

0 N (y-z,2—1) N R2 (y-z,2—1) N /\2 R2 0

This follows from simple calculations. For example, if p € R? then

2
(ANAT o (y-2z,y-2))(p) = (y-2z,y-2-(y-2)) A AT (p)
=(y-zz-2)rA"(p)
=((y-z2-2)oA")(p)

showing commutativity of the rightmost square.

To obtain the morphism of matrix factorisations (4.107) it remains to check that A AT

commutes with the differentials. That is, we need
NAT 08y =80 \ AT (4.111)
where

O =(y+2)0+(-y-2)b2+ (y-2)0] + (y—z)0;
=(z-2)01+(~y—x)ba+ (y—2)07 + (2 — )65

As an R-module, A R? is free generated by 1,61, 605,064, so given p € A R? there exists
a,b,c,d € R such that p = a+ b0 + cs + df102. The image of p under ANAT is:

AAT(p) =a+ (b= )b + chy + d6165. (4.112)
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We can now check (4.111) explicitly as follows.

do NAT(p) = (b-c)(y—2) +c(y—=)
+601(a(y+2)—d(y-z)) +62(a(-y - z) +d(y - 2))
+ 9102( -(b-c)(~y-z) +c(y+ z))
=b(y—z)+c(z-x)
+01(a(y +2) - d(y - )) +02(a(-y - z) +d(y - 2))
+0102(b(y+x) +c(z-x))

and

AAT 0 05(p) = N A" [b(y - 2) + c(z - )
+01(a(z - ) —d(z - 2)) +Oa(a(-y - ) + d(y - 2))
+0102( —b(—y —z) +c(y + z))]
=b(y-2)+c(z-1)
+01(a(z-2)-d(z-z)—a(-y-z) —d(y - 2)) + b2(a(-y - 2) +d(y - 2))
+60102(b(y + 7) + c(z - 7))
=b(y-2)+c(z-1)

+ 91(a(y +2z)—d(y- :):)) + 92(@(—3/ —x)+d(y - z))
+ 9192(b(y +x)+ce(z- :z:))

which are equal.

In Section 4.2.3 we split the idempotent e pertaining to the cut of the matrix factorisation
associated to a proof net immediately, without utilising any isomorphisms of matrix
factorisations beforehand. As we have just seen, the Falling Roofs algorithm provides a
family of such isomorphisms. What happens if we split the idempotent corresponding
to the matrix factorisation corresponding to the result of the Falling Roofs algorithm?
In the case where a single roof is collapsed we end with an idempotent which is easier
to split. In general though, since the Falling Roofs algorithm only deals with one side of
the matrix factorisations, more work is required to tame the other side. It is clear that
the Falling Roofs algorithm is performing simplification in general, but precisely how
will only be explained here for the case where a single step is performed. In summary,

we have the following commuting diagram, where {a, é} denotes the matrix factorisation
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corresponding to the output of the Falling Roofs algorithm.

Falling Roofs A 2
Lol : > {a,b)
Cutl lIdempotent pushforward
Iy | I > Iy x [4

Error correction

Diagram (4.104) describes the matrix factorisation corresponding to the sequence y—z, y—
z. Up to trivial isomorphism, we may multiply either of these polynomials by a minus
sign and result in an isomorphic matrix factorisation. In essence, this diagram therefore
implicitly describes the Koszul matrix factorisation corresponding to the Koszul complex
(Example 4.1) K(z-y,y-z) 2 K(z-y) ® K(y—z). This matrix factorisation is exactly
the composite id o id of two identity matrix factorisations. Considering the cut id | id, we
can then study the corresponding Clifford action as described in Section 4.1.3. We will
suppress the isomorphism K(y-z,y-z) 2 K(z-y,y - ). Let f denote the sequence
(y—z,y—z) and let g,, denote the sequence (y+2z,—y—=) so that the matrix factorisation

implicitly described by Diagram (4.104) is {g,, f, }. The cut of this composite is
{9, [} = (\(kby @ kby) @ K[z, 2], 201 — 20 - 207 — 203). (4.113)
Similarly, let f, = (y—2z,2- ac),g2 =(z-x,-y-x). The cut is
m = ( A (k01 ® kb2) ®y k[z, 2], (2 — 2)01 — 265 — 207 + (2 - x)&é’) (4.114)

The Ci-action on {QPL} is given by describing the action on two generators 'y(l), 7(1)T,

but only the action on the generator fy(l) will be needed.

1r 0 1
(1) _ - _ - _ * *
Y = 2[—8y,81:| = 2(91 92 +(91 +92). (4.115)

On the other hand, the corresponding operator 7(2) of the C-action on {227i2} is:

1r 0 1
(2 __= - (= *
¥ = 2[83/,(92]— 2( (92+91). (4116)

Written with respect to the ordered R-basis % :=(1,601,04,6105), the operators —27(1) =

01— 60y + 07 +05 and 272 = gy + 0] respectively are given by the following matrices:

0 1.1 0 0 100
00 -1 0 000
27, = ~27], = 4.117
=277 =1 0 0 =27 =1 0 0 (4.117)
0 1.1 0 0 100
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The second matrix is simpler to calculate the kernel of than the first as a row of zeros has
been introduced. This is the formal sense in which the Falling Roofs algorithm makes

the idempotent e easier to compute.

Remark 4.29. If we let € denote the ordered basis (1,61, -6 + 02,6102) then
(27D =[], (4118)

So the Falling Roofs algorithm should be thought of as a change of basis (61,62) ~
(01,-61 + 63) of R inducing the change of basis & ~ € of A R.

We have

Ker(-2v?)) = {a + ¢y + ab16s | a,c e k}
= {692 + a(l + 9192) | a,c € ]k}

Recall that the differential associated to {22, f 2}, which we denote here by 0, is given
by 9g = (2 - x)0; — 203 — 207 + (2 — 2)05. When we restrict this to Ker(-2y(?)) and write

it with respect to the ordered basis &’ := (03,1 + 61602) we obtain the following matrix

= 0 -z—-x
[O2lker(-2y@) ]2 = (z 0 ) (4.119)

which means we have successfully split the idempotent. We have
im(e) 2{z-z,-z -z} (4.120)
via the graded isomorphism induced by k[z, z]-linearity and the following rule

N (&v) 8 k[, 2] —> im(e)
11— 1+ 9192
Y —> 0y

We can split the idempotent 7(1”7(1) on {gl,il} using what we have done.

CEEITIN

- 3[2 AUy 00 AT)
SN e[ o] AT

_ /\(AT)—I o’y(l) o/\AT
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Hence

Ker(y™") = {w [+ =0}
= {w [ AA" o4® o A(AT) ! (w) =0}
= {w| A(AT) ! (w) e Ker(y?)}
= N AT (Ker(®))
= Spany { A\ AT (62), N AT (1 +6,02)}
= Spany {-6; + 02,1 + 6165}

Noticing that 91(-601 + 6) = z =z and 91 (1 + 6160,) = (-2 — 2)(-0; + ), we find that if
PB'" = (=01 +02,1+6102) then [51|Ker(_27(1))]gn is again the matrix (4.119). We see that
the resulting vectors —6; + 62 and 1 + 61605 respectively correspond (up to sign) to the

entangled states |10) +]01),]00) + |11) considered in Section 4.2.3.



Appendix A

The Untyped and Simply Typed
A-Calculus

We follow [62, §3.3].

A.1 Untyped A-calculus

Definition A.1. Let 7 be a (countably) infinite set of variables, and let £ be the

language consisting of ¥ along with the special symbols:

Let .£* be the set of words of .%, more precisely, an element w € £~ is a finite sequence
(w1, ..., wy) where each w; is in .Z. Such an element will be written as wj...w,. Now let
A, denote the smallest subset of .£* such that:

o If €7 then x €A,

o If M,N e A, then (MN) € A,.

o If xe¥ and M € Ay, then (Az.M) € A,.
A, is the set of preterms. A preterm M such that M € ¥ is a variable, if M = (M;M>)
for some preterms My, My, then M is an application, and if M = (Az, M') for some
x e and M'e A, then M is an abstraction.

We adopt the following notation:

152
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e For preterms M, My, M3, the preterm M MoMs means ((M;My)Ms)).
e For variables z,y and a preterm M, the preterm Azy.M means (Az.(Ay.M)).
The variables  which appear in the subpreterm M of a preterm Az.M are viewed as

“markers for substitution”, (see Remark A.3). For this reason, a distinction is made

between the variable x and the variable y in, for example, the preterm Ax.xy:

Definition A.2. Given a preterm M, let FV(M) be the following set of variables,

defined recursively as follows:
o If M =2 where x is a variable then FV(M) = {x}.
o If M = MM, then FV(M) = FV(M;) UFV(My).
o If M =Xx.M’' then FV(M) =FV(M') \ {x}.
A variable z e FV(M) is a free variable of M, a variable x which appears in M but is

not a free variable is a bound variable.

Definition A.3. For any term M, let M|z := y] be the preterm given by replacing
every bound occurrence of x in M with y. Define the following equivalence relation on
Ap: M ~o M' if there exists z,y € ¥ such that M[z :=y] = M', where no free variable of

M becomes bound in M [z :=y]. In such a case, we say that M is a-equivalent to M.

Definition A.4. The substitution operation on preterms is a function
subst : 7 x Ap x A, — Ay,

We write M[x := N] for subst(x, N, M) and this term is defined inductively (on the

structure of M) as follows:
e If M is a variable then either M = z in which case M[z:= N] =N, or M # x in
which case M [z := N]= M.
o If M = (M M) then M[z:= N] = (M;[z:= N] Ms[z := NJ).
o If M = \y.L we may assume by a-equivalence that y # z and that y does not occur
in N and set M[x:= N]=\y.L[x:= N].
Note that if ¢ FV(M) then M[z:=N] =M.

Remark A.1. The reason why we need to let  and y be such that no free variable of M
becomes bound in M|z := y] is so that a preterm such as Az.y does not get identified

with the preterm Ay.y.
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We are now in a position to define the underlying language of A-calculus.

Definition A.5. Let A = A,/ ~o be the set of A-terms. The set of free variables of
a A\-term [M] is FV(M), which can be shown to be well defined. For convenience, M

will be written instead of [M].

Definition A.6. Single step -reduction — g3 is the smallest relation on A satisfying:

e The reduction axiom:
— For all variables z and A-terms M, M', (Ax.M)M' -5 M[z:= M'].
e The following compatibility axioms:

— If M -5 M’ then (MN) -5 (M'N) and (NM) -5 (NM').
— If M - M’ then for any variable x, A\x.M —g A\zM'.

A subterm of the form (Ax.M)M' is a S-redex, and (Ax.M )M’ single step S-reduces
to M[x:= M'].

Remark A.2. Strictly, single step § reduction should be defined on preterms and then
shown that a well defined relation is induced on terms, but this level of detail has been

omitted for the sake of clarity.

Remark A.3. The reduction axiom shows precisely in what sense a bound variable is a
“marker for substitution”. For example, (Ax.z)M —g M and (Ay.y)M —g M, which is
why Az.zx is identified with Ay.y.

It is through single step f-reduction that computation may be performed. In fact,

A-calculus is capable of performing natural number addition:

Example A.1. Define the following \-terms:

One := Afx.fzx,

Two := Mfzx.f fzx,

Three := \fx.ff fx,

Plus := dmnfx.mf(nfx)



Algebraic Geometry and Linear Logic 155

then

Plus One Two = (Amnfr.mf(nfz))Nfz.fo)\fz.ffx)
>3 (/\nfx.()\fx.ix)i(nfm))()\fm.ffx)
g (Anfr.(Az.fz)(nfz))(Afz.ffz)
=g (Mnfz.fnfr) M. ffz)
—5 (\fz.f(Mfz.ffz)fz)
—-g (Mz.f(Az.ffz)z)
-3 (Afz.fffx) = Three

where each step is obtained by substituting the right most underlined A-term in-place of

the left most underlined variable.

A.2 Simply typed A-calculus

Definition A.7. In the simply typed lambda calculus [62, Chapter 3] there is an infinite
set of atomic types and the set ®_, of simple types is built up from the atomic types
using —. Let A, denote the set of untyped A-calculus preterms in these variables, as
defined in [62, Chapter 1] or in the previous section. We define a subset Al, ¢ A, of

well-typed preterms, together with a function ¢: Al, — ®_, by induction:

e All variables z : o are well-typed and t(z) = o.

o If M =(PQ) and P,Q are well-typed with ¢t(P) = 0 - 7 and ¢(Q) = o for some
o,7 then M is well-typed and t(M) = .

o If M =\x...N with N well-typed, then M is well-typed and T'(M) = t(z) — t(N).

We define A = {M € A, — t(M) = o} and call these preterms of type o. Next we

observe that Al, ¢ A’ is closed under the relation of a-equivalence on A’, as long as we

understand a-equivalence type by type, that is, we take
Ar...M=4Ay...M[z:=y]

as long as t(z) = t(y). Denoting this relation by ~,, we may therefore define the sets of

well-typed lambda terms and well-typed lambda terms of type o, respectively:

At ~ Ay ) =a (A.1)
Ay~ Az’)’/ “a - <A2)
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Note that A, is the disjoint union over all o € ®_, of A,. We write M : o as a synonym
for [M] € A,, and call these equivalence classes terms of type o. Since terms are,
by definition, a-equivalence classes, the expression M = N henceforth means M ~, N

unless indicated otherwise. We denote the set of free variables of a term M by FV(M).

Definition A.8. The substitution operation on \-terms is a family of functions
{substa 1Y, x A x Ay — Awf}gap .

We write M [z := N] for subst,(z, N, M) and this term is defined inductively (on the

structure of M) as follows:

e If M is a variable then either M = z in which case M[z:= N] =N, or M # x in
which case M [z := N]= M.

o If M = (M M,) then M[z:= N] = (M;[z:= N]Ms[z = N]).

o If M = \y.L we may assume by a-equivalence that y # z and that y does not occur

in N and set M[z:= N]=\y.L[z:= N].

Note that if ¢ FV(M) then M[z:=N] =M.



Appendix B

Computing the Successor of 2 in

linear logic

The following is the proof 1 y:

2(~X®X)B(XF-X)

C

157
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The following is the proof 2 y:

Ax Ax Ax
N YNV
® ®
X®—|Xl/ X(XHX\L
? ?

-X \?(‘X ®7 .

2(~X©X)B(XB-X)
The following is the proof 3 y:

N AN Y N Y

X

2(-X®X)F(XB-X)
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The following is the proof Succy:

7(-X®X)

I(-XBX)®(X®-X) \

%
2(-X@X)F(XB-X)
C C

The following is 2y side by side with Succx:
Ax Ax Ax
NV N Y
® ®
X(XHXl X ®~Xl

? ?
X 2(X®-X)
\ X 2(-X®X)
Ctr

Ax

%
\ (-XBX)®(X@®-X) \
7z 0
2(~X®X)B(XF-X) 2(-X®X)F(XF-X)

C C C
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Creating a Cut-link yields the following;:

Ax

NN
x

X
&~ |
I(-XBX)(Xe-X) 3

2(-X®X)B(XF-X)

?(X@»()?y(ﬁxm c A\

ut ¢

The following sequence of proofs is the product of one (random and arbitrary) sequence

of cut-eliminations steps:

Ax Ax A
NN
® ®
X®—‘X\L X®—\Xl/
? ?
-X \?(‘X ®ﬂy
Ct

T

b'e A

X Ax Ax
N 7N T
® \?S’/

XX
2(-X®X)B(XF-X)

-

Cut C
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e A

Ax Ax A
NN Y
® ®
X@HX\L X(XHX\L
? ?
-X \?(‘X®ﬁy
Ct

T

X Ax Ax
N N
® \75’/

-X X

7z Ctr
XX Rl
2(~X®X)F(XB-X)
Cut \(;
Ax Ax Ax Ax Ax Ax
NV NV N YV
® ® -X 7z
X®ﬁXl X®~Xl X

? ?
NG
Ct

Tr

Ctr

Cut \

2(-X®X)R(XF-X)
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Ax
Ax Ax ~X Ax X Ax
® ~X N
X®~Xl X
? ? ® <
N4 l
-X®X
Ctr ?
2(X®-X)
\/?(ﬂX®X )
Ctr
Cut \ 7%
2(-X®X)F(XF-X)
c
Ax
ﬁ)‘y
7%
X
® |

? \?SX@)_y ? l—\X@JX

Ctr ?
2(X®-X)
\ l/?(_‘X®X)
Ctr

7%
2(-X®X)B(XZ-X)

~

C
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Which has no more Cut-links, and can be re-written as follows:

N AN YN

X

2(-X®X)B(XI-X)

~

C

That is, the cut of 2y and Succy reduces to 3.



Appendix C

Girard’s Normal Form Theorem

In this section we prove Girard’s Normal Form Theorem, which was instrumental in his

model of the untyped A-calculus using normal functors first given in [23].

Definition C.1. Let A, B be fixed sets. A functor .% : Set? — Set® is normal if
it preserves direct colimits and wide pullbacks. More generally, a functor @Al Xoee X
SetA" — Set? is normal if it is so in each argument, or equivalently if it is normal as a

functor SetA1 P 4n . GetB.
Definition C.2. A direct system in Set” is a collection of objects {F}}ic; of Set?,
where [ is a set equipped with a partial order < along with a collection of morphisms
{aij : Fi > F}}; jer subject to the following conditions:

e Vi,jel, 3k el such that oy, : F; — Fj,, and ajy, : Fj — F}, exist.

° Vi,j, ke I, OOy = Q.

o Viel Oy = ldFZ

A functor .Z : Set? — Set? preserves direct limits if every direct system in Set? admitting

a limit in Set” is preserved by .Z.

The image of F' under any normal functor .# : Set? - Set? is determined by finite data,
even when F' takes values in infinite sets. To illustrate this point, consider the special
case A= B ={x}, so.% is a normal functor Set — Set. Given a set X, let {X,};c; be the
collection of its finite subsets. Then X can be written as the direct colimit colim;e; X;.

We have the following:

F(X) = F (colim;er X;) = colimer Z (X;).

164
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We can think of the collection {.Z (X;) }ier as the collection of approximations of .7 (X)
by its finite subobjects.

The colimit is a direct union. Moreover, if y € #(X) and X;, X; ¢ X are such that
y e F(X;) and y € F(X;) then,

ye F(Xi)nF(X;) = F(Xin Xj) (C.1)

This implies that there exists a minimal finite subset X € X, depending on y, such that
y € Z(Xy). Note that we only needed finite pullbacks here because A were a singleton,

but wide pullbacks are needed when A is infinite.

The theory presented in the remainder of this section can be thought of as a general-
isation of the phenomena just observed. First, we must identify the analogue of finite

sets.

Definition C.3. Let X € Set be a set and F € Set? a functor. We introduce the

terminology:

e X is an integer if it is a Von Neumann integer (0:= @, 1:= {0},...,n:={0,...,n—
1},...).

e F'is finite if for all a € A the set F(a) is finite, and all but finitely many of the
F(a) are equal to @.

e [ is integral if it is finite and for all a € A the set F'(a) is an integer.

For an arbitrary set A we denote by Int(A) the set of integral functors in Set?.

The main reason that we need to restrict to integral functors rather than finite functors

is to provide a set of representatives to serve as indices in the following definition.

Definition C.4. A functor .Z : Set? — Set? is analytic if there exists a family of
functors {Cg}gemi(a) in Set? such that for all objects F ¢ Set? and all morphisms
w:F — F"

F(F)= 1] (CaxSet (G,F) F(u)= LI (CoxSeth(G,u)).
Gelnt(A) Gelnt(A)

Girard presented the formulas in the definition of analytic functors as a kind of power
series, hence the choice of name. To compare normal functors and analytic functors, we

consider ‘normal forms’.

Definition C.5. Let .Z : Set? — Set? and b € B. Let EI(.%;) denote the category of
elements of .%;, (cf. Remark C.1) and (F,z) an object of this category, so F' € Set” and
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x e F(F)(). A form of .Z with respect to (F,z) is an object of the slice category
El(%)/(F,z). Given a form n: (G,y) - (F,z), we say:

e 7 is finite if G is finite.
e 7 is integral if GG is integral.

e 7 is normal if it is an initial object in E1(.%)/(F,x).

With these notions established, we can introduce a third property of functors which

mediates between normal and analytic functors.

Remark C.1. The collection of normal functors is closed under composition, by inspec-
tion. For b € B, the evaluation functor evy : Set?® — Set is a normal functor. As such,
given a functor .Z : Set?* — Set? we write .%, for the composite functor evy,0.%, which

will be normal whenever .% is.

Definition C.6. A functor .% : Set? — Set? is said to satisfy the finite normal form
property if for every b € B and object (F,z) in EI(.%;) there exists a finite normal
form 7 : (G,y) = (F,z). The functor .% is said to satisfy the integral normal form

property if in the above the form n can be taken to be integral.

Girard’s main theorem states that the three properties of functors are equivalent. Notice
that the statement from the original article contains a minor error, the correct statement

is as follows.

Theorem C.7. Let .7 : Set? > Set? be a functor. The following are equivalent:

1. % is normal.
2. F satisfies the finite normal form property.
3.

F is isomorphic to an analytic functor.

Clearly, every integral functor is finite. Conversely, every finite functor is isomorphic
to an integral functor. It follows that the finite normal form property is equivalent to
the integral normal form property. Moreover, this holds even when A is an arbitrary

category, even though this case was not considered in Girard’s original paper [23].

We now show that if a functor .% : Set - Set admits the finite normal form property
then it is isomorphic to an analytic functor. This result can be thought of as recovering
the functor .# from its collection of normal forms. In short, given a functor F € Set?
and an element x € .#(F'), a normal form 7 : (G,y) - (F,z) will induce the data of
a triple (G,n,y') € I_IGGInt(A)(SetA(G,F) x Cg) where y' is equivalent to y under an
appropriate equivalence relation. To finish the proof, we must define the equivalence
relation defining the classes which form Cg. This will require an alternate classification

of when an integral form is normal without reference to its codomain.
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Lemma C.2. Let n: (G,y) - (F,z) be an integral form (not necessarily normal) and

a7

say
idg: (G,y) = (G,y) is.

satisfies the integral normal form property. Then n is normal if and only if

Proof. Let ' : (G,y') —» (F,z) be an integral normal form associated to (F,z). Then
by normality there exists a morphism v : G - G so that the following is a commutative
diagram in El(.%).

(G.y") = (Fo)

Bl A 2

(G,y)

Since id is normal, there exists a section v’ rendering (C.2) commutative.

Since vy' = idg and 7 is normal, it follows that n’ is normal. On the other hand, say
7 is normal. Let € : (H,w) — (G,y) be arbitrary. Consider the composition ne. By
normality of 7, there exists a unique v : (G,y) — (H,w) so that the following diagram

commutes:

(F,2)

% nET (C.3)

(G,y) —— (H,w)
If 4" was another such map, then ney = ney’ so by normality of  we have that v =+'. O

Lemma C.3. If a functor F : Set® — Set satisfies the finite normal form property, then

Z is isomorphic to an analytic functor.

Proof. The main step in the proof will be to define for each G € Int(A) a set C and for

each F € Set” a bijection

he: Z(F) - ] (Set*(G,F)xCg). (C.4)
Gelnt(A)
In fact, in the current setting where A admits only identity morphisms, this will complete

the proof.

For any element (F,xz) of EI(.%#) there is some finite normal form 7 : (G,y) - (F,x),
isomorphic to an integral normal form. Thus, it suffices to consider the case where .#

satisfies the integral normal form property.

An integral normal form 7n : (G,y) — (F,z) is not uniquely determined by (F,z),
however, given another integral normal form 7" : (G’,y') - (F,z) we have that G' 2 G
by normality and thus G’ = G by integrality. So at least the domain of the object is
uniquely determined by (F,z).
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Let X¢ denote the elements y € % (G) for which idg : (G,y) — (G, y) is normal, since .#
satisfies the integral form property, there is always at least one such y. Let Cg denote

a set of choices of representatives of the isomorphism classes of X¢.

Thus, to each x € #(F') we have associated an integral normal form n: (G,y) — (F,z)

and fixed particular choices so that this map hp(x) = (G,n,y) is a bijection. O

The converse to Lemma C.3 also holds, which we now move onto proving.

In general, if p : H - G is a natural transformation and 7 : (G,y) - (F,z) is a
normal form, then the composite nu is need not be a normal form. However, if .%#
satisfies the finite normal form property the normal forms can be carried through natural

transformations. This is the content of the next Lemma.

Lemma C.4. Let .Z : Set? — Set be a functor satisfying the normal form property.
Then if n: (G,y) — (F,z) is a normal form and p: G - H is a natural transformation,

then un: (G,y) - (H, F(n)(x)) is a normal form.

Proof. Let e: (K,z) - (H, % (u)(x)) be an arbitrary form. We show that there exists a
unique morphism (G,y) — (K, z) in the category EI(.%)/(H,.# (u)(x)). Since .Z satis-
fies the normal form property there exists some normal form «: (L, w) - (H,.Z (p)(z)).
It is convenient to draw this situation out in the category EI(.%), ignore the dashed

arrows for now.
(Gay) ;) (er)

VTEV’ lu
(L,w) —— (H,Z () (z)) (C.5)

I
o

(K, 2)

Since un : (G,y) — (H,Z(n)(z)) is a form with respect to (H,.#(u)(x)) we have by
initiality of v: (L,w) - (H,.%# (p)(x)) that there exists a morphism ~: (L,w) - (G, y)
fitting into (C.5).

The morphism 7y : (L,w) — (F,z) induces the morphism " and composing this with
the morphism 3 (which is induce by initiality of v : (L,w) - (H,.%(u)(x)) induces
a morphism (G,y) - (K, z) which is the unique morphism rending the full diagram
commutative. Thus pn: (G,y) - (H, F(u)(x)) is initial. O

Lemma C.5. Let . : Set® — Set be analytic. Then F satisfies the normal form
property.
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Proof. Let F ¢ Set? be arbitrary and consider an element

(Gony)e F(F)= ] (Set!(G',F)xCqr).
G'ent(A)

We can then consider the set

FZ(@)= ] Set(G',G)xCq.
G’elnt(A)

A particular element of this set is (G,idg,y). We show that n : (G, (G,idg,y)) —
(F,(G,n,y)) is normal.

Say e: (H,(G",n',y")) » (F,(G,n,y)) is a form, then
F() (G0 y") = (G,n,y). (C.6)

We unpack the definition of the function .7 (¢) = [ e A)(SetA(G, €) x Cg). This func-
tion makes the following Diagram commute, where the vertical morphisms are canonical

inclusion maps.

F(p)
U cerni(a)(Set™ (G, H) x Cq) — Ugerm(a)(Set* (G, F))

1 I (c.7)

—))oexid
Set(G, H) x Cg (eeddeg Set(G, F) x Cg
So (C.6) implies ((-) o€) xid)(n',y") = (n,y). We thus have:
G'=G, enf=n 9=y (C.8)

Thus, the domain of the morphism € : (H,(G',n',y")) - (F,(G,n,y)) is equal to
(H,(G,n',y)). We need a unique morphism (G, (G,idg,y)) - (H,(G,7n',y)). Clearly
1’ is such a morphism, and it is the unique such because for any morphism p: G - G
we have (Set (G, 1) x Ca)(p) = p, and so ' is the unique morphism  determined by
the condition (Set(G, ) x Ca)(p) =7’ O

Everything so far also holds in the setting where A is an arbitrary category, even though

the assumption was made in [23] that A is a set.

Lemma C.6. Any functor F ¢ Set? is the colimit of finite functors in Set™.

Lemma C.6 is useful for proving that certain subobjects are finite. In short, one can

prove a set Y is finite by defining a surjective function f: X - Y where X is finite. This
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suggest a relaxing of the finite normal form condition to the saturated form condition,

which is to say that every appropriate pair (F,z) admits a saturated form.

Definition C.8. A form n: (G,y) — (F,z) is saturated if any other form e: (H,z) —»

(G,y) is an epimorphism.

Lemma C.7. If ¥ is normal, then every saturated form is finite.

Proof. Let n: (G,y) —» (F,z) be a saturated form. We have by Lemma C.6 that G
is the colimit of its finite subobjects, so we write G 2 Colim{G;};c;. Hence, .#(G) =

F Colim({G;}) z Colim{.7 (G;) }, using normality.

Thus, we can view y as an element of Colim{.%(G;)} and consider i € I along with
y' € Z(G;) which maps onto y € Colim{.7(G;)} under the corresponding morphism of

the colimit. We thus have a commutative diagram.

F(G) —2 Colim{.Z(G;)}
T (C.9)
F(G)

Thus, (G;,y") - (G, y) is a form which is surjective by saturation of 7. Since G; is finite,
this implies G is finite. O

The proof of the next lemma will use the fact that any functor preserving pullbacks

preserves equalisers.

Lemma C.8. Let n: (G,y) » (F,z) be saturated and n' : (G,y) - (F,z) an arbitrary
form. Thenn=n'.

Proof. Consider the equaliser Eq(.% (), #(n')). Since .Z(n)(y) = % (n")(y) we have
that y € Eq(Z(n),%#(n')). Since Eq(.Z(n),Z (")) =2 Z(Eq(n,n')) it follows that
(Ea(n,n"),y) - (G,y) is a form, which in fact is surjective by saturation of n. It
follows that n =17’ O

Lemma C.9. If % : Set? — Set is normal then it satisfies the normal form property.

Proof. Let (F,z) be a pair consisting of a functor F € Set and an element z € .Z (F).
Consider all the saturated forms with codomain (F,z) and take the pullback of this
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entire diagram. We use the labelling as given by (C.10).

(Sisyi)

PN
A

PullBack (C.10)

I

(S5, 95)

(F,2)

There exists y € % (PullBack) so that #n;(y) = y; for all i. We consider a saturated
form € : (G,z) - (PullBack,y). We claim that this is a normal form with respect to
(F,x).

Assume there is a form v : (H,w) — (F,x) and consider a saturated form ~": (H',w") —
(H,w). A saturated form is one such that any form into it is surjective. Thus 7' :
(H',w") —» (F,x) is saturated as " : (H',w") - (H,w) is.

It follows that (H,w) = (S;,y;) for some i. Thus we have a morphism ne : (G,z) —
(Siyyi) = (H,w). Tt follows from Lemma C.8 that this is the unique morphism in the

appropriate sense. This completes the proof. O

The remaining result to be proved is the converse to Lemma C.9.

Lemma C.10. A functor .F : Set® — Set satisfying the finite normal form property is

normal.

Proof. We must show that .# preserves direct colimits and wide pullbacks.

Z preserves direct colimits: consider a direct system {F;};c; in &A. Let C e &A
denote the direct colimit of {F;};e; in the category and let {u; : F; — C} denote the
associated morphisms into C. Consider also the direct colimit (C’,{g; : F (F;) - C'}icr)
of the direct system {.7 (F;) };e; in the category Set.

By the universal property of C’, there exists a unique function f: C’" - Z#(C) so that

for all ¢ € I the following diagram commutes.

7 (Fi)

l \W (C.11)

Z(C)

We need to prove that f is an isomorphism (ie, a bijection). We do this by proving that

it is injective and surjective.
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First we prove surjectivity. Let z € #(C). By the finite normal form property, there
exists a finite normal form € : (G,w) - (C,z). Now, for each a € A there is a function
€a © G(a) - C(a). Hence, there exists some i € I and function €, ; : G(a) > Fi(a)
through which the function ¢, factors. Since G is finite, and the colimit is direct, there
exists an i € I such that for each a € A there is a morphism G(a) - F;(a), which we call

e, , which makes the following diagram commute.

G(a) = F(a)

% l (C.12)

C(a)

We claim the collection € := {€/, : G(a) —» F;(a)} is a natural transformation, however
since A is discrete (ie, has no non-identity morphisms), there is no condition to check,

so this is vacuously satisfied.

Note: even in the case where A is an arbitrary category, we still obtain naturality, it is

inhereted from naturality of the morphisms involved in the following diagram:

\”T (C.13)

We have constructed a natural transformation €' : G — F; so that the following diagram

commutes.
!

x l (C.14)
C

Let 2’ denote .7 (¢')(w). We have commutativity of the following diagram

F(F)

gzl \922“1') (C.15)
o —L

F(C)
Hence, g;(2") is an element of C’ such that f(g;(2")) = z, establishing surjectivity.

Now we prove injectivity. Let z1,x9 € C’ be such that f(z1) = f(z2). Let z denote this
element of .#(C). The functions {g;}ic; form a surjective family over C” and so there
exists 4,1’ € [ and x| € Z(F;),xh, € FZ(Fy) so that g;(z}) = z1, gir (x}) = z2. In fact, since
the diagram the colimit is over is direct, we can assume without loss of generality that

=1,
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Turning our consideration to z, which is an element of .%# (C'), we choose a normal form
€:(G,y) — (C,z). We have already seen in the proof of surjectivity how from this we
obtain a j € I along with a natural transformation ¢’ : G - Fj so that the following
diagram commutes.

G — F
x luj (C.16)
C

We have that % (u;)(x]) = Z (ui)(xh) = z. So, since (G,y) is initial, there exists unique

morphisms 1, y2 : G = F; so that the following diagram commutes

G
wuyx (C.17)
F;

and so that Z(v)(y) = z1 and Z (72)(y) = x2.

Combining (C.16) and (C.17) we obtain commutativity of the following diagram.

G —— F}
Y2 | [ luj (C.18)
F,—— C

Now, let a € A be an arbitrary element of A and consider (C.18) with everything evalu-
ated at a, this gives a commuting diagram in Set. We notice that if G(a) is non-empty,
then there exists a pair of elements d,d’ € F;(a) so that u;a(d) = pie(d") and so there
exists some k € I such that a;p, : Fi(a) - Fi(a) so that a;re(d) = ajke(d’). By finiteness
of G (in particular, since all but finitely many a € A are such that G(a) is non-empty)
there thus exists k € I and ay : F; - F so that for all a € A there exists d,d’ € Fj(a)
so that a;pe(d) = aire(d’). Lastly, since we are dealing with a direct colimit, we may

assume k = j. The result is the following commutative diagram in Set4.

V luj (C.19)
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Finally, we can consider the following commuting diagram in Set.

Z(G)

F(n )Hj(y\J (C.20)

NN
P F(aij) P
F(F) ——— F(F))

Thus, Fa;j: Fy1(y) = F (i) F (12)(y), ie, F(aij)(2]) = F (quj)(25), ie, 1 = x2. This
establishes injectivity. d



Appendix D

Schemes

D.1 Affine schemes

All of the following is standard material. For a textbook treatment see [30].

Let X be a scheme and let f € Ox(X). Define the following set
X ={xeX|f, satisfies f, ¢m, € Ox}. (D.1)

Assume X is quasi-compact. Cover X with finitely many affine schemes Spec 4;, i =
1,...,n. Fix 1 <i<n. Then f|speca, € Ospec 4, (Spec 4;) = A;. Let fl € A; be the image

of flspec4,. Since f e X we have
fx = 7; ¢mx c OX,m = OSpecAi,:v = (Az)x (DQ)

for all x € A;. This implies Spec A; N X5 = D(?) = Spec(Ai)?i. So say g € Ox(X) such
that g|x, =0. We have

g|XfﬂSpecA¢ = g|D(?Z)
=0,Vi=1,...,n
= In; > 07 (?")nzgz =0¢ Az

Since there are only finitely many ¢, a uniform n can be chosen. The sheaf condition on
Ox then implies f"g =0 in Ox(X).

Now say g € Ox,(Xy) = Ox(Xy) is arbitrary. Consider
glspec ainx; =7 € D(J') = Spec(Ai). (D.3)

175
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This implies In; > 0, (?)"zgl € A;. Let j # i and consider Spec A; nSpecA; n X =
D(fF) = Spec(Ai)?i N Spec(Aj)?j. Let Y denote Spec(Ai)?- N Spec(Aj)?j. Setting
m = max{n;,n;} we have

()" )y = ((F)"F )y (D.4)
Since there are only finitely many affine schemes covering each intersection, and because

there are finitely many affine schemes covering X, a uniform n > 0 can be taken for f"g

once and for all.

By the scheme condition on Ox, we have an element h € Ox(X) such that
hlx, = fg. (D.5)

We have shown
Ox,(X5) 2 Ox(X)y. (D.6)

Recall that for each ring A and scheme X, Ox there is a natural bijection
Hom (X, Spec A)  Hom(A4, Ox (X)) (D.7)

Taking A = Ox(X) we have associated to the identity homomorphism idy, (x) a mor-
phism of schemes
X — Spec Ox (X). (D.8)

If fi,..., fr € Ox(X) generate Ox(X) then the open, affine sets Xy, cover X. For each

i=1,...,7 we have a commuting diagram

X —— SpecOx(X)

l l (D.9)

sz‘ — OX(X)fi

where the bottom row is an isomorphism. It follows that X — SpecOx(X) is an

isomorphism. We thus have the following criterion for affineness.

Lemma D.1. A scheme X is affine if and only if there exists fi,..., fr € Ox(X) so
that each Xy, is affine.

D.2 Closed subschemes

Definition D.1. A closed immersion is a morphism f : Y — X of schemes such

that f induces a homeomorphism of sp(Y’) (which denotes the underlying topological
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space of Y') onto a closed subset of sp(X), and furthermore the map f# : Ox — f,Oy

is surjective.

Let Y — X be a closed immersion of an affine scheme X = Spec A. Since X is affine,
it is quasi-compact, a fact we now prove. Let {f;}ic; be a set which generates A. Then
Spec A is covered by the collection {D(f;)}ics.- This means Spec A = U;c; D(f;).

=V =V(D.(f:))=2

iel iel
=>(fi)=A
iel
= 3]’ c ] finite such that 1 = Z a; fi, a; € A

iel’

= > (fi)=A

iel’
= Spec A = |_J D(fi).
iel’

Since every open cover can be refined to a cover by sets of the form D(f), we are done.

Let ¢ : A — B be a homomorphism of rings, and let f : Spec B — Spec A be the
induced morphism of affine schemes. Say f is a closed immersion. There is a commuting
diagram

A —— Alkerp

i / (D.10)

and there is a bijection between open sets U € Spec A such that Vp € U, kerp C p and
open sets U € Spec(A/ ker ). It follows that there is an equality

inSpecB(ﬁ) = fx—OSpecB(U)~ (D]_l)
Thus for such open sets we have a commuting diagram:

OSPQCA(U) e f*OSpecB(U)

l: l (D.12)

OSpec Al ker p (U) — fi OSpec B (U)

where the top row is surjective as f is a closed immersion, and the bottom row is injective
as ¢’ is. Thus, the bottom row is an isomorphism. This is sufficient to show ¢’ is an

isomorphism, and im f = Spec A/ ker p. We have proven the following lemma.

Lemma D.2. Fvery closed subscheme of an affine scheme is affine and given by the

quotient of some ideal.
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D.3 Glueing and representability

Lemma D.3. Let X,Y be schemes over a scheme S and {U;}ic; be an open covering of

X. Then morphisms f: X — Y are in one-to-one correspondence with collections of

morphisms { f; : Uy — Y | V4, ], filu.nu; = filuaau, }-

Proof. A morphism of schemes consists of a pair (¢, ¢* ) where ¢ is a continuous function

and o7 : Oy — »,Ox a natural transformation. We define

f: X —Y
x+— fi(x), for any U; >z
which is well defined and continuous due to the hyptheses on the f;.

Next, consider the collection of natural transformations { fi# : Oy — f710p,}. Let

W €Y be open. We have a collection
Fhy : Oy (W) — f7100,(W) = Oy, (f 71 (W)).
We define for each open Z ¢ X the following

Ouv(2) = UIOUZ.(ZnUi) (D.13)

then each fZ#W can be composed with an inclusion to form:
Oy (W) — Oy, (f (W) — Ou(f1(W)). (D.14)

It remains to check that for each p € X the induced map Oy, () — Ox p is a morphism

of local rings. However, if U; 5 p then

OY,f () > Oxp

\ l (D.15)
OUi,p

commutes and Oy, ¢,y — O, p is a morphism of local rings. O

Definition D.2. Given a scheme X an open subscheme U consists of an open subset
U ¢ X along with the sheaf Oy = Ox|y given by Ox|y(V) = Ox (U nV) for any open
VnUcU.
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Lemma D.4 (Glueing Lemma). Let {X;}ics be a family of schemes. For each i # j
suppose given an open subset U;; € X; and let it have the induced subscheme structure.
Suppose also given for i # j an isomorphism of schemes ¢ : U;; — Uj; such that:

e For each i,j we have @j; = go;jl.

e For each i, 7,k we have %’j(Uzj N Uj,;) =UjinUji and @i = pjkpij.
Then there exists a scheme X together with morphisms v; : X; — X for each i such
that:

o FEach ; is an isomorphism of X; onto an open subscheme of X.

o The ¢;(X;) cover X.

o ¥i(Uij) = i(Xs) n (X)),

o Vi =vjpi; on Uy.
Proof. First, consider the diagram of topological spaces consisting of all the X; along

with all the inclusions U;; ¢ X; and the morphisms ¢ : U;; — Uj;. Let X denote the

colimit in the category of topological spaces of this diagram.

Every scheme X; comes equipped with a sheaf Ox,. We define the following set Ox (U)
for any open subset U ¢ X:

OX(U) = {(ui)id € H Li*oXi(U) | QOZ%;(U’AUU) = uj|Uji? Vi, j € I} (D16)
iel
One shows easily that this is a sheaf. O

The Glueing Lemma implies that the category of schemes admits colimits.
Lemma D.5. Let F : Sch®® — Set be a functor. Then there exists a scheme Z such
that F' = Homgen (-, Z) if the following hold:

o I is a Zariski sheaf.

e There exists a set I and a collection of subfunctors F; € F' such that:

— FEach F; 2 Homge, (-, X;), for some scheme X;.
— Fach F; ¢ F 1s represented by open immersions.

— The collection {F;}ier covers F.
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Proof. For each i € I let X; be the scheme representing F;. For each pair 7, j let X;; be
the scheme representing F; xr F);. By hypothesis, the map X;; — X, corresponding to
h X;; — hx, is an open immersion, so let U;; > X; denote the open subscheme rendering

the following diagram commutative:

\ T (D.17)

Our goal is to glue the X; along the U;;. For each i, let & € F;(X;) be the represent-
ing element of the isomorphism F; 2 hx,. That is, the image of & under F;(X;) —
HOHl(XZ,XZ) is ldXI

Consider the following diagram

hu,; xF huy,

hUji 7 Fj > F
with dashed line induced by the universal property of the fibred product F; xp Fj.

We consider a pair i,j satisfying the following property: there exists a;; € (hy,; x

hy;;)(X;) whose image under
(hu,; xF huy,) — (B xp Fj)(Xi) — Fi(X;) (D.18)
is &;, a claim we now prove. There is a canonical isomorphism
U hy, xp hp, — hp, xp hp, (D.19)
which under the Yoneda Lemma corresponds to a morphism of sheaves
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representing W%, We actually have a commuting diagram of isomorphisms:

hx. (Xi;) hx ;. (Xij)

v ~

(hE, xF hp ) (Xij) — (hE; xF hi)(Xij)

(hp, xp by ) (Xji) — (hp, xp b)) (Xj0)
h’Xij (X]l) hin(in)

The claim that &]x,, — &;|x;, follows.
The image of «;; under
(hUij XF hU]z)(XZ) - h‘Uji(Xi) (D‘21)
is a morphism which can be restricted to yield ¢;; : Uj; — Uj;.
There is a canonical isomorphism in the top row of:

hUij XFp hUji E— hUji XFE hUl‘j

I I (D.22)

hX,L.j _ hXj,L.
which induces an isomorphism on the bottom row. This in turn induces a bijection
hx (Xij) — hx;,(Xji) (D.23)
mapping &|x,; — &j|x,,- Thus we have a commuting diagram

(huy; xF huy, ) (Usj)

—

(huy, xp huy; ) (Usg) hy,, (Usj)
\ l_wﬁ
hu; (Ujs)

The image of a;; one way around this diagram is ;; o j; and the other is idy,,. This
argument is symmetric in 7 and j, so we have that each (;; is an isomorphism with ¢;;

as its inverse.
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Thus we can apply the Glueing Lemma to obtain a scheme X along with a family of
inclusions X; = X. It remains to show that F' is represented by X. Since F' is a Zariski
sheaf, it suffices to check that F' and hyx agree on all restrictions to the Xj;, but this is

clear by construction of X. O

D.4 The Grassmann variety

Let R be a commutative ring and

0 y U — v L w

N\
o

(D.24)

a short exact sequence of free R-modules of ranks k,n,n — k respectively.

Recall that for any R-module X there is an R-module homomorphism for any [ > 0

l I+1
7TX3/\X®X—>/\X

(1A AZ)®T > TI A AT AT
The collection {7x | X is an R —module} is a natural transformation.

Applying this to the above situation, we have commutativity of the following:

NV eV T AFLY
Ak QMT Ab+1 QT (D.25)

ANUeU — AFHLT
Since dim U = k we have A¥*' U = 0 and so m(AFa® a) = 0.

We can decompose the morphism A¥ a ® o further to obtain the following commuting

diagram:
ANVeV
/\ky
NUeV A a@a (D.26)
1®a
ANUeU
The above shows that the composite
U B %
l:: l:: (D.27)
s k (03
00— ANUU —12% AUV "B ARy
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is 0. We now show this is in fact an exact sequence.

Since W is free, the short exact sequence (D.24) is split: V2 U @ V/U. Let I,m € Zsg
be such that [+ m <n. Let ve A"V, let vq,...,v, be a basis for V. Write

v = Z iy Vig N oo AU (D28)
1<i1<...<in<k

Then for each v;, A...Av;, let j1 < ... < jp besuch that {i1,...,3,71,...,Jm} ={1,...,n}.
Then v Avj, A... AV, =0= q;, .4 =0. We have shown

NV e Ay Lredut  any o p (D.29)

is a non-degenerate pairing.

We note also that this product is associative, in the sense that the following diagram

commutes:
/\n Ve /\m Ve /\k Vv 1®Product /\n Ve /\m+k Vv

l/Product ®1 lProduct (D30)

/\n+m Ve /\k 174 Product N /\n+m+k 174

This all comes together in the proof of the following Lemma

Lemma D.6. The sequence (D.27) is exact.

Proof. Say t®@ne AU ®V lies in ker 7 o A¥ e ® 1. Then the following composite (which
we call B)

o ka
NUVe A 1y T (A" a®1)®1 ALY @ Ank-1y
lProduct (D31)
A"V =R

vanishes on t ® n ® w for all w € A" *1V. Choosing a splitting V = U & V /U with

corresponding decomposition 7 = (ny, 1y ) we find that

n—-k-1
B(tenyuyew)=0, Ywe A\ V (D.32)

By associativity we have the following commuting diagram:

o k (0%
/\Ic UV & /\n—k—l Vv M; /\kH—l Ve /\n—k—l 1% Product AV

I Product o InclusionT

k
AN U@ VIU@ A F1y g L8Pody Ak anky jy L08Ls ARy @ APk YU

Since V/U @ A" * 1V /U — A" *V /U is also non-degenerate, Ny =0andnel. O
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Given a line I € A*V denote by U, the kernel of

O:VzlgV — N VeV Toduit , Akidy (D.33)
We define
G(k,V) = {k - dim subspaces U — V'}. (D.34)

By Lemma D.6, if [ = im A* o then there is an exact sequence and commuting diagram:

U ———— 10V ——— A1V

~ /
NUeU — NUeV
. (D.35)
R(g U
U
Which implies the function:
k
P:G(k,V)—P(A\V)
(U = V) — im/k\ o
is injective.
Assume now that R =k is a field.
The function P maps span{ui,...,uz} to [a(ur) A... A a(ug)], so z € P(A¥V) is in

the image of P if and only if x can be written as a pure wedge = = v; A ... A v for

Vi,...,U0s € V.

Remark D.7. The map P can be given explicitly by

(spanf{vi, ..., v} = U) — [a(v) Ao A aog)]. (D.36)
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That this is well defined follows from a calculation: say span{uy,...,ux} = span{vy,..., vk},

then u; = Z?:l Qj;jVj, SO

k k
UL AN ... \NUE = (Zaljvj)/\.../\(Zakjvj)
j=1 j=1
k
= Z Ay o Qg Uiy Ao d AU
JiyeeJk=1

= Z Z (_1)|U|041jg1 ce QUi Uiy AN AU

J1<..<J 0€S)

= Z (—1)'0‘041]‘01 e O U1 TASPVANY ) "N
o’GSk

Lemma D.8. The image of P is closed in P(AF V).

Proof. Given x € AFV we have 2 A(<) : V. — AF*1V defined in coordinates by z =

Yrer(x)er (where e, ..., e, is an ordered basis for V and I = {i; < ... <ix}). We have:
TAej= Zcf(x)ei Nej = Z +er(r)erugjy- (D.37)

T it
We may assume eq,...,es span kerz A (=) € V. Thus, if j ¢ [ and 1 < j < s, we have

cr(x) = 0. This shows that z = e A... Aes Ay for some y € A¥*V and that:
dimker(z A (<)) = k < x is decomposable. (D.38)
So we have:

x €im P < z is decomposable
< dimker(z A (-))> k-1
< dimim(z A (=) <n-k+1
< every (n—k+1)x(n-k+1) minor

of the matrix of x A (=) in M(kn )n(lk) vanishes.
v+1 ’

The linear transformation x A (-) maps

k+1 k
zA(=):V— AV (asszeAV). (D.39)
If I1,...,In is an enumeration of the set of sequences {1 <i; <...ix <n} then z A (=)
has matrix
(A (=))e; 10y = cr(2) (D.40)

with all other entries 0.
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Thus we have a matrix where each entry is a linear form from the set {cz, }i-1,.. .~n. So
an element in im P can be described as a zero to a set of homogeneous polynomials in
variables {yr, }i-1,.. N- d

This turns G(k, V) into a projective variety so that G(k,V) zim P c P(AF V).

The general aim of this is to turn a subspace into a point. The answer is to use the

exterior algebra and the map P.

We can write an element of P(A¥ V) as [...:x;:...] with I ranging over {I ¢ {1,...,n} |
|I| = k}. Then the standard open affines are

Uy=A{[...:xr:...]| 2wy #0}. (D.41)
Say U € P~Y(%;) is a subspace of dimension k spanned by ui, ..., u;. Then

P(U)z[ul/\.../\uk]

n
= [ Z Z (—1)“"'“11'01 e Uk €4y /\.../\eik]

11<...<i}, o€Sy,

= [ X det[U]5er]
=k

where det [U]Z is the k x k minor of [U]y corresponding to I, where

] Uil ... Uln
[WUle=1 | = : . (D.42)
T
Up 2 Ukl --. Ukn P
Example D.1. Say J = {1,...,k}. Then by Gaussian elimination, there exists a unique
basis By,; of U such that
1 0 = *
(U)o, =0 00 = (1 | Av) (D.43)
0 1 = *

where I, is the k x k identity matriz, and Ay j is (n—k) x k. Given a set I c{1,...,n}
of size k we motate by [U]{%,’J the submatriz given by taking the columns corresponding
to 1.

We have
(A1,7)ij = —det[U]%;f,"’k}\{l})u{j}- (D.44)
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There exists a constant Vg, ; % so that
(ALJ)Z"]‘ = VB, ;R det[U]%l’m’k}\{i})u{j}. (D.45)
We can extract v, , from the following

1,....k 1,....k
L= det([U1575™ = qiay, o det (U157

— Y2 = det (U],

Hence in terms of our original basis

det ([U]Ek{ihu{k+ity

(Av.g)ij=-
" det([U] 1)

(D.46)

These are the parameters which may vary freely. All other determinants must be equal to
0 as we need these to list linearly dependent vectors. Thus, P~ (%) = A*™ %) and this
sits inside a large space of all determinants of all size k submatrices of (D.43) (except
for the one determined by J, which must be equal to 1). This is the space A(Z)_l, which

1

s a standard open of P, That 18, we have the following commuting diagram

UeGk,V) —2L 5 PO 2PAFV) 5 [AFa]
I |
Av,g € My i (k) = P~ (%) » > Uy (DA7)
Ak(—k) ____ T s A1
The above example generalises to the cases when J # {1,...,k} and so we have proved

that G(k, V) is a closed subvariety of P(AF V), that is, G(k, V) is a projective variety.

D.5 Constructing the Grassmann and Hilbert schemes

Definition D.3. A functor F': k — Alg — Set is a Zariski sheaf if for all k-algebras
R, every finite set of elements fi,...,f, € R generating the unit ideal, such that for
every collection of elements «; € F(Rfi) such that a; and a; map to the same element

in F'(Ry,y;), there is a unique element € F'(R) mapping to each of the a;.

We will prove Proposition 3.7 by showing that Gf’l satisfies the hypotheses of the following

proposition.
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Proposition D.9. Let Y be a scheme. Let n: Q) — hy be a natural transformation of
functors k- Alg — Set and assume Q) is a Zariski sheaf. Suppose that Y has a covering
by open subschemes {Uy}aca. Let 171 (hy,) denote the subfunctor of Q rendering the

following a pullback square
Q —"1 5 hy

T T (D.48)

n(hy,) — ho,

Assume further that each subfunctor n~t(hy,) is representable. Then Q is representable

and n corresponds to a morphism of schemes.
Moreover, if the restrictions nl,-1(y : n Y (Uy) — U, are closed embeddings, then so is

n.

Proof. [Proof of Proposition D.9] Let X, be a scheme such that hx, =7 '(hy,). Let

To : Xo — Uy be the morphism corresponding to the natural transformation
hx, =0 (hy,) — hu,. (D.49)
For «, 8 € A, consider the restriction of m,:

T (U nUp) —=— Uy nUp

TN P lﬂﬁ (D.50)
A
7T51(U5 N Ua)

with the dashed line ¢,z is induced. This morphism is an isomorphism because it is the

restriction of the isomorphism
UanUg=2UgnU,. (D.51)

The remaining check is commutativity of the following

-1 ch’YlU -1
Ty (UsnUynUy) — 7,7 (UynUsnUa)

l:

Pags|
o (Us) nUsNUy) — 75 (UsnUanU,) - (D.52)
l S"ow\Uﬁ
T Uy U, N U,) » 7 (Uy nUqs nUg)

This simply follows from that all ways of intersecting U,,Ug, U, are equal.
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Thus we can glue to obtain a scheme X and inclusions X, — X. This is equipped with a

morphism p: X — Y. We now show hx ~ ) and that there exists a commuting triangle

hx —— hy

T y' (D.53)
Q

Let R be a k-algebra and let ¢ € hx(R), ie, a morphism ¢ : Spec R — X. Since X,
form an open cover of X, there exists {f;}ier generating R such that ¢ maps Spec Ry,

into some X,,. Diagrammatically:

Spec R L) X

[ |

Bl g~
¢_1(Xa) ¢~ (Xa) ; Xa (D54)

T

Spec Ry,

Let ¢; : Spec Ry, —> X, be the restriction of ¢. We have ¢; € hx,, (Ry,) € Q(Ry,). For
each i, j the elements ¢;, ¢; restrict to the same morphism Spec Ry, r, — X4, N Xy, and
therefore have the same image in Q(Ry, f].). Since @ is a Zariski sheaf, the elements ¢;

are induced by a unique element ¢ € Q(R). This defines a morphism

§:hx —Q
{rihx(R) — Q(R)
¢—

This map is injective because both (5 and ¢ are determined by the {¢; };. For surjectivity,
say A € Q(R). Then nr(A) € hy(R), ie,

nr(\) : Spec R — Y. (D.55)
We consider restrictions:
Spec R nR—()\)> Y hy(R)
T T lRestriction (D56)

"Ry, (>\)|Spcc Rg;

Spec Ry, ——————"U,, hu,, (Rg,)
80 1R, (AlR,, ) € hu,,, (Rg;). This implies

Mgy, €17 (hu,, (Rg,)) = hx.,, (Rg) — Q(R). (D.57)
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But hy is itself a Zariski sheaf. Thus 3v € hx(R) such that v|R,, = A|g, , Vi.
The final statement of the proof follows from fact that 1 being a closed embedding is a
local condition on Y. O

Proof of Proposition 3.7. First we define a natural transformation G¥ — h

n

IP(m)_l'

Let L € GR(R) and let my,...,my be a basis for R"/L. Consider mj A ... Amy € A¥ L.

Writing my, ..., mg with respect to the standard basis ey, ..., e,
n .
Vi=1,...,m, m;=) mie; (D.58)
j=1

leads to the following matrix

mj my
M=|: - (D.59)
my mj

Writing det[M]! for the determinant of the square submatrix of M given by the columns

and rows corresponding to the elements of I leads to the following

miA. L AME = Y det [M] e; (D.60)

\T|=k
where if I = {iy < ... <iz} then Iy = e;, A...Ae;,. Notice that det [M]! € R. This induces
a ring homomorphism ® : k[{z7 | I ¢ {1,...,n},|I| = k}] — R induced by k-linearity
and the rule z; — det [M]!. Notice that this map depends on the choice of spanning

set my,...,mg.

Now assume R"/L has basis {[e1],...,[ex]}. Let J={1,...,k}. Then ®(z;) is invert-
ible, and so @ factorises through k[{zs}]s,, the localisation of k[{x;}] at the multi-
plicative set {1,1(;,:103, o)
k[{zr}r] L} R
l (D.61)
k[{zr}1]e,

We restrict the latter to the degree zero elements k[{x7}](,,) to arrive at a morphism

of affine schemes:

Spec R — Spec(k[{z1}1](z,))- (D.62)
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So far we have described a map G':L\ ;(R) — h/A(?) 1(R) which depends on the choice of

spanning set {my,...,my} for R"/L. To remove this dependency, we map hA(Z) 1(R)
into h]P(Z)—l(R)'

The former is a standard open chart of P() — 1 and so we arrive at a morphism:

Spec R — Projk[{z;}] e h (1)1 (R) (D.63)
IP]k
We have described a map Gﬁ\ S(R) — hIP(Z) 1(R). A similar procedure induces a map
GZ\I(R) — hP(z) 1(R) for any size k subset I € {eq,...,e,}. These maps glue together
to form a natural transformation

p:GE—h (1)r- (D.64)
“n pl
By pulling back the canonical cover {Speck[{z;};~{xs}]}s of Projk[{z;}] along p, we

obtain a collection of functors G_,lfLﬂ hat , where ¢ = (7)-1and A’ = Speck[{z}\{z,}].

To apply Proposition D.9 it remains to show that Gn\Blc = GflﬁhAf], that Gﬁ is a Zariski

sheaf, and that the restrictions are closed embeddings, which we do not do here.

Thus, by Proposition D.9 the functor Gfl is represented by some scheme (which we

denote by Gfl) and p corresponds to a closed embedding /i : G_’fl — pG)-1, O

D.6 Hilbert scheme construction

Definition D.4. Say N is a finitely generated k-module. Let k> 0 and let ¢ : kK™ — N
be a surjective map such that k" /imp = N. Let J denote im . For any k-algebra R,
the module R® N is isomorphic to R™/R.J. Define the functor which acts on objects
by:

m
G_]fV(R) = {L CRN=R™/RJ| i éRJ is a locally free R-module of rank k} (D.65)
We have
G (R)={LeGy(R)|RJ <L} <cGh(R). (D.66)

Definition D.5. We define the following functor

Ghop =GN NGh gk - Alg — Set (D.67)
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which maps a k-algebra R to the set

Ginp(R) ={LeGy(R)| RJ < L,R"/L is a free R-module with basis [B].}. (D.68)

The condition that RJ € L can be expressed as follows: Vu € J write

m
u=>Y ajeje R™, a;
i=1

€R (D.69)

For simplicity, assume that B = {eq,..., e, }. Writing this modulo L we have

where

[ej]z = Y alleilr (D.70)
with ozg € R,ozg =0;; for 1<j<k.

So w € L means [u]r, =0 which is true if and only if

> atal =0 (D.71)
j=1
for all i = 1,...,k. The same holds for an arbitrary size k subset I of {e1,...,e,}, so we

have proven the first half of the following Proposition.

Proposition D.10. For N 2 k™/J a finitely generated k-module, and size k subset B of

{e1,...,en} S R" the functor GfV\B is representable, and is represented by the following

affine scheme

]k[{y{)'|beB,1§j§n—k}])‘

(Zj:l ay yb)beB,ueJ

(D.72)

Proof. Let Ry n,p denote the above algebra (D.72). We have already shown that a
submodule L ¢ R ® N induces a set of elements {ag | be B,j=1,...,n—k} where
R = R"/RJ and (R ® N)/L has basis B. These elements are equivalent to a ring

homomorphism Ry ny g — R.

We now prove the converse. To tame notation, assume again that B = {ej,...,ex}.

Say we have a collection of elements {ozg |1<i<k,j=1,...,n-k} c R satisfying the
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equations (D.71) ranging over all u € J. Then consider the submodule

LA
L=span{ej,p—y ode;|j=1,...,n-k} (D.73)
i=1

This submodule satisfies R™/L is free with basis [ B]r, and since these satisfy Equations

(D.71), it follows that R.J c L. O
Lemma D.11. The functor G”]“V 1s represented by a closed subscheme of G]fL, which we
call Gﬂ“v.
Proof. Follows from Proposition D.9. O
Definition D.6. let M c N be a finitely generated k-submodule of N. Denote by G?\/\M
the union of all subschemes Glfv\ p ranging over all size k subsets B ¢ M

k k

GN\M = U GN\B (D.74)
|Bl=k
This is the relative Grassmann functor.
We remark that for any k-algebra R,
hGIfV\M(R) *{LcR®N|(R®N)/L is a locally free

R-module of rank k with basis in M}.
Lemma D.12. The functor G’]“\,\M is represented by an open subscheme of G’f\,.
Proof. Follows from Proposition D.9. O

Finally, we extend to the case of a graded k-module N = @,cn N.

Definition D.7. Fix an arbitrary function A : A — N. Define the following functor:

G_?V(R) ={LcSR®N|(R®N,)/L, is locally free of rank h(a),Va € N}.

To give such a module L it is equivalent to give each L, separately. Thus

Gh =TI G (D.75)
aeN

We define subfunctors too:
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Definition D.8. Given a finitely generated homogeneous k-submodule M ¢ N, Gé‘v\ M

is the subfunctor of G’]V\ W given by

G_%,(R) ={LcR®N |VaeN, (R® N,)/L, is a locally free R-module

of rank h(a) with basis given by a size k subset of M,}.

Lemma D.13. Assume that h has finite support and set k = ¥ enh(a), so that G_’ﬁ,

is a subfunctor of G_?V Stmilarly, G?V\M is a subfunctor of G?V\M. The corresponding

morphisms of schemes
Gl — GX, Gl — Gl (D.76)

are closed immersions.

Proof. To see this, observe that G’]V is defined locally by the vanishing of the coordinates
ay on G'y with x € Ny,b € N.,a # c € A. We have used the fact that if T — S is a closed
immersion and S is covered by open subsets W; such that each Tn'W,; — S is a closed

immersion then T — S is a closed immersion. OJ

Proof of Theorem 3.18. We will use Lemma D.9. We proceed in six steps.

Step 1: Hél is a Zariski sheaf. Let R be finitely generated and pick generators
f1,---, fx- Recall the definition of H:}FL(R):

H}(R) = {F - submodules LS R®T | Vd e N,(R®Ty)/Lq is
locally free of rank h(d)}

where an F-submodule L is homogeneous and satisfies a compatibility condition with
F. Recall that to give a homogeneous module L € @44 R ® T} it is equivalent to give a
family of modules Ly ¢ R®Tjy. Notice that if [; : @gen R® Ty —> @geny Ry, ® T, denotes

the localisation map, then
k
L= U l;l(Lfi)' (D.77)
i=1

So L can be recovered from its localisations. Moreover, L, is locally free of rank h(d) if

and only if the same holds for each (L;)g4.

Step 2: For all Re k- Alg and L ¢ H}(R), the module M generates (R®T)/L

as an R-module.

Recall that M ¢ N ¢ T is a homogeneous submodule so that for every field K € k — Alg
and every L € H(K), we have K M = (K®T)/L. Localising at each p € Spec R, it suffices
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to prove the claim of this step when (R,p) is a local ring. For all d € N, the R-module
(R®Ty)/Lyg is free of finite rank h(d), so in particular is finitely generated. Consider the
field R/p which is also a k-algebra. We know by hypothesis that KMy = (K ® Ty)/Lq,
where K = R/p. Notice that

Kol B (R@Td)/Ld
Lg (p®Tu)/La

(D.78)

and the latter is an R-module. Since this is finitely generated by elements in My, it
follows by Nakayama’s lemma that (R ® Ty)/Lg is generated as an R-module by Mj.
That is,

RM=(R®T)/L (D.79)

as required.

Step 3: We have a canonical natural transformation 7 : H:’ﬁ — G;‘V M

It follows from step 2 that the canonical homomorphism R N — (R®T')/L is surjec-
tive. If L’ denotes the kernel then

(R®N)/L'=(ReT)/L. (D.80)

So in particular, M generates (R®N)/L’'. We have assumed that M, N are homogeneous,
so the morphism R® N — (R®T)/L preserves the grading. This implies L' is graded
and so

L' e Gy (R). (D.81)

We remark that we have implicitly used the first hypothesis of Theorem 3.18 here in

assuming G?v\ ) exists.

We have defined a function L — L'.

Step 4: The functors n‘lG}]\,\ p are represented by affine schemes.

Let B ¢ M be any homogeneous subset with |By| = h(d) for all d € N, so G}](,\B is a

standard affine chart in G}]i,\ v We have

Ginp(R)={L'cRe N |(R& N)/L'is free with basis [B].}

— N5 G p(R) = {L e H{(R) | (R®T)/L is free with basis [B].}
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(as (R® N)/L' — (R®T)/L is an isomorphism). Let L €73 G\ p(R) and d € N. For

each x €Ty c R®Ty, be By, let a; be a collection of elements in R such that

z- Y agbelLy. (D.82)
bEBd

We claim that n_lG?V\B is represented by the following (note we suppress a in the

notation y; even though we have a distinct variable for each d, so strictly we should be

writing vy ;)

k[{yf |deN,zeTy,be B
'
where ¢ is the ideal generated by the following polynomials
{ygc - 5x,b | T € Bd}7 (D84)
{ > cwajy; | deN,be By, and every linear relation )" ¢,z =0}, (D.85)
zely zely,
Wl = S il | d,ce A, e Ty, f € Fye b e BY. (D.86)
b'eBy
Since By is a basis, we have
ap =0y, for z e By. (D.87)
Also, for every linear relation Y .7, czz = 0 we have
Y ez =0, for deN,be By. (D.88)
:EETd
This is seen by summing (D.82) over all x and projecting onto (R ® Ty)/Ly:
> eelxle, = ) epealble, =0
IE€Td $ETd,b€Bd
— > ¢ =0, as {[b]r,} is a basis.
CEETd
Finally, since L is an F-submodule, we have
oz{(w = Z a,f,ag(b’), for d,ce A,z €Ty, f € Fy.,beB. (D.89)
VeBy
To see this, start with the equation
x= )Y agbe Ly (D.90)
b€Bd
Then apply f =1, ® fdc:
f@)= % agf(v) e Le. (D.91)

bEBd
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Write f(b) = Yyep, i b’ mod L.. Then

> ol Ol = [f@) = Y olad Vs, (D.92)
b'eBe beBg,b'eB.

We deduce the above Equation (D.89).

Conversely, say we have a family of elements of € R (ranging over a € A (suppressed
from the notation), = € T,, and b € B,) satisfying Equations (D.87), (D.88), (D.89).
Fix a € A. The elements of can be viewed as a (typically infinite) matrix defining a

homomorphism of free modules:

¢q: RT — R

X
T — Z oy - b.
bGBd

Equation (D.88) implies that this map factors through R ® Ty:

RT¢ —y RBa fr—— (b Teer,af - f(2))
|~ |
Re T, Yaer, () ®2

Equation (D.87) ensures that ¢4 is the identity on By, which implies (R ® Ty)/ker ¢4 is
free with basis B;. Considering all degrees again, (D.89) ensures the submodules ker ¢4

form an F-submodule.

We have given a correspondence between elements L ¢ UleG}]lv\B(R) and systems of

elements of satisfying (D.87), (D.88), (D.89). These correspondences are mutually

inverse and natural in R. This is sufficient to show that n‘lG’]\,\ g is affine.

Step 5: glueing.

It now follows from Proposition D.9 that Héi is represented by a scheme over G’J‘V\ Mo
the morphism Hj}i — G?\,\M being given by 7 of step 3. Up to this point, we have only
used the first and third hypotheses.

Step 6: The morphism corresponding to 7: Hél — G%,\M is a closed embed-

ding.

Recall that G’?V\ [Vaae GR}\ s 18 a closed embedding. This, plus the local nature of sheaves

means it suffices to consider the restrictions 77|77,1G?V . for all r element subset B € M.
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In step 4 we showed that n‘lG}](,\  is represented by an affine scheme given by coordinates

ap,deN,xeTy,be By (D.93)

That is,
nflGﬁ,\B ~ Hom(Spec(-),k[{y; |de N,z e Ty,be By}]/I) (D.94)

where [ is the ideal generated by (D.87), (D.88), (D.89) with the variables y; replacing

the fixed elements «j .

The morphism 7 amounts to mapping these coordinates to the ones with the same name.

We need to show that the corresponding morphism of rings is surjective.

Consider the subalgebra % generated by {y; | € Nq,b € Bgq}. Let gq. € G. Recall
yg(x) = DbeB. yg”yg,(b). Now, z € N, be By € My, and the hypothesis states that GM
Ny, so g(b) € N. We deduce that a‘g(b) e % . Lastly, G generates F', and N generates T

as an F-module, so we are done. ]

The representing schemes we have defined fit into the following diagram, where n_lG}]([\ B

denotes the scheme representing n’lG?\,\ B

Closed embedding

k
Gn
Closed embedding

k
N

Open embedding ™~

Open embedding (D.95)
k k _k

GN\B — UBJ=r GN\B = GN\M
T Closed embedding

Grg — Gl

T n Closed embedding

N Gy g ——— Hj



Appendix E

Algebra

E.1 Graded rings, modules, and algebras

Definition E.1. Let G be a totally ordered group (typically the integers). A G-graded

ring is a ring A along with a G-grading, ie, a group isomorphism

A= P A, (E.1)
geG

for some collection of subgroups {4y ¢ A}seq. Furthermore, A is required to be such
that AgAy, ¢ Agyp for all g,h e G.

An element a € A such that a € A, is homogeneous of degree g. An ideal which can

be generated by homogeneous elements is a homogeneous ideal.

Let A be a G-graded ring, a G-graded A-module M is an A-module along with a

G-grading, ie a group isomorphism

M=@ M, (E.2)
geGG

for some collection of subgroups {M,; ¢ M} . Furthermore, M is required to be such
that Ay My € Mgy, for all g,h e G.

Lemma E.1. An ideal I is homogeneous if and only if I = @ge(Agn ).

Example E.1. If A= @®,.q Ay is a graded algebra and I ¢ A is a homogeneous ideal,
then A/I is graded as per:

AlT=@ Ay D(AgnI)= @ Ag/Agn 1. (E.3)

geG geG geG

199
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We now take G = Z.

Definition E.2. Let A be a Z-graded ring and M, N two Z-graded A-modules. A
morphism of Z-graded A-modules of degree i € Z is an A-module homomorphism
¢ : A — B satisfying Vj € Z, f(A;) € Bj.; we denote the A-module of such morphisms
by Hom(A, B).

This gives rise to a Z-graded module
Hom(A4, B) := @ Hom(A, B);. (E4)
1€Z,

Moreover, the tensor product is naturally a Z-graded module with grading:

A®Bz @ A,®B,. (E.5)
(/A
n+m=i
What if A, B are Z-graded k-algebras for some commutative ring k? All the definitions
go through as expected except for the tensor product which has multiplication defined
by
(a1 ® bl)(ag ® bg) = (—1)'“2”b1|(a1a2 ® blbg). (EG)

This multiplication law is necessary for the differential cases in order to make Hom (A, B)®

A — B given on pure tensors by f ® a — f(a) a morphism of chain complexes.

Definition E.3. Let A be a ring, a differential, Z-graded A-module is a Z-graded
A-module M along with a differential, ie, a linear map d : A — A such that for all
m € M we have deg f(m) = degm — 1. A morphism of differential, Z-graded A-
modules M, N is a morphism of Z-graded modules ¢ : M — N such that for all i € Z

the following diagram commutes:

ldM ldN (E.7)

%)
M1 —— N;1

Every differential graded module is naturally a chain complex.

Definition E.4. Let (A,da), (B, dp) be differential, graded k-algebras (for some com-

mutative ring k), the tensor product is naturally equipped with the following differential:

dagp(a®b) =da(a) @b+ (1) ® dp(b) (E.8)
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Similarly, Hom(A, B) is naturally equipped with the following differential:

du(f) =dp(f) - (1)1 f(da). (E.9)

Remark E.2. Let ¢ : Hom(A, B) ® A — B be the evaluation map, ie, the map given on
pure tensors by ¢¥(f®a) = f(a). We claim this is a chain map. We require commutativity

of the following diagram:

(Hom(A, B) ® A),, —>— B,
Jnoa ldB (E.10)
(Hom(A, B) ® A)p1 —2 By

Unpacking definitions, for all pure tensors f ® a € (Hom(A, B) ® A),, we have

dp(¢)(f ®a)=dp(f(a)) (E.11)

and

Yduea(f®a) =y(dpf@a+(-1)/f & da(a))
= duf(a) + (-1)V'f(da(a))
=dp(f(a)) - (DI f(daa)) + (~1)71f(da(a))
=dp(f(a))

so indeed we have a morphism of differential, graded algebras.

Consider the Z-graded ring S := k[zg,...,x,]. We can define a ring homomorphism
@S — S given by multiplication by xg, strictly speaking though this fails to be a
morphism of Z-graded rings as, for example, the degree 0 element 1 is mapped to the

degree 1 element xg.
There is an obvious fix to this, we simply shift the grading of the first copy of S.

Definition E.5. Let A be a G-graded ring. We denote by A(g) the graded ring which
is identical as a ring to A, but with the grading shifted by ¢, more concretely, if for
an arbitrary G-graded ring B we denote by B, the subgroup generated by the degree g
elements, then we have

A(g)n = Agin- (E.12)

In the special case where G = Z, the differential denoted d () is given by d A(n)(a) =
(-1)"da(a).

Example E.2. We have a well defined morphism of graded rings S(-1) (m_02 S.
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E.2 Exterior algebra

Throughout, R is a commutative ring and M a left R-module.

Definition E.6. The exterior algebra associated to M is the pair (AM,t: M —
A M) satisfying the following universal property: if N is an R-algebra, and f: M — N
is an R-module homomorphism such that for all m € M, f(m)? = 0 then there exists a

unique R-algebra homomorphism g : A M — N making the following diagram commute:

M —— AM

N lg (E.13)
N

Moreover, if N is graded and f(M) € Nj then g is a morphism of graded modules.

Remark E.3. Existence of the exterior algebra is given by taking A M to be, where m

ranges over all m e M:
AM:=QM/mem. (E.14)

Remark E.4. If M is free and of finite rank, and vy, ..., v, is a basis for M, then a basis

for A M as a vector space is given by
{vil/\---/\vid|1Sd£n,1§i1<---<id§n} (E.15)

which is a set of size 2".

Proposition E.5. Let o : M — N be an R-module homomorphism. Then there exists

a unique morphism Ao : ANM — AN such that the following diagram commutes:

M —2 s N

l l (E.16)

AM D2 AN

Definition E.7. As per Example E.1 we have that the exterior algebra is Z-graded.
We denote the degree d elements of A M by A¢ M.

There are two canonical operators on the exterior algebra, which we now explain.

Definition E.8. Let x € A M be an arbitrary element. We define

zA(=): A\M— A\M

TIA ATy —> TATL A ATy,
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The second map is in some sense the dual to this. We begin with some preliminary

observations.

Lemma E.6. Let M be free and of finite rank. Then
d * d *
AM* =z (AM)". (E.17)

Proof. Let Aq,...,\, be elements of M*. Define the following functional:

MY — R
(ml, ...,md) — det (()\ij)”)

We have thus described a homomorphism (M*)¢ — R which is bilinear and maps

tuples with repeated elements to 0, thus we have described a function

gp:/d\M* — (/d\M)*. (E.18)

It remains to show that this is an isomorphism, and for this we use for the first time

that M is free of finite rank. Let v;,...,v;, € M be a basis. One can show
QD(UZ'I/\---/\Uid)Z(Uil/\"'/\l}id)* (Elg)

and so ¢ maps onto a basis for (/\dM )* so in particular ¢ is surjective. Since ¢ is a
surjective map between vector spaces of the same, finite dimension, it must therefore

also be injective. O

Remark E.7. Another simple but important observation is that A%(-) extends to a

functor.

We can now define the second canonical map.

Definition E.9. Assume that M is free of finite rank. Let n € M*. There is the

following sequence of compositions

*

/\dM s /\de—* ; (/\dM*)
l(’“’)* (E.20)

*

/\d*lM 3 /\d*l M** (/\dfl Mx—)

The resulting map A® M — A%! M is contraction and is denoted by 7,.

For an element x € M we often denote x A (=) by x and z*, by x*.
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Remark E.8. We can follow the sequence of homomorphism (E.20) to obtain an explicit
formula for the contraction map. To this end, let v1, ..., v, be a basis for M and observe

the following calculation:

* %

vil A eee /\fUid > ’U;l* VAR /\Uid

* * *
— (] A AU

— (v, A nw) e (nA(5)).
We then have for any basis vector (v A--Av] )" e (ATt M*)* that

(’U;l A A U;'d)* o (77 A (—))('U;l A A v;d—l) (E21)

= (v, A A ) (A A A ) (E.22)

By writing 1 = n(vi)v] + - + n(v,)v), we have

nAv; AAvg = (m(o)og +oFn(on)vg) AV A AL

n
= > n(og)vp AVS A AT
k=1

so returning to (E.22), we have

n
(v, Ao A v;d)*(z n(vk)vg A v;fl A A v;dfl)
k=1

which, if there exists [ € {1,...,d} such that (i1,...,%},...,%4) = (J1,---,Jd-1) is equal to
(-1)"n(v;,). Hence, traversing the other direction of (E.20) we see that this corre-

sponds to the element
d .
N (Vig A AV, ) = Y (1Y (i, Jviy A AV A Ay, (E.23)
i=1

Remark E.9. Notice that from (E.20) and the fact that n An A (=) = 0 it follows that

contraction is a differential. Thus there is a chain complex
2 n n
L(M):=+— ANM—M— R—0. (E.24)

Definition E.10. A super algebra is a graded, commutative algebra A with the

following properties:

e For all a,be A we have ab = (-1)lPlpq,

e If a € A is homogeneous of odd degree, then a? = 0.
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Example E.3. The exterior algebra N M of a module M is a super algebra.

Definition E.11. We let Modj, denote the category of left R-modules, and sAlg R the

category of R-super algebras.

We denote by (-); : sAlgR —> Mody the functor which takes a super algebra to its

degree 1 component.

Remark E.10. The functor A(-) is left adjoint to (-=);. This follows from Proposition
E.5.

We now use these observations to prove that there is a canonical isomorphism A(M) ®
A(N) — A(M @ N).

Proposition E.11. For any pair of R-algebras M, N there is an isomorphism

UV:A(MeN)— AMe /N

P(m,n)=mel+len.

Proof. By Observation E.10 and that the tensor product acts as a coproduct in the
category of Algp of commutative R-algebras, we have the following commutative dia-
gram, where the horizontal arrows are composition and all vertical arrows are natural

isomorphisms, note also we simply write H in place of Hom:

HAMeN),AM&AN)x HAM& AN,A(M&N)) — H(AM & N),A(M & N))

|

H(M&N,(AM®AN);)x HAM,AM & N)) x HAN,A(M o N))

|

H(M@N,MeN)xH(M,M&N)xH(N,MaN)

!

HMeN,MoN)xH(M&N,MaN) H(M®N,MoN)

Since the image of idjsqn under

HMeN,MeN)xHMa&N,M&N) — HMe&N,Ma&N)
— H(A(M®N),A(MaN))

is id,(pr@ny it follows that there are canonical morphisms ¢ : A(M @ N) — AM® AN
and ' : AM®AN — A(M@®N) such that ¢y = idp(pen)- A similar argument shows

" =1da Mep N- O
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E.3 Clifford Algebras

Throughout, V is a finite dimensional k-vector space, where k is a commutative ring.

This Section considers vector spaces equipped with either a bilinear form or a quadratic
form (which due to E.12 amounts, in the case where k is of characteristic not equal to

2, to the same thing).

Definition E.12. A bilinear map B:V xV — k is sometimes called a bilinear form.
If v1,...,v, is a basis for V then for any u = ujvi + - Upv,, W = WiV + -~ WyV, € V the

value B(u,w) can be calculated by

B(vi,v1) - B(vi,vn) || w
o = wa]| ] (E.25)
B(vp,v1) - B(vp,vn) [|un

and so given a choice of basis for V' there exists an isomorphism between the vector
space of bilinear forms and the vector space of n x n matrices with entries in k. If £ is

a basis for V', the matrix corresponding to B is denoted [B] 4.

A bilinear form B : VxV — k is symmetric if for all v, u € V we have B(v,u) = B(u,v).

Definition E.13. A quadratic form is a function ) : V' — k satisfying the following

properties:

e For all a €k and v € V, we have Q(av) = a?Q(v).
e The function B : V xV — k given by B(v,u) = Q(v+u) - Q(v) - Q(u) is bilinear.

Proposition E.12. Let B:V xV — k be a symmetric bilinear form and k a field of
characteristic not equal to 2. Then the function Qp:V — k given by Qp(v) = B(v,v)

s a quadratic form.

Also, given a quadratic form @Q : V. — k, the function Bg : V xV — k given by
Bg(v,u) = %(Q(v +u) - Q(v) - Q(u)) is a bilinear form.

Definition E.14. In the notation of Proposition E.12, Bg is the bilinear form as-
sociated to () and @ is the quadratic form associated to B. Notice that Bg is

symmetric.

We say that a bilinear form B is diagonalisable if there exists a basis & for V rendering

[B]# diagonal, similarly, we say that @ is diagonalisable.

Proposition E.13. A finite dimensional bilinear form B :V xV — k is diagonalisable

if and only if it is symmetric.
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Proof. The bilinear form B is symmetric if and only if there exists a basis with respect
to which the matrix representation of B is symmetric (which would imply the matrix
representation with respect to any basis is symmetric). So since B is diagonalisable we

have that B is symmetric.

Now we prove the converse. If B maps everything to zero then the result is obvious so
assume this is not the case. We first prove that there exists a vector v such that Qp(v) =
B(v,v) #0. Let uj,ug € V be such that B(uy,us) # 0. If B(uy,u1) #0 or B(ug,uz) #0

then we could take v to be one of uy,us, so assume B(u,u1) = B(uz,u2) =0. We have
Q(u1 + UQ) = B(u1 + ug,u1 + UQ) = B(ul,uQ) + B(uQ,ul) = QB(ul,uQ) +0 (E.26)

where we have used both the assumptions that B is symmetric and that the characteristic

of k is not 2. We can thus take v to be u; + us.

We proceed by induction on the dimension of V', with the base case dimV = 1 being

trivial.

Say dimV =n > 1. Consider the map ¢, : V. — k given by ¢,(u) = B(u,v). Since
B(v,v) + 0 we have that im¢, = k and so ker ¢y, = dim; V — 1. Since we are working
with finite dimensional vector spaces that there exists implies a decomposition V =
ker o, ®im ¢,. We have by the inductive hypothesis that B fyerp, xker o, 18 diagonalisable.
Fix a basis % := {v1,...,v,-1} of ker ¢, x ker ¢, so that the top left n—1xn -1 minor of
the matrix representation of B with respect to this basis is diagonal. We extend % to
a basis %' for V by taking % := ZU{v,} with v and notice that B(v;,v) = B(v,v;) =0
for all i = 1,...,n -1 (using the decomposition V = kerp, ® im¢, from earlier). We
thus have a basis {v1, ..., v-1,v} with respect to which the matrix representation of V'

is diagonal. O

Remark E.14. In the proof of Propsition E.13 we used the fact that a linear transforma-

tion ¢ : V' — W between two finite dimensional k-vector spaces induces a decomposition
V zkerp@®imgp (E.27)

for some subspace W. To see this, we use the splitting lemma. There is always a short
exact sequence

0 — kerp —— V —2 imyp > 0. (E.28)

Now pick a basis & for im ¢ and make a choice of lifts € := {v | p(vp) = b}pep. There is
thus a linear transformation 1 : im ¢ — V' which is given on basis vectors by 1(b) = vp.

Clearly, ¢ = idjm , and so the Splitting Lemma may be applied.
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Proposition E.15. Say V is finite dimensional of dimension n. By Proposition E.13

the quadratic form Q is diagonalisable, in fact, more can be said:

o [f k=R then there exists a basis for V and 0 <r <n such that Q with respect to

this basis has diagonal entries

M==A=1, A== A= -l (E.29)

o [f k = C then there exists a basis for V such that Q with respect to this basis has
diagonal entries

Ap=reo=Ay =1, (E.30)

Proof. Let vy,---,v, be a basis with respect to which @ is diagonal with diagonal entries
A1, An. We proceed by induction on n. Say n =1 and let e be the chosen basis vector

of V,and say k = R, we have

vav/A1e - 1- vV e, A 20,
Bg(vi,v2) = v2e- A1 -vie = 2V VA ! (E.31)

Uz\/—)\le -—=1- U1\/—>\1€, )\1 <0

so we can replace the basis e by either \/Aje or \/-\ie and we are done. In the case

when k = C, there always exists a square root of Aj.
The logic of the inductive step is exactly similar. O

Proposition E.16. Say V is a real vector space of dimension n. By Proposition E.15
there exists a basis of V' for which [B]g is diagonal with all entries equal to either 1 or
—1. The triple (ny,n_,ng) consisting of the number n, of positive entries, the number n._
of negative entries, and the number ng of entries equal to zero in a [B]g is independent

of the choice of diagonalising basis AB.

Proof. Write

Bla=| -1, (E.32)

Denote by W ¢ V the largest subspace such that B |wxw is positive definite, ie,
B(w,w) > 0 for all w e W. Letting w = wyvy + -~w,v, and calculating B(w,w) us-
ing [B]4 we have

wT[B]%wzw%+---w§—w£+l—---—w§+q (E.33)
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and so w'[B]gw > 0 if and only if wys1 =+ = wpsq = 0. We thus have
W ¢ Span(vt, ..., vp).

Letting W' denote this span, we clearly also have W’ ¢ W, implying p = dim W. Thus
p has been related to a value which is basis independent and so p is an invariant. The

remaining invariances follow from the rank-nullity Theorem. O

Definition E.15. In the notation of Proposition E.16, the triple (n.,n_,ng) is the

signature of B.
If ng = 0 then the bilinear form is nondegenerate.

Remark E.17. The number of entries equal to 1 in a matrix representation of a symmetric
bilinear form on a finite dimensional complex vector space is also an invariant, this follows

directly from the rank-nullity Theorem.

E.3.1 Clifford algebras

Throughout, we denote by (V,Q) a quadratic form, consisting of a finite dimensional
k-vector space V and a quadratic form @ : V — k on V. The field k is assumed to have

characteristic not equal to 2.

Definition E.16. A pair (Cg, j) consisting of a k-algebra Cg and a linear transforma-
tion j : V — Cg such that
VoeV,j(w)?=Q(v) 1 (E.34)

is a clifford algebra for (V, Q) if it is universal amongst such maps. That is, for every

pair (D, k) consisting of a k-algebra D and a linear transformation k : V' — D satisfying
VoeV,k(v)? =Q(v)-1 (E.35)

there exists a unique k-algebra homomorphism m : Cg — D such that the following
diagram commutes

vV —1s o
X & (E.36)
D

Proposition E.18. A Clifford algebra for (V,Q) always exists and is essentially unique
(unique up to unique isomorphism) amongst those algebras satisfying the universal prop-

erty given in Definition E.16.
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Proof (sketch). We construct the tensor algebra

T(V)=@Ve (E.37)

i>0
(where V®° := k) quotiented by the ideal I generated by the set {v ® v — Q(v) - 1}yev -
The map j : V — (g is the inclusion V' — T'(V) composed with the projection
(V) —T(V)/I. O
Notice that j given in the proof of Proposition E.18 is injective.
Proposition E.19. The underlying vector spaces of Cq and AV are isomorphic.
Proposition E.19 will follow from a series of observations which cover a broader scope

of theory, which we now present.

Consider the linear map k : V. — Cg given by k(v) = —j(v) which clearly satisfies
k(v)? = Q(v) - 1. There is thus an induced morphism 8 : Cg —> C( rendering the

following diagram commutative:

X s (E.38)

We have that 32 = idey, -

Definition E.17. The involution f is the involution associated with the Clifford
Algebra (Cq,j).

Recall that for an arbitrary involution f:V — V (where V is a vector space over a

field of characteristic not equal to 2) we have

VoeV,uo=1/2(f(v) +v) +v-1/2(f(v) +v)
=1/2(f(v) +v) +1/2(v - f(v))

where we notice

FAR2(f(v) +v)) =1/2(f(v) +v), and  f(1/2(v-f(v))) =1/2(f(v) -v) (E.39)

and so
V= E1 + E_1 (E40)

where E; is the 7" Eigenspace of f.
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Applying this observation to the situation of Clifford algebras, we have:
CH={veCy|B)=0v}, Chi={veChH|pB(v)=-v} (E.41)

and
Co=CheC, (E.42)

Thus the Clifford algebra (Cq, j) associated to a quadratic form @ : V' — k is naturally
a Zo-graded algebra.

Proposition E.20. For quadratic forms Q1: Vi — k, Qs : Vo — k we have

Cg.eq, 2Co, ® Cg,. (E.43)

Proof. Consider the linear transformation

T:VieV, — Cq, ® Cg,

(1)1,1)2) U1 ®1+1 Qv
We have:

T’(’Ul,’Uz)2 = (’Ul 1+1® ’()2)2

=(n®l+1®uv)(v1®1+1®wy)

V?@1+v ®@vy— v ®vy +1® 03
= Qv (v1) ®1+1® Qv (v2)

= (Qw; (v1) + Qp(v2))(1®1)

= Quiow (v1,v2)(1®1)

So by the universal property of the Clifford algebra (Cq,j) there exists a k-algebra
homomorphism 7' : Cg.e0, — Cg, ® Cg,. First we prove surjectivity, it is sufficient to
prove that every pure tensor z ® y € Cp, ® Cg, is mapped onto by some element by T.

Write  ® y = v1--v, ® Uy, for some uq,...,u, € Cg,,v1, ...,y € Cg,. Since
V1 Up @ U U, = (V1 ® 1) (v, ® 1) (1 @ up)-(1 ® Upy) (E.44)

it suffices to show that for all pairs (v,u) € Vi x V5 that v ® u € Cg, ® Cg, is mapped

onto by some element by 7'. Indeed:

T((v,0)(0,u)) = (v®1+1®0)(0®1+1®u)

=v®uU.
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O
Definition E.18. A bilinear form or a quadratic form is finite dimensional if V is.
For the next result, recall that a finite dimensional bilinear form is diagonalisable if and
only if it is symmetric (Proposition E.13):
We are now in a position to describe a basis for Cg given one for V:

Proposition E.21. Let vy,...,v, be a basis for V. The set:
B = A{vi .0, |m<n,v; e V,0<4; < <ip <n} (E.45)
forms a basis for Cq. In particular,

dimy, Cg = 24m% V", (E.46)

Proof. This set clearly linearly generates Cg and so it suffices to show that (E.46) holds.

By Proposition E.13 we have that Q = Q1 & --- ® @), and by Proposition E.20 it follows
that Cg,e.-00, = Cg, ® - ® Cg,. Thus it suffices to prove the case when dim; V' = 1.

This can be directly analysed; we know
Co=zCHeCh (E.A4T7)

and C% =k, ch =k-e, where e # 0. Thus the dimension of Cg in this case is 2. O

Proposition E.22. Say V is finite dimensional and vy,...,v, s a basis such that
B(vi,vj) =0 for all i + j. Then the Clifford algebra Cq is multiplicatively generated

by v1,..., vy which satisfy the relations

v? = Q(v;), Vv +vjv; = 0,7 # j. (E.48)

Proof. The only non-obvious part follows from the calculation

(vi +v7)* = Q(v; +v;)
= B(v; +vj,v; + v5)
= B(vj, v;) +2B(vi,vj) + B(vj, v5)
= Q(vi) + Q(vy)
2 2
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which implies

ViVj + V05 = 0,2 # 7. (E.49)
O

Thus we may think of a Clifford algebra with respect to a finite quadratic form as the

free algebra on dimy V' elements subject to the relations (E.48).

E.3.2 Clifford algebras of real or complex bilinear forms

In this Section we sometimes will think of the Clifford algebra as associated to a sym-
metric bilinear form, rather than a quadratic form. There is no difficult difference, but

we note that the correct universal property of (Cp,7) is:
Vvl,vg € V,j(vl)j(’l)g) +j('02)j(1)1) = 23(’01,1}2) - 1. (E50)

We also introduce new notation; the Clifford algebra associated to a bilinear form B :
V xV — k is denoted C(V, B).

We can restate Remark E.17 in terms of Clifford algebras:

Corollary E.19. Let k € {R,C}. All Clifford algebras of quadratic forms over finite

dimensional, k-vector spaces which admit the same signature are isomorphic.

Notation E.20. We denote:

e The Clifford algebra associated to the quadratic form (R",-22 —---—22) by C,,.
e The Clifford algebra associated to the quadratic form (R",z? +---+ x2) by C/.

e The Clifford algebra associated to the quadratic form (C”, 22 + - + 22) by CC.
where these quadratic forms are written with respect to the respective standard bases.

Throughout this Section, V' is assumed to be a vector space over k with k € {R,C}, and
B:V xV — k is a bilinear form. Given a real algebra A, the complexification is the

C-algebra A @g C with multiplication given by
((z®2), (yow)) — (zy ® 2w). (E.51)

Also, given a bilinear form B :V xV — k where V is a real vector space, we define the

complezification of B as Bg : V ®@g C — C given by

Bc((vl®2’1),(’02®2’2)) ZB('Ul,UQ)Z1Z2. (E.52)
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The following Proposition shows that the Clifford algebra of a complexification behaves

well:

Proposition E.23. We have

C(V &g C,Bc) = C(V,B) ® C. (E.53)

Proof. Consider the map ¢ : V @g C — C(V,B) ®r C given by p(v® 2z) = v ® 2. This
is such that

p(v®2)?=(ve2)’ =1v’®2°=B(,v)*> 101= B(c((v®z), (vez))-1l (E.54)

So ¢ induces a map ¢ : C(VerC) — C(V, B)®rC which is an isomorphism with inverse
induced by the bilinear map C'(V, B)xC — C(V@grC, Bc) given by (z,2) — z®z. O

Lemma E.24. We have

CC=C,erCzC! o C. (E.55)

Proof. For i =1,...,n let p; : C — R™ ®r C denote the map defined by linearity and
the rule z — ¢; ® z. These induce a map ¢ : C" — R" ® C which is the unique such

that for all i = 1,...,n we have ypi; = ¢; where ¢; : C — C" is the it" canonical inclusion.

The map ¢ has an inverse ¢ which is given by linearity and the rule e;®z — (0, ..., z,...,0)

where every entry is 0 other than the i*" slot which is occupied by z.

To see that this is indeed an inverse, notice

eY(e;®z)=¢(0,...,2,...,0) =€, @2 (E.56)
and
V(21,5 2n) :7/)(261' ®z;) = Z(O,...,zi,...,()) =(21,.-,2n) (E.57)
i=1 i=1
Next, given (z1,...,2y), (wi,...,wy,) € C™ we have

n n
BC;L(X)(C(SD(ZL cee 7Zn)7 @(wh cee 7wn)) = BC%@(C(ZGi ® Zis Z €j ® w])
i=1 j=1

n
= Z Bca(ei,ej)ziwj
4,7=1

n
= Z ZyWj .
i=1

This implies that ¢ induces an isomorphism C$ = C/.
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To obtain an isomorphism an > Cp ® R we compose ¢ with the map R"®@C — R"®C

defined by linear and the rule e; ® z — ¢; ® iz and proceed similarly to before. ]

Example E.4. We have C(QC ~ Oy ®@r C, and the latter algebra is generated by eq,es
satisfying

er=ed=-1, ereg +eze; = 0. (E.58)

On the other hand, the underlying vector space of the complex algebra Ms(C) has a basis

o i 0 0 i
= ’g = 792:
o 11" o =i i 0

2
1

—9 %] (E.59)

satisfying:

Gi=g5=-I,  gi92+9201 =0, (E.60)

which implies CS = My(C).
A final isomorphism (Proposition E.25) allows for a structure Theorem (Theorem E.22)
Proposition E.25. We have

Cpi2 2 C), ®r Co, Cy .02 Cy, R Ch. (E.61)

Here the tensor product is the usual one for algebras.

Proof. We satisfy ourselves with a proof sketch. The key Definition is the following;:
u:R? — C! ®r Cy (E.62)
defined on basis vectors e, es € R™*? as:
u(er)=1®er, u(ex)=1®e2, u(ej)=ej2®erez,j=3,....,n+2 (E.63)
and the key calculation is

u(e;)? = (ej-2 ® e1e2)”
= 6?_2 ® e1€e0€1€2
=1® —e%e%

=-1®1.

In the penultimate step we have used the fact that 6?_2 =1in C,’L and that ejeg +ege; =0
in CQ. O]



Algebraic Geometry and Linear Logic 216

Remark E.26. Notice that had we mapped u into C), ®g Co instead of into C), ®g Co

then u(ej)2 =1 which would not induce a map Cj9 — Cp, ®g Cs.

Remark E.27. In Proposition E.25, one might suggest (incorrectly) defining u : Cj10 —
Cn ®r C2 by

u(er) =1®er, u(ex)=1®es, ulej)=€ej2®1,j=3,...,n+2 (E.64)
but this does not work as then (for example)

u(er)u(es) +u(eg)u(er) = (1®er)(e1®1l)+(e1®1)(1®ep)

=2e;1®e; 0.

Corollary E.21. We have
CC, = CC ®c My (C) (E.65)

given explicitly by the following (g1, g2 are as in Example E.4)

e1—1®e;, exr—1Qeq, ej»—)iej,2®glgg,j=3,...,n+2 (E.66)

Proof. This follows from an algebraic manipulation:

CC., 2 Chig®r C
> (C ®g Cy) ®r C
> (C) ®r C) ®c (Co ®r C)
= CC oc CF

= CC @c My(C).

We note that for j > 2, the element e; is mapped along these isomorphisms in the

following way:

ej —>e; ®p 1 (E.67)
—> (ej_2 ®r €1€2) O 1 (E.68)
—> (ej_2®r 1) ®c (e1e2 ®r 1) (E.69)
> €ej_o ®C i€e1€2 (E.70)
> i€j_2 ®C g192- (E.71)

O

Theorem E.22. There is the following decomposition:
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o Ifn =2k is even,
CC = My(C) ® - ® My(C) 2 End(C? ® --- ® C2) = End((C?)®F) (E.72)

given explicitly by the following, we make use of the function

) 1, 7 odd,
a(j) =

2, jeven

ejr—=>1®®I®gyj)®T® T (E.73)
o Ifn=2k+1 is odd,
CC = End(C?") @ End(C?"). (E.74)
Let S,, denote the exterior algebra of F,.

Sni=/ A\Fn=/\(Cl o...0Ch,). (E.75)

Lemma E.28. There is an isomorphism of C-algebras

b1 Co(V, B) — Ende(Sy)
v =0 A ()

v 0i,(-)-

Proof. Tt is clear that Endc(Sy,) is a free vector space and that the set {6; A (1), 0;,()}

is linearly independent.

Consider the Clifford algebra CS;,. Consider the map ¢ : C%, — C,,(V, B) defined by

linearity and the rule

ot T _
(v -y ), t=1,...,mn
. {(%% Vi) (F.76)

i(7i+73), t=n+1,...,2n.

We notice that ('y;r'yi—’yi'yj)(%wyj) = 7}—% and so the set {i('yj'yi—'yﬂj), i(’yﬁ’y})}izl,m,n
is a generating set for Cy,(V, B). Moreover, this set is linearly independent and so indeed
is a basis. This implies that ¢ is an isomorphism of the underlying vector spaces, and one

checks that it respects the Bilinear form and so is an isomorphism of Clifford algebras.

Under the isomorphism CF = End((C2)®") we have i(’y;r'yi - ’yfyg) —I1®..81®¢p®
T®...9T and i('yiJMyJ) —I®..81¢1®T®...®T. Thus the result follows from
Theorem E.22. O
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Definition E.23. Let Q); : V; — k be quadratic forms for i =1,2. Let f: V3 — V5 be
a linear map, by composing with the inclusion [ : Vo — Cp, there is an induced map

¢ : Vi — Cg, such that for all v € V; we have

p(0)? = f(0)" = Q2(f(v)) -1 (E.77)

and so if Q2(f(v)) = Q1(v) for all v e V we have by the universal property of Cg, that
there exists a unique morphism Cg, — Cg, which we denote by C'(f).

E.4 Hermitian and unitary operators

Throughout, V is a complex vector space.

Definition E.24. A square, complex matrix A is Hermitian if it is self-adjoint, that

is AT = A, where A" denotes the conjugate transpose.

A matrix is normal if AAT = ATA

An operator ¢ : V — V is Hermitian (normal) if a (and hence all) matrix represen-
tation(s) of V' is Hermitian (normal).

Clearly, all Hermitian matrices are normal.

Theorem E.25 (Spectral decomposition). Let V' be a finite dimensional complex inner
product space and A a matriz representation of an operator on V. The matriz A is

normal if and only if it is diagonalisable with respect to some orthonormal basis for V.

Proof. We prove that normal matrices are diagonalisable.

We proceed by induction on the size of the matrix. If the matrix is 1 x 1 then there is
nothing to prove. Now for the inductive step. Let A be an eigenvalue of A, and P the
matrix which projects onto the A-eigenspace. We let @ denote I — P, the projector onto

the complement subspace. We notice that
A=(P+Q)A(P+Q)=PAP+ QAP+ PAQ + QAQ. (E.78)

We have that QAP = 0 because A maps the A-eigenspace onto itself, and we claim

moreover that PAQ = 0. To see this, let v be an eigenvector with eigenvalue A, then

AATw = ATAv = ATaw = AATY (E.79)
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which means A" maps the A-eigenspace onto itself. This implies QA'P = 0, taking the

transpose of which we end at PAQ =0 as claimed.

Thus A = PAP + QAQ. The matrix PAP is diagonalisable with respect to some or-
thonormal basis for P. Since Pn @ =0 it remains to show that QAQ is diagonalisable
with respect to some orthonormal basis for ). The space Q) has strictly smaller size
than A and so this follows by induction once we have shown that QAQ is normal. This

is a simple calculation:

QAQQATQ = QAQA'Q
- QAP +Q)ATQ
= QAATQ
= QATAQ
= QAN (P +Q)AQ
=QATQAQ
= QATQQAQ.

O

Definition E.26. Let H be a possibly inifinite dimensional Hilbert space, an operator
U:H — H is unitary if U'U = UU' = id,,.

Definition E.27. A matrix U is unitary if UTU = I.
Lemma E.29. A square, unitary matriz U satisfies UUT = 1.
Proof. Let u;; denote the entry of U in row ¢ and column j. The entry in row ¢ and

column j of UTU is > h-1 Uikugj which by hypothesis is equal to d;;. Hence, Y.7_; Upiug;

is equal to Y._; u;x;, which is the entry in row 7 and column j of UuUt. ]

Corollary E.28. If H s a finite dimensional Hilbert space and U : H — H is an
operator on H, then U is unitary if and only if for all u,v € H we have (Uu,Uv) = (u,v).
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Proof. First we observe the following calculation, where u € H is arbitary.

NUTUw - ul| = (UTUw - u, UTUu - u)
= (UTUw, UTUW) = (UTUw, u) = (u, UTUW) + (u, u)

Hence UTUw = u for all u € H and so UTU = idy.

Let uq,...,u, be an orthonormal basis for H and let U denote the matrix of U written
with respect to this basis. Since U is unitary we have that U is unitary and so U ‘=1
and by Lemma E.29 we have UUT = I. Tt follows from this that UU' = idy and so U is

unitary.

The converse is obvious. O

In fact, it is sufficient to check even less.

Lemma E.30. Let U :H — H be an operator on a finite dimensional Hilbert space. If
(Uu,Uu) = (u,u) for all w e H, then for all u,v € H we have (Uu,Uv) = (u,v).

Proof. 1t suffices to prove that if C': H — H is an operator on H such that for all x € H

we have (Cx,x) =0 then C =0.

We let z,y € H be arbitrary and consider (C(x + y),z + y). Since this is 0 it follows
that (Cz,y) = =(Cy,z). On the other hand, (C(z + iy),z + iy) is also 0, which implies
(Cz,y) = (Cx,y). Hence (Czx,y) = (Cy,x) =0. O

Corollary E.29. If U : H — H is an operator and H s finite dimensional, then U is
unitary if and only if Vu € H, (Uu, Uu) = (u,u).

Proof. Immediate from Corollary E.28 and Lemma F.30. O
Notice that the spectral decomposition (E.25) states that the matrix A is such that
A =U'DU for a diagonal matrix D and a unitary matrix U.

Corollary E.30. A normal matriz A is Hermitian if and only if its eigenvalues are

real.
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Proof. First notice that if a matrix is Hermitian then for any eigenvector v with eigen-
value A:
Mol = (A, v) = (Av,v) = (v, Av) = AJv]*. (E.80)

Now we prove the other direction. Let D be diagonal and U a unitary matrix such that
A=U"'DU. Then
At =vUtptu' =u-pU = A. (E.81)

O]

Definition E.31. An operator ¢ :V — V is positive if:
Vv eV, (v,pv) >0 (E.82)

which means, (v,pv) is real and non-negative. If the inequality is strict, then ¢ is

positive definite.

Example E.5. Let A be any operator. Then for any veV:
(v, AT Av) = (Av, Av) = [|Av|[* > 0 (E.83)

Thus AT A is positive.

Proposition E.31. A positive operator on a finite dimensional vector space is neces-

sarily Hermitian.

Proof. Let A be a matrix representation of the positive operator. Notice the following

calculation:

0< (v, (A-ANw) = ((AT - A)w,v)
= <’U, (A]L - A)”)
= (v, (AT - A)v)

= —(v,(A-ANv) >0

and so for all v € V we have (v, (A - A")v) = 0.

Moreover, we notice that A — A" is normal and hence diagonalisable, by the Spectral

decomposition. It follows from these two observations that A — Af = 0. O

Definition E.32. Let A, B be matrices, then the commutator is [A, B] := AB - BA.
The anticommutator is {4, B} = AB + BA.

Theorem E.33 (Simultaneous Diagonalisation Theorem). Let A, B be Hermitian op-

erators. Then [A, B] =0 if and only if A and B are simultaneously diagonalisable.



Algebraic Geometry and Linear Logic 222

Proof. 1f A and B are simultaneously diagonalisable, then let U be a unitary matrix and

Dy, Dy diagonal matrices such that
A=U"''DiU, B=U'DyU (E.84)
We then have:

AB=U'DUU DU
=U'D DU
=U'Dy,DU
=U'DUU DU
= BA

Conversely, say [A,B] = 0. We have that A is Hermitian and so admits a spectral
decomposition. Let ai,...,a, be the eigenvalues corresponding to this decomposition
and let V,, denote the a;-eigenspace. We first notice that B maps V,, into itself: for any
v € Vg,

ABv = BAv = a;Bv. (E.85)

Now, since B is Hermitian, it follows that BVai : Vg, — V4, is and so there exists
a spectral decomposition of By, for each vector space V,,. Denote by by’,...,b;" an

orthonormal basis for V;,. We then have that
{of, ..., bz; o (E.86)

is a basis of eigenvectors of both A and B for the whole space V. 0

There is another decomposition which is often helpful:

Remark E.32. Let T : V — V be a linear operator on a finite dimensional vector space
V. We could ask if T' can be factored T' = UT” where U is unitary? Say this was possible,
then

T'T =T"UtUT (E.87)

so if T" were Hermitian we would have 7T = T2 which would imply T’ = VT1T, in fact
T1T is Hermitian (indeed it is positive) and thus so is VTTT and so our assumption
that 77 be Hermitian is not too much to ask for, and if U were to exist it must be that
T’ =/TTT. Thus we are prompted to make the following calculation: let vy, ...,v, be a

basis for V' such that (we write P,, for the projection onto v;)

VTIT =Y \P,, (E.88)
=1
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then

and indeed we want U such that \;Uv; = Tv;. One might suggest defining Uv; = T'v;/\;

at this point, however there is no reason for this to be unitary. Instead we define
n
U= TuvjPy,/\/A (E.90)
j=1

which indeed is unitary. In fact we read off from this that {Tvi/\/A1, ..., Tvn/v/ A} is
an orthonormal basis for V. Notice however that this assumes A; # 0 for all . This can
be fixed by doing this process first for all A; # 0, and to construct an orthonormal set
{Tvi/V/A,...,Tvj/\/A;} and then extending this to an orthonormal basis for V via the

Gram-Schmidt process.
We have proven the first half of:

Theorem E.34 (Polar decomposition). Let T : V. — V be a linear operator on an
n-dimensional vector space V. Then there exists a unitary operator U and positive
operators J, K such that

T=UJ=KU (E.91)

with J=VTIT,K =TT,

To obtain K we simply notice
A=JU=UJU'U (E.92)

so we set K = UJUT, which is a positive operator. Then AA' = KUUTK = K2.

If we have such a decomposition T'= UJ, then J is diagonalisable, being positive, thus
T =USDS" for unitary S and diagonal D. Setting V = ST we obtain:

Corollary E.35 (Singular value decomposition). Let T : V — V be a linear operator on
an n-dimensional vector space, then there exists unitary operators U,V and a diagonal
operator D such that

T=UDV. (E.93)

Remark E.33. We make a remark on notation. Given a vector v € H in some Hilbert
space H (which we assume to be finite dimensional for simplicity), the linear functional
which we have been notating as (v, (=)) can also be written simply as (v|. Symmetrically,
the vector v can be identified with the linear map kK — H sending 1 — v, we notate
this map by |v). Hence, given two vectors v, u € V', the notation (v||u) denotes the linear

map k — k sending 1 — (v,u). Let U : H — H be an operator. We have for any
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v € H that:
(U] = (Uv, (=) = (v,UT(-)) = (v UT. (E.94)

Hence, in light of Corollary E.28 we have that U is unitary if and only if for all v € H
we have (v|UTU |v) = (v]|v).



Appendix F

Splitting idempotents and

idempotent completion

Given a finite-dimensional complex vector space V along with a projection P:V — V

onto some subspace im P € V' we have that V splits into a direct sum
V zim P @ im(idy - P). (F.1)

For any Noetherian Q-algebra k, this property of the idempotent P can be generalised
to k-linear categories C. A k-linear category is one where each homset is endowed with

a k-algebra structure.

Definition F.1. Let C be a category. An idempotent in C is an endomorphism e :

C' —> C such that €2 = e.

An idempotent e is split if there exists a pair of morphisms s: R — C,r : C'— R such

that sr=e,rs =idp.

Lemma F.1. Let e: C' — C be an idempotent in C. Then the following are equivalent.

e ¢ =sr is split where s: R— C,r:C — R.
e The Equaliser Eq(e,id.) exists and is equal to s: R — C.

e The Coequaliser Coeq(e,id.) exists and is equal to r: C — R.

Proof. See [33]|[Lemma B.1]. O

Lemma F.2. Assume C is the category of vector spaces over some field F. Lete:C —

C be an idempotent. Assume e = sr is split with s: R — C,r:C — R and 1 -e=s"r’

225
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is also split with s': R — C,r" : C — R'. Then there is a split short exact sequence
0—R->C-5R —0. (F.2)
Proof. Consider the morphism (r,7"): C — R@® R'. Then Vz € R we have

(r,r")s(@) = (rs(z),r's(x))
= (z,7's())
we claim r’s(z) = 0. By Lemma F.1 we have that ' : C — R’ is the coequaliser

Coeq(1 - e,id¢). Thus r's(x) = (1 -e)s(x)) = r’'s(x) — r’es(z). On the other hand,
s: R—> C is the equaliser Eq(e,id¢) and so es = s.

Thus we have a commuting diagram

Moreover, the homomorphism (r,7") is an isomorphism. To see this, say x,z’ € C are
such that (r,r")(z) = (r,7")(z"). Then r(z) = r(z") implies s(r(z)) = s(r(z")) which
implies e(z) = e(a’) and similarly (1-e)(z) = (1 -e¢)(z"). Thus we have

z=(1-e)(z)+e(x)
=(1-e)(a") +e(x")

!
=T .

For surjectivity, notice if (z,2") € R® R’ are given, then (r,7")(s,s")(x,2') = (z,2"). O

The next lemma states that splitting an idempotent is equivalent to finding its image.

Lemma F.3. Let C be k-linear. Assume also that C admits all kernels and cokernels.

Then if e : C'— C is split we have
im(e) = ker(id —e) = coker(id —e) (F.3)

Remark F.4. In the special case where C is a vector space and v € C' along with an

idempotent e : C' — C we have z = e(z) + (id —e)z. It follows that

C zime ®im(id-e). (F.4)
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Thus, to split an idempotent is to calculate its image. This is where the suggestion that
the splitting of idempotents is a fundamental component of computation comes from.
Idempotents dictate the projection onto states of knowledge, which reduces entropy, and

the calculation of the image of these spaces is the arrival at such a state of knowledge.

Definition F.2. A preadditive category C is idempotent complete if either (and

hence both) of the following equivalent conditions are satisfied:

e All idempotents have a kernel.
e All idempotents have a cokernel.

Lemma F.5. Suppose C is preadditive. Let e : C — C be an idempotent such that e
and 1 —e both split as e =er and 1 -e = s'r’, where s: R— C,r:C — R,s' : R’ —

C,r':C— R'. ThenC=Ro R

Proof. See [33, Lemma B.1.5] O

Definition F.3. The idempotent completion of C is an idempotent complete cat-
egory C¥ together with a full and faithful functor C — C“ such that, given a functor
F :C — D where D is idempotent complete, there exists a functor F* : C¥ — D such

that
C —— ¥

R s (F.5)

D

commutes, and moreover F“ is unique up to isomorphism of functors.
If an object C of a preadditive category C is such that C' 2 R@® R’ for some pair of objects
(R,R’), then we say R and R’ are direct summands of C.

Lemma F.6. Let C be a subcategory of a preadditive, idempotent complete category A.
Then C¥ is the full subcategory of A consisting of all objects which are direct summands

of some object of C

Proof. See [33, Corollary B.2.3]. O



Appendix G

Quantum computing

These notes are an adaptation of [52].

Our standard of information will be sequences of binary integers. A bit of quantum
information, that is, a qubit, will be the complex Hilbert space C? and a system of n > 0
qubits will be modeled by the tensor product H = ", C? of n qubits. We will identify
elements of ‘H with linear operators from C into H and use Dirac notation. For example,
|0) : C — H denotes the map defined by linearity and the rule 1 — (1,0), whereas |1)
denotes the map defined by linearity and the rule 1 — (0,1).

Definition G.1. A qubit is a copy of the C-Hilbert space C2.
The state of a qubit C? is a vector [)) € C2 of norm 1, (1| |¢) = 1.

A pair (C2,|¢)) consisting of a qubit C? and a state 1) € C? is a prepared qubit and
we say C? has been prepared to [i)).

If clarity is needed, we will refer to a binary integer as a classical bit. If we write a

state 1)) of a qubit C? as a linear combination of the standard basis vectors

[¥) = al0) + 5 11) (G.1)

then we think of |a|? and |3|? respectively as probabilities of the state [¢)) being in state
|0) or state |1) respectively. A qubit, where a # 0 and 3 # 0 is a superposition state.

A qubit as well as any composite system consisting of a finite collection of qubits are
examples of finite dimensional complex Hilbert spaces. We define a state space to be

any finite dimensional complex Hilbert space H.

Definition G.2. Let Hi,Ho be two state spaces. The composite state space is

H1® Ha. A state of a composite system is a vector [¢)) € H1 ® Ha which can be written

228
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as a linear combination of pure tensors
Qi ’¢1)+---+04n|1/1n)€7'11 ® Ho (G2)

where the coefficients satisfy |a1]? + ...+ |, |> = 1. The condition that each |1;) is a pure
tensor means
Vi=1,...,n,3z e Hy,Iy € Ha,|t;) =z ®y. (G.3)

We define a measurement as a family of possible outcomes with associated probabili-
ties; the states of state spaces are probabilistic, and so the measurements will be too.
Moreover, we do not assume that measurement leaves the state uneffected, and so mea-

surements are operators upon the state space.

Definition G.3. A measurement on a state space H is a finite family of linear oper-

ators { M, : H — H}mem satisfying the completeness condition.

S M) My, =1. (G.4)
meM

An element m € M is an outcome (simply a set of labels).

The resulting state after measurement { M, }mcar and outcome m is:

My, 1))
p(m)

: (G.5)

Remark G.1. Associated to every measurement and state vector i) there is a value

p(m) = (| M, My, [ = | My, |00} (G-6)

It follows from (G.4) that p(m) < 1 for all m, [¢)). We understand p(m) as the probability
of outcome m on the measurement { M, }mermr. Under this interpretation, we think of

(G.4) as requiring that the probabilities p(m) sum to 1.

Definition G.4. Let H be a state space. A single step time evolution of H is a
unitary operator U on H. A single step time evolution of a state vector [¢)) with
respect to U is the pair (|¢0), U [¢)).

An evolution of H is a sequence of unitary operators (Uy,...,Uy,) on H, an evolu-

tion of a state vector [¢)) with respect to the evolution (Ui, ...,U,) is the sequence

Definition G.5. A linear transformation P is a projector if P? = P.
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The exact relationship between projective measurements (measurements where all M,
are projections) and measurements is given by Proposition G.3 below which says in a
precise way that general measurements are projective measurements augmented by a

unitary operator.

Lemma G.2. Let W €V be a subspace of a Hilbert space V', and let U : W — V be a
unitary operator. Then U extends to a unitary operator U’ on all of V.

Proof. Take U' = U ® idyy.. O

Definition G.6. Let n > 0. The standard basis vectors for C" will be denoted |1), ...,

[n).

Proposition G.3. Let { My, }nep be a measurement on H. Then there exists a projective
measurement { P, }nem, a state space Q, and a unitary operator U : H® Q — H ® Q
such that for any state |) of the composite system H ® Q and any n € M:

(V| UTPIP,U i) = (1| MM, [v)) . (G.7)

Proof. Let @ be the Hilbert space freely generated by the set {|1),...,|m)}. Define the

following linear map.

U:H—HeQ (G.8)
) = ZM My 1) ® Im). (G.9)

We first prove this is unitary, by Corollary E.29 it suffices to check that (¢|UTU [¢) =
(1||v) for arbitrary |¢)) € H. We perform the following calculation, note: we have written

(1| M}, ® (m] for the linear functional which maps a ® b to the product (1| M;a (m|b.

(W UM ) = ( ZM<wrML®<m|)( Y, M ) @ m') )
= 3N (WM Mo ) (] )
meM m’eM
= > (G M, My [0)
meM
= (] [v).

We now want to extend U to a unitary operator on all of H ® ) using Lemma G.2,
however we must first identify ‘H with a subspace of H ® Q. There are many ways this
can be done, here we choose the an arbitrary vector |1) € @ to be special, and identify
‘H with H ® Span|l) cH ® Q.
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Now consider the following projective measurement on H ® Q:
Py, :=1,®|m)(m|. (G.10)
Then the probability outcome n occurs is:

p(n) = (G| UTPU )
(X @IMfem|)lgemn)inl( Y Muwl)om))

meM m/eM

=( X @My @ml) Y My [$)@n) (] m)
meM m/eM

- ZM(W|M;®<m|)Mn|w>®|n>

= % (W MM, ) (ml]n)

memM

= (Y| MM ).

O

Remark G.4. The defining equation (G.9) of the linear map (G.8) may look opaque. We

derive it from a more natural starting point here. First observe that

Hom(Q,Hom(H,H)) 2 Hom(Q ® H,H) (G.11)
*Hom(H, He Q™). (G.12)

Then, by identifying @ with Q* via the anti-linear, isometric bijection given by the
Riesz Representation Theorem, a linear map H — H ® () can be given by a linear map
Q — H®H. We claim that (G.8) is related under this correspondence to the following

linear map.

Q — Hom(H,H) (G.13)
[m) — My, (G.14)

We now verify this claim. This is a matter of a calculation.

(Im) = M) — (Im) @ [¢)) = Mo [¢)) ) (G.15)
— (v ZM My, [) ® [m) ). (G.16)

Definition G.7. A message is a state |)) € H®", for some n. An error is a pair of
states (|p),[¥)) where |p),[)) € HE™ for some n, note that an error may be such that

lo) = [1). The message |¢) is the intended message and [¢)) is the received message.
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Definition G.8. An n-encoding of a single state (sometimes just an encoding)
is an injective linear map ¢ : H — H®". An n-encoding of a message |m) ¢ H®*
is an n-encoding ¢ along with a message |m) € H®"* for which there exists |m’) ¢ H®*

satisfying +®% |m/) = |m).

Definition G.9. A quantum error correcting code (QECC) is a pair Q = (H,.5)
consisting of a state space H along with a set of operators S on H. The elements of S
are the stabilisers. The codespace HS of Q is the maximal subspace of ‘H invariant

under all the operators in S.

Definition G.10. We define the following operators on C2:
0 1 0 -1
X = Y =
10 i 0
7. 1 0 e 1 (1 1
"o 1 Cvel )

The matrices X,Y, Z are the Pauli matrices, and H is the Hadamard matrix.

We make the passing observation that all of X,Y, Z, H square to the identity matrix.
The basis vectors
H10) = —=(10) + 1)), HI1)= —=(0) - |1)) (C.7)
V2 ’ V2 '
are the Bell states and are denoted |+),|-) respectively. Notice that H? = I, so H |+) =
|0) and H |-) =|1).

Definition G.11. The standard basis |0),|1) of H induces a basis of H®", we denote

10)® - ®]0) by [0---0), etc.

Notation G.12. Given a Pauli matrix W € {X,Y, Z} the operator on H®" given by
the tensor product consisting of W in the " slot (for 7 < n) and the identity operator

in all other slots by W;. For example, the operator Z; on H®? is the operator Z® I ®I.

Given a collection of Pauli matrices Wy, ,...,W; € {X,Y,Z} where 0 < i << iy <n
we denote by W;, ... W, the composition W;, o...o W, . For example, the operator

Z1Z5 on H®3 is the operator

(ZoIel)o(I®Zel)=20Z&1:H® — H®. (G.18)



Algebraic Geometry and Linear Logic 233

Consider the bit flip encoding

BitFlip : H — H®* (G.19)
0) — |000) (G.20)
1) — |111) (G.21)

then an encoding of a message with respect to this encoding might be 000111000}, but
could not be [000111001).

Definition G.13. A bitflip error is an error (|¢),[¢))) where |¢) is an encoding of a
message with respect to the encoding BitFlip®” for some m, such that X;|p) = |[¢) for

some 1.

Let (), [1)) be a bit flip error. The following algorithm takes as input [¢)) and recon-
structs |p):

Algorithm G.14 (Bit flip correction). Input: a received message 1),
1. Perform the following projective measurements:
(| Z1Z3 ) with resulting state [}, (G.22)

followed by
(V' Z2Z3 1" (G.23)

Let (r1,72) be the pair of results from these measurements.

2. We have that r1,7 € {1,-1}, and the resulting state of the second measurement
is [¢).

3. Now retrieve [1)) based on the values of 71, 7s:

o If (ri1,72) = (1,1), return [¢)).

o If (r1,7m2) = (-1,1), return Xi |¢).
o If (r1,7m2) = (1,-1), return X3 |¢).
o If (r1,m3) = (-1,-1), return Xs |¢)).

It will be helpful to first notice:

Z1Z51000) = |000) Z1751001) = |001)

71751010 = — |010) Z175]011) = —|011)
Z175]100) = — [100) Z175]101) = - |101)
7175]110) = |110) 7175 |111) = |111) .
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Let [¢) := a|010) + b|101) be a state, i.e, an element of (C?)®3. We perform the mea-
surement 21 Zo followed by Z3Z3:

(W] 21 Z |00 = (a (010] + b(101]) Z1 Z2(a |010) + b[101))
= (a (010 + b(101|)(~a|010) - b|101))
=—a?-p?=-1

and

(1| ZaZ3 [ = (a(010] + b(101]) Z1 Z2(a]010) + b|101))
= (a(010] + b(101])(-a |010) - b|101))
=—a®-b?=-1.

We can infer from the fact that both of these came out as —1 that it was the second
bit which was flipped, and so we can correct this. However, what is the impact of this

measurement on the state? Again we calculate:

Z1Z5(a|010) + b]101)) = Z1 (~a |010) + b[101))
= —a|010) - b|101)

and

Z373(~a010) — b|101)) = Z5(~a |[010) + b|101))
= a[010) + b|101)

and so the measurements (in the end) did not impact our state.

Definition G.15. Let n > 0. The n'"-Pauli Group, denoted G,,, is the set of operators
(C%)®" — (C?)®" generated by of all operators +1,il, X;,Y;,Z; for j=1,...,n.

Denote by 2" the following Pauli operators:
2 ={1,X,Y,Z}. (G.24)
For an arbitrary element g € G, let ¢1,...,g9, € Z be such that
g=0g1® - ®gn, «qe{l,-1,i,-i} (G.25)

then the sequence g¢i,...,g, is the unique such, and we denote a length 2n sequence

x = (21,..., 72,) in Z3" by r(g) defined by the following schemata:
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e z; =1 if and only if g; = X.
e z;.,=1if and only if g; = Z.

o 1, =, =1if and only if g; =Y.

Given a set {g1, ..., gr} of elements of the Pauli group, the check matrix is the k x 2n

matrix whose j* row is 7(g;). The check matrix is denoted Check(gi, ..., gx)-

Remark G.5. Let (g,h) be a pair of elements of G,, and let g1, ...,gn, h1,....;hp € Z be
such that

g=0g1® - ®gn, «aec{l,-1,i,-i}
h=Bh®®hy Bell,~1,4,-i}

we see that g and h commute if and only if the number of times g; and h; are distinct

matrices with neither equal to the identity is even.

Defining
0 I,
A= ( ) (G.26)

we have the following lemma.

Lemma G.6. Let (g1,92) € G,. Then g1,g2 commute if and only if
r(g1)Ar(g2)" =0. (G.27)
Rough sketch. The form of r(g1):
r(g1) = (X orYing; | ZorYin gl) (G.28)

and similarly for 7(g2). Thus we have

Z orY in
r(g1)Ar(g2)" = (X orYing; | ZorY in gl) . 721, (G.29)
X orY in g9
This contains the data of the requirements specified by Remark G.5. 0

Definition G.16. A set of elements g1, ..., g, € G, of the Pauli group G,, are indepen-

dent if for any j we have, where we write §; for the omission of g;:

<91,---79r>¢<91;--w§ja--->9n> (GSO)

(here, the notation (g1, ..., g,) denotes the group generated by these elements).
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Lemma G.7. Let g1, ..., g, € Gy, be a set of elements such that —I ¢ (g1, ..., 9r), then the
elements g1, ..., g are independent if and only if r(g1),...,7(gr) and linearly independent
(over the field Zs).

Proof. See [52, Page 457, Proposition 10.3]. O

The following lemma will be used to calculate the dimension of ((C2?)®")%:

Lemma G.8. Let g1, ...,gr be independent elements of the Pauli group G, and denote
by S the group they generate. Assume —I ¢ S. Then for each i = 1,...,k there exists

g € Gy, such that g anti-commutes with g; and commutes with all g; satisfying i + j.

Proof. The set r(g1),...,7(gx) is linearly independent by Lemma G.7, thus the check
matrix of g1, ..., gr has k linearly independent columns. So, there exists a vector x € Z’g
such that

Check(g1, ..., gn) Az = €; (G.31)

where ¢; is the i*!" standard basis vector of Z&. Let g be such that 7(g)7 = . The result

follows from Lemma G.7. O

Theorem G.17. Let S = (g1, ..., gx) € G and say —I ¢ S. Then dim(C2)®")5 = 2nF,

Proof. We notice that (1/2)( + g;) is the projector onto the +1-Eigenspace of g;. We

let x = (x1,...,xp) € ZS and define the operator
k
PE =128+ (-1)% g)). (G.32)

J=1

By Lemma G.8 we have for each g; there exists g, such that g, gjg;jl = —g;. Let
9z = Gx1"""Gzy,» then

k
0,...,0) — _ _
j=1

= P¢.
Thus there is an isomorphism
im P = im P{"%), (G.33)
Since im Pg = (C2)®")¥ we have dimim Pg = dim(C2)®"). Finally we note that

I=% P§. (G.34)

k
€l
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The operator I is a projector onto an n-dimensional space, and }  ,r Pg is a sum of
2

2F orthogonal projectors all of the same dimension as Vg, thus the only possibility is
dim(C?)®")% = 27k, O

Example G.1. In the context of the bitflip error correction, we have:
S = <21Z2, ZQZg) c Gs. (G.35)

It is clear that
VS 2 Span{|000), [111)}. (G.36)

Since Z17Zy, Z2Z5 are 2 independent generators for S, it follows from Theorem G.17 that

dim V* = 2372 = 2 = dim ( Span{|000) , [111)}). (G.37)



Appendix H

Proofs of statements in Section
4.2.1

Proof of Proposition 4.17. We check that as operators on F'(M)

(8% 1) - 6Xo = (-1)"16X, - (5, n)
§Y5 - (n-0X,) = (-1)"5Y; - (6X, - n)

so it suffices for this check to show [§X,,dY;] =0, but

[5Xaa 6Yn] = [wz - iﬂaﬂ)f, %’ + ybw;]
= yb[@buﬂ/);] - za[¥7, %]
= (Yo — Ta)0ij-

If ¢ = j, that is, X, and Y}, are connected in M

then by the condition that OM = MSP [T My we have either x4 = y3, = + (shown above)

or T, = yp = —, SO in either case y;, = x4 and (y, — x4)d;; vanishes.

The next check is

[0Xa,0Xar] = [Yi = Ta®], thir — Tt} ]

= —(a:a + :Ua/)(siil.

238
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There are two cases: if 4 = ¢’ then the component L; looks as one of the following:

SN
Xt Xa X, X 1
[ ) [ ] [ ] [ ]

and as above in either case x, + o = 0. Similarly

[0Yy, 0y ] = [ + yptd] s by + yw )]
= (Yo + v )0

and if j = j' then y, + v = 0. O

Proof of Proposition 4.17. We prove only the first claim. Set X = (X1,21),...,(Xn,Zn),
Y=M,n), (Yim,ym) and Z = (Z1,21),...,(Z;,2) and suppose the connected com-
ponents of M : X — Y are My,..., M, and those of N : Y — Z are Ny,...,Ns. We

compute the following

ACyY1@...@Cy) ®c A(Cr ... Cyy)

F(N)®py) F(M) = 7

(H.1)

where 7 is
I=n0Yy®e-n®dYye|ne \(Cy'),ee A(Cy),1<b<m). (H.2)

So we must examine how 0} acts on A(Cy') = A(D;-; C}) and A(Cy) = A(D}-; Coi).
We have

8y = (-1)M [} -y 1(n)
0Ype = [¢u + yblﬁ](ﬁ)-

We can reduce to the case where every component of N meets Y and every interval

component of M meets Y. For example if N; only meets Z then
F(N)®pyy F(M) 2 A(Cyj) ®c F(N\N;) ®pyy F(M) (H.3)

and similarly for M. Note that loops evaluate to C so may be ignored.

Let us call the pair (N, M) reduced if all components of M, N meet Y.



Algebraic Geometry and Linear Logic

240

Now let (N, M) be reduced and set L := N oM. Some components of L are loops, others

involve multiple passes between N, M, as shown below.

N.
/—\ [—]2\ l/N]l
[ ) [ ) [} [} [}
NN lM N
Let us ignore the loops in L for now, and enumerate the intervals in L by L1,..., L; so

F(NoM)=/(Cki@...0Ck).

(H.4)

Let Lj be a component and write it as a sequence Nj,, M;,, Nj,,... as above (possibly

starting with a component of M instead). This chain involves at least one component of

N, call its index a(k) = ji (taking the first such index), and suppose the corresponding

generator of F(N) is ¥, (k)" We claim that the composite

F(NoM)=A(Ck1®...®Ck)

|

NCYP1o...0Chy) ec A(Cyr@...0Cyy) = F(N) &c F(M)

|

A(CY1®...0CL)®cA(C18...6Cir) _
. (néYb®6—Cn®6Ybel) N F(N) ®F(Y) F(M)
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where the first map is sy — 9, (k) is an isomorphism. This can be reduced to proving

that for each k, the map

Ly,
N.. Y
) J1 .1

J (H.5)
Yoy
[ ]
N<
Yq
[ ) —>M@
ACY. @A Cey; ®..0 ANCY!, @A\ Crp;
A(Cry) e B — b : (H.6)

where

f=(7715Ybl®€1®172®...—T]1®5YE,161®772®...,

ey

MOEI®N®...0N0Y ®c-N 1 ®®...01;® Y} €)

is an isomorphism. Note that the chain in (H.5) may not start in N and may not end in
M, but the modifications necessary for the other cases are trivial and left to the reader.
Using the universal property of the right hand side, we construct a left inverse to (H.6),
so it suffices to show it is surjective. This we do by induction. Order the set & of tuples
z = (b1,az,...,a4,by) € {0,1}29°! by degree by + az + ... + a, + b, (so smaller degree <
larger degree) and within a given degree by z < y if z can be obtained by shifting some

1 in y leftwards into a 0 spot. Each such tuple z determines a basis vector

(5, (i)™ - () (3, )" (H.7)
The base case is (¢}, )" which is in the image of (H.6).

Otherwise z is of the form (0,0,...,0,1,0,...,0) where either:
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1. The 1 is in the position v;, for some a in which case in the quotient (for suitable

Y)
(W) @le... e, ®...® (¢ ) e ()" (H.8)
=(¥;,)"®le..0100Y 18... (H.9)
=(4;)"®le..01-Y®le...... (H.10)
=+ )" ®le.. .0y, ®... (H.11)

2. The 1 is in a position v, for some a, in which case a similar argument applies.

By the inductive hypothesis, (H.11) is in the image of (H.6).

Notice that (H.6) is an isomorphism of vector spaces and it remains to show it is F'(Z)-
F(X)-bilinear.

F(Z)-bilinearity. It suffices to consider components Ly, of NoM asin (H.5) which meet
Z, say in Z.. Then §Z. = ki, + zck;, is an endomorphism on A Cky, and 6Z, = 9] + 21"

is an endomorphism on

ACY @ NChyy ® ... ® ACyj @ ACiy,
54

(H.12)

so that (H.6) is clearly F'(Z)-linear.

F(X)-linearity. It suffices to consider the situation in which the component meets X
at X,. Now, inside F'(N) ®pyy F'(M),

(Pj)"ele...01)-0X,=(¢])"®le...0 101,
=(Wj)"el®...0188Y), -1
=) ele...e1:0Y;, ®1

! !
(Y;)"ele...ey; ®1

= (¥j,)" -0, ®1®...01.

Note that yp, = ~Yby, by = ~bbgs - -+ Yb, = Ta SO Yp, = (-1)%*1x, = x, as ¢ is odd. This

Yy, is therefore ¢} — x41)7. =
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Proof of Proposition 4.18. First we calculate 9?. We have
1
9% =-[0,0
10.0]
1
= 5[2 Xid X+ 3 Y5075, 5" Xird Xy + 3 YirdYy]
1 ] Z’ j/
1 1
= 5 ZXZXZ/ [(5Xi, 5Xi/:| + 5 Z Y}Y}I[(SY}, (5}/}/]
4,1’ J:3’
Now, [8Y},0Y}] = 2y;0;; and
§X;-0X:6m=0X;- ((-1)"y-56x7)
=-n- 5Xz . 5Xz
=-Iin.
So [5X1,5X11] = —233‘1'51'1'/. Hence,
n m
==Y u X7+ Yy Y}
i-1 j=1
=Wy - Wx.
To prove G is a strong functor we consider a composable pair
x O,y %y Z, where Z = (Z1,21),...,(Z1,2) (H.13)

The cut G(v2) | G(v1) is as a Zg-graded C[z,z]-module

G(VYQ) | G(‘/l) =V, ®cC C[é’ﬂ] ®(C[g] C[Qv&] ®c Vi

= sz ®C Vvl ®C C[g’g]

with differential 9 = Y7 X;6X; + Y4, Z16 7.

The Clifford representation {'yu,’yqt}umzl of Cp, on G(v2) | G(v1) is computed as follows.

We have t,, = aiYu(Wy) =2y, Y, so O, = %yuﬁyu

Yu = Aty = [0 ()G (1)) Ot ]

1
= §yu[3c(v2)®a(v1)a8tu]

1 n m o
i= j=

1 l m
+ §yu[z 2107, + Z Y;6Y;, Oy, ]
k=1 j=1
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where 6Y; acts on v1 and dY; on ve. One can show

1 — 1
Yu = §yu5Yu[YmaYu:| + 5yu5YU[Yu’ 8yu]

_ _%yu(ayu +37)
and
1
v = =0y, (Oan)) - B - Oy, 0y, (Wy) At,
q

= —ayu(z XZ(SXZ + Z ijm)
=1 7=1

EDLACAAEY
= —0Y,, - yu Aty
=5V, + 5 (3%, +0T,)
QA

By [48] this is a strict Clifford representation on G(V2) | G(V1) in LGc(Wx, W) and
the composite in LG is the splitting of the idempotent

€= V1o YV

1 E— __
= (5)2my1(5Y1 +0Y1) o ym(8Y +0Yi,)

(6Y1 = 6Y1) ... (6Yy, — 0Yy).

The image im(e) can be written both as G(V3) | G(V1)/ ¥, im(0Y,, — 6Yy,) and also as
Mu ker(0Y, + 6Yy,). Using the first presentation,

G(v2) o G(v1) = im(e)
= G(v2)|G(v1)/ Y im(6Y, - 6Yy,)

_ (v2® 1) ® K[z, 2]
Y, im(0Y, - 6Yy,)
N Vg ®f U1
B (W(SYU QUV-w® 6YuV)w€v2,V€v1,13u§m

®k k[&? &]

= (Va®pyy Vo) ® k[2, 2]
=G(Va®piyy V1)

which can be easily shown to be an isomorphim of matrix factorisations. The remaining

checks are left to the reader. O
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