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1 Chapter 1
1.1 §1
1.1:

a) The affine coordinate ring is defined by the formula A(Y') = k[z,y]/I(Y’). In this
instance, I(Y) = (y — 2?) as (y — x?) is a radical ideal. Let ¢ : k[z,y] — k[z] be the
morphism defined by z — x and y — x2. This is surjective and ker(yp) = (y — 2?), so
that A(Y') = k[z].

b) We have A(Z) = k[z,y]/(1 — zy). This is in fact isomorphic to k[z],. To see
this, define a morphism ¢ : k[z,y] — k[z], by # — x and y — z7'. Then ¢ is a

surjection and its kernel is exactly (1 — xy).

c¢) First note that if p(x,y) is a homogeneous polynomial of degree n in k[z,y], where
k is an algebraically closed field, then p splits into a product of linear factors. To see
this write p = y"g(}). Then g(7) will split so we can write p = y"(7 — a1)...(§ — an) =

v v v
(x — a1y)...(z — any).

Now, suppose that f(z,y) is an irreducible quadratic over an algebraically closed
field k. Let p(z,y) be the degree 2 homogeneous part of f. By the above we can write
p = (ax — by)(cx — dy). Potentially swapping variables we can assume without loss of
generality that a # 0. If these factors are linearly dependent, we can do a change of
variables to replace x with ax — by (note that replacing x with a linear polynomial in
z and y induces an automorphism of k[z,y]). Then f(z,y) = z? + ax + by + c. We can
then do a change of variables and replace ax + by + ¢ with —y, giving f(z,y) = 2% — .
Solving f = 0 then gives y = 2.

If both factors are linearly independent, we can assume that a,d # 0. Thus by
a change of variables (replacing ax — by with = and cx — dy with y, which induces
an automorphism of k[z,y| as these factors are linearly independent) we can write
f(z,y) = zy + ax + by + c¢. We then have f(z,y) = (z + b)(y + a) + ¢ — ab. Another



change of variables then allows us to write f(x,y) = zy — 1. Solving for f = 0 then
gives zy = 1.

1.2: For the first part, simply note that Y = Z(y — 22,z — z?). Similarly to 1.1c,
we can see that k[z,y, 2]/(y — 22, 2 — 23) = k[z]. Since k[z] has no nilpotent elements,
(y — 22,z — 2?) is a radical ideal and is thus equal to I(Y). Hence A(Y) = k[x], as

required.
1.3: Y = Z(y)UZ(x)UZ(xz*—y) and the corresponding ideals are (y), (x), and (2 —y).

1.4: A basis for the closed sets of A! x Al is given by {X x Y | X C A! closed, Y C
A' closed} which means every closed set is finite. However, the set Z(y — z) C A? is
closed and infinite (k is algebraically closed and thus infinite), thus these topologies are
not equal.

1.5: If B is finitely generated then B = k[xy,...,x,]/a for some ideal a. Moreover,
if B has no nilpotent elements then a is radical. Which means Z(a) is such that

A(Z(0)) = K[, ... 2] JIZ(0) = K[y, ooy 20l V@ = K[z1, ooy 2] Ja = B

The converse is obvious.
1.6: See [5].

1.7:

a) Routine, if one was only interested in the case of algebraic sets then use the bijection
between algebraic sets and radical ideals coupled with the corresponding statements for
Noetherian rings.

b) If X is not quasi-compact then one can construct from an infinite cover with no
finite subcover a strictly ascending chain of open subsets, taking complements of which
induces a strictly decreasing chain of closed sets.

c¢) Follows easily by considering the contrapositive.

d) Let X be Noetherian and Hausdorff. The space X decomposes into finitely many
irreducible components X = X; U... U X,,. Each X, is Noetherian, Hausdorff, and
irreducible. By irreducibility, any two non-empty open sets of X; have non-empty
intersection, which contradicts the Hausdorff condition unless X; consists of a single
element. Thus X is finite. Lastly, any finite, Hausdorff space is discrete.

1.8:
Decompose Y N H into finitely many irreducibles Y " H = Y; U ... UY,, with no
Y; containing any other. Each Y; is an irreducible subset of ¥ and so corresponds
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to a prime p; of A(Y). Since Y; is also a subset of H it follows that p; contains
(IH)A(Y) = (IZ(f))A(Y) = (f)A(Y). In fact, since there is no irreducible sub-
set strictly between Y; and Y it follows that p; is minimal over (f)A(Y), that is,
dim A(Y)/p;, = dimA(Y) — 1 = r — 1. Since primes ideals of A(Y)/p; correspond

to irreducible subsets of Y; we thus have dimY; =»r — 1.

1.9:

Decompose Z(a) into finitely many irreducible components Z(a) = Y; U...UY,, with
no Y; containing any other. Each Y; corresponds to a prime ideal p; which is minimal
over a. By Krull’s Principal Ideal Theorem, ht.p < r. We also know

thus dimY; = dim A, /p; > n —r.

1.10:
a) Solved in [5].

b) Solved in [5].

c) Consider the Sierpinski space ¥ := {0, 1} with topology {@,{0},{0,1}}. We have
that {0} = ¥ so {0} is dense. Furthermore, dim{0} = 0. However, dim¥ = 1 as
demonstrated by the following sequence {0} C .

d) This is obvious as if Y # X then any chain of irreducible, closed subsets of Y
remain so as subsets of X. Since X itself is irreducible, Y # X = dim Y < dim X.

e) Consider N with the the topology whose closed sets are all initial segments.

1.12 22 + y?> + 1. We have that ZAH%(xQ +y?> + 1) = @ which by definition is not
irreducible.

1.2 §2
Throughout, S = k[zo, ..., 7]
2.1:

For clarity, if a C S is an ideal we will write Zpn(a) for the zero set in P™ and Zyn+1(a)
for the zero set in A"+,

Let a C S be homogeneous and say f € S is a homogeneous polynomial such that
deg f > 0 and for all P € Zpn(a) we have that f(P) = 0. It follows that for all non-zero
P € Zjn+1(a) we have that f(P) = 0. Moreover, since deg f > 0 and f is homogeneous
it follows that f(0,...,0) = 0. Thus for all P € Zyn+1(a) we have that f(P) = 0 and so
by the regular nullstellensatz we have that f" € a for some r > 0.



2.2:

Say Zpn(a) = &. Then Zun+1(a) is either empty or the singleton set {(0,...,0)}. In the
case that it is empty, it follows from the nullstellensatz that a = S, and in the case
that it is the singleton set containing (0, ...,0) we have that \/a = S, again by the
nullstellensatz, thus (i) = (7). Now say v/a = Sy and let d be the least integer such
that there exists a polynomial of degree d in a, we claim that S; C a. For each ¢ there
exists d; > 0 such that a:fi € a, as y/a=S,. Let d = max;d;. Then :L"f € a for all 4,
as these generate S; we have that Sy C a. If v/a = S then a = S. Thus (i7) = (4ii).
Lastly, if a D Sy for some d then Zgn+1(a) C Zyn+1(Sy) = {(0,...,0)} and so Zpn(a) = .

2.3:

a),b),c) are trivial.

d) First notice that if Z(a) = @ then IZ(a) = S, but from the previous part it might
be that /a = Sy, so we cannot assert that /Z(a) = y/a. Assuming Z(a) # & then we
have that Ign+1Zan+1(a) = y/a. Notice that all elements of /a are homogeneous, and
SO [[me[pm(Cl) = \/E

e) Let W D Y be closed, we show ZI(Y) C W. Write W = Z(a). By a) it suffices to
show I(Y) D a. This holds as W D Y implies I(Y) D I(W) = IZ(a), which by d) is
equal to v/a. The result then follows as a C /a.

2.4:

a) The previous exercise implies that there is a one-to-one order reversing bijection
between proper radical ideals of S not equal to S, and non-empty closed subsets of
P". We then notice that (@) = S and Z(S) = @, so this bijection extends to that as
stated in the question.

b) Immediate from the fact that the bijection is order reversing.

c) I(P*) = (0) which is prime.

2.5: a): Every descending chain of algebraic sets corresponds to an ascending chain of
ideals of k[xo, ..., x,] which is Noetherian.

b) Follows from Proposition [I, §I Propl.5]

2.6:
We will use the following lemma:

Lemma 1.2.1. If a ring map f : A — B is injective and extends to a map F :
Al{z;}icr] — B such that the ideal generated by {x;};c; has empty intersection with
ker F', then F' is injective.

Proof. Clearly a non-zero element of A[{z;};c;] maps to a non-zero element of B. [



There is a map

S — S(Ii)
[ flxo/ai, ..., xn/2;)

and thus a composite

Y A—>S—>S(xl

given by f — a:degff(:vo/azi, o Znxi) = f(To/Tiy ory T /) (With x;/x; omitted). This
map is clearly an isomorphism as it is just a relabelling of indeterminants. In fact, we
have:

Lemma 1.2.2. Let Y CP" be a projective variety, f € I(Y;), and P € Y NU;. Then
flei(P)) =0 <= (Bif)(P) =0
Moreover, if P ¢ U; then P, =0 and so (B;f)(P) =0. Thus f € 1(Y;) = Bi(f) € I(Y).
Thus ;(1(Y;)) = 1(Y)S(s,), and so
i+ AYi) — S /(I(Y)S@y) = SV ) @)

is an isomorphism.
This extends naturally to a surjective map A(Y;)[z;] — S(Y),,, the image of x;
under which is a unit, we thus have a map

5 ¢ (A(Y)[a]), — S(V).,

our next claim is that this is an isomorphism. This maps onto a set of generators and
is thus surjective. For injectivity, as A(Y;)[x;] is an integral domain, it suffices to show
A(Y))[z;] — S(Y),, is injective, which follows from Lemma [1.2.1]

We now show dim S(Y),, = dim S(Y') — 1. By (1.84) this equality is equivalent to
tr.deg;, S(Y),, = tr.deg, S(Y) — 1. We have

Frac S(Y) = Frac S(Y),,
=~ Frac (A(Y) i),
= Frac (A(Y; 1)

= (A(Y) ()

= (5(V)ar) )

thus
tr. deg;, S(Y') = tr.degy, (S(Y)a,),(x:) = tr.deg (S(Y)a,)

We also have that

0+1

dim (S(Y)y,), = dim A(Y;) = dim(Y N U;)
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Thus dim S(Y') = dim(Y NU;) + 1 for all ¢, notice this value is independent of ¢ and
so by exercise 1.10b) we have dim S(Y) = dimY + 1.

2.7

a) Cover P" by open affines {U;}7_,, by exercise 1.10 we have that dim P" = sup, dim U;.
For each U; we have dim U; = dim A™ = n.

b) We make use of the following fact from topology:

Fact 1. Let X,Y be topological spaces, Z C X a subset, and U C X,V C Y open
subsets. If ¢ : U — V is a homeomorphism then (U Nclx(Z)) = cly(p(U N Z)).

Y is an open subset of an affine space and so is irreducible. This in turn implies that
Y is irreducible and thus affine. The previous exercise then applies, so we have dimY" =

dim(Y);, where we recall that (Y'); = @;(clpn(Y) N U;). We have ¢;(clp. (Y) NU;) =
cly,w,) ¢i(Y NU;) by Fact [1] and this in turn is just clan ¢;(Y N U;). In other notation,

we have (Y;) = (Y);. It follows from Proposition [I, §1 1.10] that dimY; = dim (Y;). It
remains to show that dimY; = dimY. By exercise 1.10 it suffices to show for all ¢ # j
such that neither Y N U; nor Y N U; are empty that dimY; = dimY;. We have:

dim (V;) = dim(Y); = dimY
finishing the proof.

2.9:

a) First we claim I(Y) C BI(Y). Let f = f(zo,...,7,) € I(Y) be homogeneous and
consider f(1,z1,...,2,). This is such that Sf(1,z1,...,2,) = f and so lies in the im-
age of 8. Moreover, if P = (P,...,P,) € Y then the element P of Y given by the
set of homogeneous coordings (1, P, ..., P,) is such that f(P) = 0, or equivalently,
f(1,P,...,P,) = 0. That is, f € SI(Y). Since the homogeneous elements generate
I(Y) and BI(Y) is an ideal, this establishes the claim.

Conversely, let f € SI(Y) and let g € I(Y) be such that 25%%g(z1 /x0, ..., Tn/20) = [
For clarity, we distinguish Y from ¢y(Y). Since g € I(Y) we have for any P =
(Py,...,P,) € Y that g(P) = 0, in other words, 19°89g(P,/1,..., P,/1) = 0, and thus
Z(f) 2 ¢y'Y. Since Z(f) is closed this implies Z(f) 2 Y, that is, f € I(Y).

b) From the previous part, we have that I(Y) is equal to the ideal generated by
BI(Y), thus (Bf1,...,0f.) € I(Y). So the statement of the question is true if and
only if the ideal generated by B(fi, ..., f) is not contained in (5 f1, ..., Bf.). Specialising
now to the question at hand, we have I(Y) = IZ(y — 2%,z — 23) which is radical,
and so is equal to (y — 2%,z — 23). We need an element of the ideal generated by
B(y — 2%, 2 — 23) which is not in (wy — 2%, w?z — z*). Consider z(y — 2?) — (2 — 23) =
vy —z € (y— 2% z — %) so that xy — wz is in the ideal generated by B(y — 2%, 2 — 23).

This element is not in (wy — 22, w?z — 23). It remains to find generators for 1Y but I



think IY = (wy — 2%, 12 — y%, vy — 2w) VVOYkS.E

2.10:

a) Let S = k[zo,...,x,]. First notice by Exercise 2.2 we have for any ideal a C S
with I Zpn(a) # @ that IZpn(a) Nk = {0}. We therefore assume I(Y) Nk = {0}. If
I(Y) = {0} then Y = P" and so C(Y) = A" which is algebraic. If 7(Y)) 2 {0} then
any non-zero f € I(Y) has strictly positive degree and so admits (0, ...,0) € A" as a
zero. Thus if Y = Zpn (T) then C(Y') = Zpn+1(T). Moreoever, IC(Y) = I(Y).

b) Y is irreducible iff I(Y") is prime iff IC(Y) is prime iff C(Y') is irreducible.

1... This element is not in (wy — 2, w?z — 2?). In fact, one has

I(Y) = (wy — 2, wz — ay,az — y?) C klw, 2y, 2]

Remark 1.2.1 (Generators for the twisted cubic ideal). Let Y C P3 be the projective closure of the
affine curve t s (t,t2,t3), so that in homogeneous coordinates [w : z : y : 2] we have the parametrisation

t— [L:t:t%: 3.
Equivalently, Y is the image of the 3-uple embedding ps : Pt — P3,
[s:t] — [t° : st? : 5%t : s°].
Let S = klw, x,y, 2] and define the graded map

Y S = k[s,t], w13, e st2 y = s%t, 2 80,

Then I(Y') = ker ¢.
The three quadrics

fi=wy — 2, fo=wz —xy, fs=zz—1y°

all vanish under 1, hence (f1, fa2, f3) C ker.
To see equality, note that (f1, fa, f3) has the two linear syzygies

(=y)fr +af2 + (—w)fs =0, zfi+(=y)f2+2f3 =0,
so there is a graded free resolution
0— S(—=3)2 = S(=2)* = S — S/(f1, f2, f3) — 0.
Hence the Hilbert series of S/(f1, fo, f3) is

1-32+2t3  1+42¢
Hs)(f1 f2.15) () = A—0nf (12

so dimy (S/(f1, f2, f3))m = 3m +1 for all m > 0.

On the other hand, im1) is the 3rd Veronese subring @, k[s,t]sm, whose degree-m piece has
dimension 3m + 1. Thus S/(f1, f2, f3) = im is a graded surjection with the same Hilbert function,
hence an isomorphism. Therefore ker v = (f1, fa, f3) as claimed.



c) In the case where Y is a projective variety we have
dimC(Y) =dimS(C(Y)) =dim S(Y) =dimY + 1

For the general case, we use exercise 2.7. 2.11:
a) Say I(Y) can be generated by linear polynomials. Since S is noetherian we can
assume there are finitely many such generators, fi, ..., f,,. We have

Y = ZI(Y) = Z(f1, . fm) = Z(f1) N .0 Z(f)

where each Z(f;) is a hyperplane.

Conversely, notice that since P" is noetherian, we can assume Y can be written as
the finite intersection of hyperplanes Z(f1) N ... N Z(f,), the result follows from the
same calculation as above.

b) We begin by establishing the following lemma:

Lemma 1.2.3. Let f1, ..., fm be a set of linear polynomials in S. Then dim S/(f1, ..., fm)
n+1—m.

Proof. Since S/(f1, ..., fm) = (S/(f1, -, fm,l))/m it suffices to prove the case when
there is a single f;, say f. Write f = agzo + ...+ a2, and by reordering the variables
if necessary assume «y # 0. Consider the map k[zo, ..., z,] — k[z1, ..., z,] which maps
x; — x; for i > 1 and xp — ag ' (—ay29 — ... — a,x,). This induces an isomorphism
klxo, ...,z /(f) = klz1, ..., x,] and the result follows. O

Now proceeding with the question at hand. Let Y have dimension r and write
Y=2Z(fi)Nn..0Z(fm) = Z(f1,-.., fm) where each Z(f;) is a hyperplane, and moreover
assume m is minimal amongst such decompositions. We have:

r+1l=dmY +1=dmSY)=n+1-m

and thus m =n —r.
c): The solution to this question essentially comes down to the following observation:

Lemma 1.2.4. A linear variety Y in P" is a k-vector subspace of A"*! and the dimen-
sion of Y as a variety is one less than its dimension as a vector space.

Proof. That Y is a k-vector subspace is obvious, we prove the second claim by induction
onn—dimY. If dimY = n then Y is the whole space and so as a subspace of A"*! has
dimesion n + 1. For the inductive step, assume dimY = k and that {y;,...,yx41} is a
basis for Y as a subspace of A"™!. For a linear polynomial f such that Z(f)NY # Z(f)
we have YNZ(f) = Span{y1, ..., Yyp+1 Y NZ(f). Write f = apzo+...+ a2y, then YNZ(f)
is the span of the vectors yy, ..., yr41 subject to the condition 3? = Ozo_l(—alyil — =
a,y!), and so has dimension 1 less than that of Y. What we have shown is that as Y
decreases by 1 in dimension as a variety, so to does it decrease by 1 in dimension as a
subspace. O



The question at hand is now reduced to elementary linear algebra.

2.12:

a) We show that a = ) ,.,(Sg N a). The D direction is obvious. For the reverse, let
f € a and write f = Zj;o f; where all but finitely many f; = 0 and deg f; = j for
all j. It suffices to show that (f;) = 0 for all j, but this follows from 6(f) = 0 as
i # 7 = deg0(fi) # degf(f;). That a is prime follows from the fact that 6 is a ring
homomorphism with codomain an integral domain.

b) Here we follow the convention that M; = z¢ for i = 0,...,n. That impy; C Z(«)
is obvious. For the converse we come up with a description for a: for every sequence
(Jos -y jn) of integers such that j, < d and Y_}_,jr = d we have that y’...y/» maps
under 6 to a degree d*> homogeneous element of k[, ...,z,]. Thus there exists some

_____ jn) > m such that ygoyg; — yfn(jo maps to zero under . Thus if P € PV is

such that P € Z(ker ) we have that P is a root of a polynomials of the form
Yo YN = Yo (1)

First consider the case where d is even. The equations show that for [ > n the
element ¢; is determined by ag, ...,a,. Thus P = pe([¥ay : ... © Ja,]). Now con-
sider the case when d is odd. Again we obtain a family of equations which show that
for [ > n the element q; is determined up to sign by aq,...,a,. Now, by considering
aoaf’2ai = aﬁh o 1, We see that ag and a; have the same sign. A similar argument
shows ag and ai have the same sign. Thus by multiplying (ay, ..., ay) by —1 if necessary

we again see P = py([ao : ... : /an)).

c) In the case that d is odd the preimage of a point P € imp; can be recovered
by the first n elements of P and so py is injective. In the case when d is odd we can
recover the preimage up to sign and then the argument given above shows the first n
elements all have the same sign, thus pg is injective.

If P e P and f € k[xg, ..., zn]| a polynomial such that f(ps(P)) = 0 then the polyno-
mial f(Mo, ..., My) vanishes at P and conversely. So if we write mon f for f(My, ..., My)
and mon I(Y") for the ideal generated by {mon f | f € I} then it follows that for an
algebraic set Z(b) we have p;'(Z(b)) = Z(monb), thus py is continuous.

Next we show this map is closed. Let Z(b) be an algebraic subset of P". Then
pa(Z(8)) = Z(071(b)) N Z(kerd). This is true because for all g € 071(b) and all
P € Z(b) we have 0(g)(P) = 0 if and only if g(ps(P)) = 0.

d) This amounts to calculating the kernel in this specific case which should be what is



written in red in 2.9l

2.13: Since Z is of dimension 1 which is 1 less than 2 = dimP? we have that
Z = Z(f) for some irreducible f € S?. Let My,..., M5 be the degree 2 homoge-
neous monomials of S? and write f = Z?:o a; M;. Then let g = Z?:o a;y;, we claim
Z(g)NY = pa(Z(f)). By the solution to the previous question this amounts to showing
Z(g)Nimpy = Z(071(f)) N Z(ker§). For P € P? and h € 67!(f) we have

h(p2(P)) = 0 <= 0(h)(P) =0

from which the result follows.

2.14:

Zij > LY. Say P € P+t is such that P e Z(ker#). Then in particular, P is a root
of every polynomial of the form z;;2,; — 2y2k;, where 0 <7,k <rand 0 < j,1 <s. Let
{P;;} be a set of homogeneous coordinates for P and now fix a pair of integers (a, b)
such that Py, # 0. For all0 < k < r and all 0 < j < s we have P,;/Ps = Py;/Puw

which implies:
P,;

! Py, = Py
P, j
Thus we can recover all Py; from the set { P, ..., Pas, Pop, ..., Prp . We write P as
P, P P,
P:[GJP] = (P:...:Pr,—a:...: as)
Pu Ploskero<iss v P J [Pab Pap

which shows Z(ker ) C im. The other direction is trivial.

We observe that the above also implies that ¢ is injective: let (P,Q), (P, Q') €
P" x P* whose image under 1 are equal, for clarity we write

W(P,Q)=[PoQo: ... : PoQs: ... : P.Qq : ... : P.Q]
=[RQy: ... : PByQ.: .t PIQy st PLQL = (P, Q)

2d) In the case (n,d) = (1,3), the map p3 : P* — P3 is

[s:t] — [t3: st : st : s7].
Writing homogeneous coordinates on P3 as [w : x : y : 2], the kernel ideal is
ker 0 = (wy — 22, wz — zy, 2z — y?),

i.e. the ideal of the twisted cubic. See Remark for a proof.
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and let A # 0 be such that

(PoQo: oo : PoQs t oo i PoQo i ot PeQg) = M PyQp : ot PYQ : o s PIQG - P,{(Q%)
2

From the above, there exists pairs of integers (a, b), (a’, ") such that

P Pl /
RAPQ=RQ  wd RGO, 3)
Thus forall 0 < £k <r,0< 75 <s:
P.Qj;
P.Q; = iz QZ PrQy by
AP
== Qb] APQ}, by
PLQy ( Py
— \2La ( i pr )
P Qb PLQ;, k@
P.Q,
e g by @

proving (P, Q) = (P', Q).

2.15:

a) Since imy = Z(ker#) (0 as in the previous question) it suffices to show ker§ =
(200211 —201210)- Let f € ker . We write f = (200211 — 201210)™ f1+ fo for the largest pos-
sible integer m. Let a®®dd he the coefficient in front of f, in front of 24325229 2% and
let gd192d3d4 he the coefficient of 0(f2) in front of (woyo)® (zoy1 ) (z1y0) % (z1y1)™. We
have 6(f2) = 0 and so by linear independence 341924341 = () for all sequences d;dydsdy.
We have g1 = !0 4 o010 — ( and so o' = —a®10 5o either both are zero or
neither are. If neither are then fo = (200211 — 201210) f3 + fa contradicting maximality
of n. Thus both are zero. The final claim is for all sequences d;dsdsd, other than 1111
we have q®d2dsds — pdidadsds which can be proved by induction on such sequences in

lexicographic order. Thus fo = 0 and f € (200211 — 201210)-

2.16:
a) We have

Q1N Q2 = Z(a* —yw) N Z(wy — zw) = Z(2* — yw, vy — zw)

Multiplying 2y — zw = 0 by y we have zy? — zyw = 0. Substituting 22 — yw = 0 into
xy? — zyw we get

ry? — 22? = x(y? — 2x)
which means either z = 0 or y? — zo = 0, we will show that x = 0 corresponds to the
line, and 3% — zx corresponds to the twisted cubic curve.
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Say x = 0. Then since 22 — yw = 0 we have that either y = 0or w =0. If y = 0
then since zy — zw = 0 we have either z = 0 or w = 0 with the other variable arbitrary,
this corresponds to a line. If y # 0 then multiplying zy — zw = 0 by z? we have
23y — x%2w = 0 which by substituting yw for z? gives

23y — zyw? = 0 = y(2® — 2w?) =0

which since y # 0 implies zw? = 0 so either z = 0 or w = 0 with the other arbitrary.
This also corresponds to a line.

Now say x # 0 so y?> — zz = 0. Then we have
Q1N Q2 = Z(2* —yw,zy — zw,y* — 2w)

which assuming the postulated solution of Exercise 2.9b is correct, gives the twisted
cubic curvell

b) I(C) = (2% — yz), I(L) = (y), and I(C N L) = (x,y). Thus we need to show
(2?2 —yz) + (y) # (z,y) which is clear as z # (2% — y2) + (y).

1.3 §3

3.1

a) We saw in exercise 1.1 that there are two possibilities up to isomorphism for the
affine coordinate rings, and so there are two possibilities up to isomorphism of corre-
sponding conics. Since A and A!\ {(0,0)} are conics, we are done.

b) Any open subset of Al is equal to A' \ V where V is a finite set of points. Let
v € V, then 1/(z — v) is an invertible element in O(A!' \ V) and is not in k, thus
O(AT\ V) # O(AY).

c) Let f € k[zg,x1,22] be homogeneous, irreducible and degree 2. Then f can be
written as x7 Mz where 27 = (g, 71, 3) and M is some symmetric matrix. Since M is
symmetric and k is algebraically closed, there exists an orthogonal matrix () such that
QT MQ is diagonal. The matrix @ corresponds to a linear isomorphism ¢ : P? — P?
and so is an isomorphism of varieties such that the following diagram commutes:

P? = > P?
[
ACZVED) G Z(xTQTMQux)

3Now say = # 0 so y2 — zz = 0. Then we have
Q1N Q2 = Z(z* — yw,xy — 2w,y — 2w)

which gives the twisted cubic curve.
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Moreover, @q(Z(x¥' Mz)) = Z(z"QTMQz) because P € z(z' QT M Q) if and only if
QP € Z(z"Mz) (both of these are the statement: PTQT"MQP = 0). Thus ¢q [ 77w
is an isomorphism of varieties.

The upshot is that we may assume f = \jz2 + A\ox? + A\323. There is another linear
transformation given by the diagonal matrix with ii entry equal to 1/A; which shows
that in fact we can assume f = x2 + 2?2 + 3, that is, all conics are isomorphic to one
in particular, thus are all isomorphic to each other. To finish the question, we can
simply observe that P! is isomorphic to its image under the 2-uple embedding and thus
is isomorphic to all conics.

e) Follows from Theorems 3.2 and 3.4.

3.2

a) This is clearly bijective. To show bicontinuity it suffices to show that every proper,
closed subset of Z(y* —x?) is finite. Let T be such a closed set, then T' = Z(y* —z*)NT’
for some closed set 7" which can be written as a finite union of irreducible components,
T' =T/U...UT). Since this union is finite it suffices to show Z(y* —2*)NT! is finite for
each 7. Fix an ¢. This set can itself be written as the finite union of irreducible elements,
Zy?—2*)NT! =Y, U...UY,, say. We show dimY; = 0. Since T is a proper subset,
Y; € Z(y* — 2?) and so it is sufficient to show dim Z(y* — 2%) < 1. By considering the
map k[z,y] — k[t] such that z — 3 and y — t* we see that (y* —z?) is prime, and thus
Z(y* — %) is irreducible. This is a proper subset of A? which has dimension 2 and so
dim Z(y* — 2®) < 1.

Now, to see that this is not an isomorphism, we assume to the contrary that it is.

—1
The map A" %5 Z(y? — 2%) £ Al is regular and so t = ¢ 'p(t) = ¢ (2, %), where
¢! must be a polynomial. No such polynomial exists so this is a contradiction.

b) This is bijective and thus bicontinuous. That it is not an isomorphism follows
from the fact that ¢ — ¢'/? is not a polynomial.

3.3:
a) For every open set U C Y there is a map

¢: Oy(U) — Ox(¢7'(U))
f=fop

and Ox (¢ *(U)) maps to Colimys,(p ' (U)) which by the universal property of this
colimit maps to Ox p. Similarly, Oy (U) maps to Oy,,py which by the universal prop-
erty of this colimit maps into Colimys,(¢ ' (U)) hence we get a map Oy, ,p) — Ox.p
given by [f] — [f o ¢]. It remains to show this is a homomorphism of local rings, but
this is clear as if [f] € Oy, (p) is such that f(¢(P)) =0 then (f o p)(P) =0.
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b) First we show that ¢ is a morphism. Let U C Y be open, and f : U — Al
regular. We need to show f o is regular at every point. Let P € ¢! (U) and consider
[f] € Oy,(p). The image of [f] under ¢} is represented by f o ¢ suitably restricted,
thus there is some open subset W C X containing P such that (f o ¢) [ is regular,
that is to say, f o ¢ is regular at P.

Now we show ¢! is a morphism. First notice that by uniqueness of inverses, ¢!
can be given explicity by [f] + [f o ¢!']. The argument is identical to above.

c) Let [f] # [g9] € Oyup) be represented by f : Uy — Al and g : Uy — Al re-
spectively. Since [f] # [g] we have that f and ¢ are not equal on U; N Uy so we can
assume U; = U,, let U denote this set. We see that since f, g are regular, the fact
they’re unequal on U implies they’re unequal on U N ¢(X). This holds true for all U
and so ©h[f] # ¢hlg], thus ¢} maps distinct elements to distinct elements and so in
injective.

3.4:

We will make use of the map 0 : SV — S™ with kernel a given in the statement of
Exercise 2.12. We have already shown in exercise 2.12 that py is a homeomorphism, so
by the previous exercise it suffices to show p} : O, pu(p) — Opn p is an isomorphism
for all P € P". Let P € P" and write @ for py(P). By Theorem [I], §T 3.3 3.5] we
have that Opmp,.0 = (SN /0)(my) and Opn p = (mp) Where S™ = k[zg, ..., x;n]. So the
problem is reduced to finding an isomorphism 7 : (S™/a)(my) — Stwpy such that the
following diagram commutes:

*

Pd
Oimprq —— Opnp

o »

(SN /@) (mg) —— Spup

There is an injective map 6 : S /a — S™ such that (mg) C mp, so this induces a map
(SN /a)mg — (S™)m, which since SV /a and S™ are integral domains is also injective.
Lastly, # maps degree e elements to degree de elements, thus the elements of degree
0 map injectively to those of degree 0, we thus have a map (SN/a)(mQ) — (5™) (mp)
which we take to be 7. Notice that the collection of rational functions in (S™)(w,) are
generated by the quotient of two degree d monomials of S™, which lie in the image of
7, thus this map is surjective and thus an isomorphism.

It remains to show commutativity of (4). For any m > 0 denote k[z1, ..., zn) by A™,
and let pick ¢ such that P € U;, we have the following isomorphisms: Opy,,,0 —
AN((im pa)i)m;, and Opn,p — (A")w, where mg is the maximal ideal corresponding
to @ and similarly for m’,. Now can then be extended to the following commuting
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diagram:

AN((impd)i)m/Q """ > (An)m’p (5)
(S /@) ) = Sfa)

where the dashed arrow is induced by 6 and the vertical arrows are isomorphism.

Remark 1.3.1. Commutativity of the top square of (arguably) should be justified:

Lemma 1.3.1. Let o : X — Y be a morphism of varieties with X,Y affine, then for
all P € X the following diagram commutes:

SD*
OY,@(P) — OX,P

T | (6)

A(Y>m¢(P) &) A<X)mp

Proof. The morphism A(Y)%(P> — Oy(p) is given by [f]/[g] — [vs/4] where v/
Y — Alis given by y — f(y)/g(y). The map @, maps [f]/[g] to [f o ¢]/[go ¢].
Denote by 7rp/gp 1 X —> A' the map given by @ — (f o ¢)(z)/(g 0 ¢)(z). Then the
image of [f o ¢]/[g o ¢] under the right, vertical map of (6] is [yf,/g,) It remains to
show [v¢/4 0 ¢] = [Vf4/ge) Which is clear. O

3.5:
Let f € S™ be a homogeneous, irreducible polynomial such that H = Z(f). Write
f= Z;‘V:o a;M;. Then by the solution to Exercise 2.12¢) we have that ps(Z(f)) =
Z(071(f)) Nker so it remains to calculate §~'(f). This is just the ideal generated by
Zj'v:o a;y; which is linear.

There exists a rotation matrix Ry : P — P¥ which maps the hyperplane to Z(z;) for
some x;. Multiplication by this matrix gives a family of polynomials and so zero sets
are sent to zero sets and regular functions are mapped to regular functions. Thus this
is an isomorphism.

3.6:

First we show that O(X) = k[z,y], this isomorphism might seem strange at first be-
cause surely 1/(z? + 3?) is a unit in O(X) but not in k[x,y], however, 1/(z* + y?) is
not an element of O(X) as we are working with an algebraically closed field &, and so
in fact has infinitely many solutions, not just (0,0).
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First notice that if Y is an affine variety and Y is an open subset then K(Y) = K(Y”).
Thus K (X) = K(A?) & k(z,y), also, O(X) embedds into k(z,y). Now, let f/g € O(X)
be arbitrary. g can only be 0 when f is which is finitely many times and so g is a con-
stant this statement follows from Bezout’s Theorem. Thus O(X) = k[z, y] E|

To finish the question, we notice that the identity map k[z,y] — k[x,y] corresponds
under the equivalnce Hom(A? X) = Hom(k[z,y], k[z,y]) to the inclusion function
X »— A? which is clearly not an isomorphis

3.7:
b) (which implies a) we make use of the following lemma:

Lemma 1.3.3. IfY is an irreducible subset of a toplogical space X and Y’ CY is also
an irreducible subset of X then Y is irreducible as a subset of Y.

Proof. Let Y =UUV where U =U'NY’, V=V'NY' with U, V' C X closed. Then
Y=Y'UY=(UnY)u(V'nY)uy=UnY)u(V'uYy)=U'0UV’

which implies that U’ = Y, say. Thus Y’ = Y’ N U’ = U which shows that Y’ is
irreducible. L

“Now we compute I'(X, Ox) directly. Cover X by the principal opens
D(z)=A’\Z(x) and  D(y) =A*\Z(y),

so X = D(z) U D(y) and D(z) N D(y) = D(xy).
Then

[(D(2),0) = Kz, g, T(D(y),0) = klz,gly,  T(D(xy),0) = klz, yluy.
By the sheaf condition,
I'(X,0x) = k[z,y]s N k[z,y], C Frac(klz,y]) = k(z,y).

Lemma 1.3.2. Let R be a UFD and let f,g € R be coprime. Then inside Frac(R) one has

RyNR,=R.
Proof. If h € Ry N R, write h = a/f™ =b/¢g™ with a,b € R. Then g"a = f™b. Since ged(f™,g¢") =1
in a UFD, we have f™ | a, say a = f™c. Hence h = ¢ € R. O

Applying Lemma with R = k[x,y], f =z, g = y gives

k[‘rvy]a: N k[xvy]y = k[l‘,yL

so I'(X, Ox) = k[, y].
5A common pitfall: 1/(z%+ y?) is not a regular function on X = A%\ {0} (over algebraically closed
k) because 2% + y? vanishes on the curve Z (22 4 y?), which contains infinitely many points of X.
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Now onto the quesiton at hand. Say HNY = @. Then Y C P"\ H. By Lemmam
we have that Y is an irreducible, closed subset of P"\ H which by Exercise 3.5 is affine.
Thus Y is both affine and projective so by 3.1e it is thus a point. This means dimY = 0.

3.8:

We prove something more general, that if Y C IP” is an open set then the regular func-
tions on Y are constants. First notice that in this setting, K(Y) = K (P"). We also have
that O(Y") embeds into K(Y), so since K (P") = 5, a regular function f : Y — Al
can be thought of as a fraction fi/fys where fi, fo € S™ and deg fi = deg fo. Using
that k is infinite and again using Bezout’s Theorem we have that fs is a constant which
implies deg f; = 0 and so is also a constant.ﬂ

3.9:

S(X) =St and S(Y) = 5%/(xory — x3), the former is a UFD and the latter is not, as
2

Ty = Todq-

3.10:

Let U C Y’ be open and f : U — Al regular. Write f = fi/fo where f is nowhere
zeroon U, and U = U'NY’ where U’ C Y is open. Then U' N Z(f5)¢ is an open subset
which extends f, and so f o : U N Z(fy) — Al is regular as ¢ is a morphism and
thus so is its restriction to X'.

Observation: The fact that X', Y’ are locally closed is not integral to the restriction
of ¢ respecting regular functions, this assumption is here so that X', Y’ are varieties in
their own right.

3.11:

63.8:
We prove the correct statement:

F(Pn, O]P’n) == k.
Let f € I'(P™, O). Viewing f in the function field K(P"), we can write

f=

Ql=

with F,G € E[xo,...,2,] homogeneous of the same degree and gcd(F,G) = 1. Since f is regular
everywhere, G must be nowhere zero on P".

If deg G > 0, then G is a nonconstant homogeneous polynomial. Over an algebraically closed field,
any nonconstant polynomial has a zero in affine space, hence G vanishes somewhere on some chart U;,
so Zpn (G) # @, contradiction. Therefore degG = 0, so G € k*, and then also deg F' =0, so F' € k.
Thus f € k as required.

Remark 1.3.2. The analogous statement for an arbitrary open subset Y C P™ is false: for example
P\ Z(z) = A™ has many nonconstant reqular functions.
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For each closed subvariety X’ C X containing P define the set px := {[(U, f)] € Op |
f Ix= 0}, we claim the map given by X’ — py- is a bijection.

We use the following Lemma:

Lemma 1.3.4. Let X be an affine variety and U C X a quasi-affine variety. Write
U = Z(a)® There is a bijection:

Y {Irreducible, closed subsets V. C U} — {Irreducible closed subsets V- C X such that V £ Z(a)}

Proof. First we show this map is well defined. Irreducibility is transitive (Lemma [4]
§lrreducible sets]) so since V' is an irreducible subset of U it is also of X, moreover the
closure of an irreducible space is irreducible, thus V is irreducible. It is clearly also
closed and not contained in Z(a) otherwise it must have been the empty set which is
not irreducible.

There is an inverse ¢ to this function which maps V' to V N U. This is also clearly
well defined, where we note that VNU # @ as V € Z(a).

Now we show this is in fact a bijection. ¢y (V') = Clx(V)NU. Since V C U is closed,
write V = V' NU where V' C X is closed. We claim Clx (V' NU)NU = V. We have
VCUandV =V'NUsoV C Clx(V'NU)NU. We show the reverse inclusion. V' is a
closed set containing V'NU and so Clx (V'NU) C V/, thus Clx (V'NU)NU C V'NU = V.
Thus (V) =V.

Conversely, we need to show Clx(W NU) = W, but this is true as U is open and
thus dense. O

In particular, Lemma implies that fpr any P € U, there is a bijection between
the irreducible, closed neighbourhoods of P € U and the irreducible, closed neighbour-
hoods of P € X.

Now back to the question at hand. Assume X is affine. There is a bijection between
the prime ideals of A(X) containing mp and the irreducible, closed neighbourhoods of
P in X, so the affine and quasi-affine cases are solved.

In the projective case, for any U; such that P € U; we have:

y" : {Irreducible, closed nbhds V' C U; of P} — {Irreducible, closed nbhds V C X of P}

which is a bijection (proof left to reader). Since U; is affine this reduces to the previous
case.

3.12:

There are three cases to consider. First assume X is a quasi-affine variety. Then
dim X = dim X by Prop 1.10 and dim X = dim Ox p by 3.2c and stalks can be calcu-
lated locally so dim Ox p = dim Ox p.
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Say X is a projective variety. Then cover X by affine U; and note that from Exercise
2.6 we have dim X = dim X;. We thus have by 3.2c that dim X; = dim Oy, ,,(p) and
again stalks can be calculated locally so dim Oy, ,,(p) = dim Ox p.

Lastly, say X is a quasi-projective variety. Then by Exercise 2.7b we have dim X =
dim X and so we have reduced to the previous case.

3.13: Define my = {[(U, f)] € Oy.x | f [y=0}. We claim this is the unique maximal
ideal of Oy x. Let [(U, f)] € Oy,x which is not an element of my, then there exists
some y € Y such that f(y) # 0, let V, > y be an open neighbourhood of y such that
f=fi/feinV,. Then V, NY N Z(f;)°is an open set containing y and so in particular
is non-empty. Thus [(V, NY N Z(f2)¢, f2/ f1)] is inverse to [(U, f)].

There is a ring homomorphism Oy, x — K (Y') such that [(U, f)] — [((UNY), f Tvny
|. Say we have a representative (U, f) of an element [(U, f)] € K(Y). There exists an
open subset U’ C U on which f = f;/f, with fs nowhere zero on U’. U' =U"NY for
some open subset U” C Y and so f extends to a regular function f on the open subset

U"NZ(fy)¢ of X. The element [(U" N Z(f2)¢, f)] maps to [(U, f)] and so this map is
surjective. The kernel is my and so we have Oy x/my = K(Y).

For the dimension claim, we cover X with open affines and appeal to Exercise 2.6
and Proposition 1.10 to reduce to the case where X is affine. We use Proposition 1.10
again to replace Y with Y which is to say we can assume Y is also affine.

First notice that there is a projection map A(X) — A(Y') with kernel my and so
A(X)/my = A(Y), so in particular dim A(X)/my = dimY. Next we have ht.my +
dim A(X)/my = dim A(X), and so ht.my = dimX — dimY. It remains to show
ht. my = dim Oy, x but this follows from Oy x/my = K(Y') just established.

3.15:
a) Let X xY = Z; U Z, with Z; closed. Write Z; = Z(a;) where the a; are ideals in
klxy,...,x,) and k[xy, ..., z,,) respectively.

Consider X; :={x € X | {z} xY C Z;}. First we show X;j U Xy, =X. Let « € X
and consider the sets Y;* = {y € Y | (o,y) € Z;}. These are closed as Y,* = Z(ev, a;)
where ev, a; := {f(a,y) | f € a;}. Since Y is irreducible we have Y/* =Y say, and so
a€e X CXjUX,.

Now we show that X; are closed. This is easy as X; = Z(Ugey evga;). Thus X; = X
say (as X is irreducible) and so X x Y = Z;.

b) We show that A(X xY') along with the obvious projection maps satisfy the universal
property of the coproduct in the category of commutative k-algebras.

Assume given maps ¢; : A(X) — B and ¢ : A(Y) — B where B is some k-
algebra. Let ¢ : A(X X Y) — B be the map satisfying [z;] — ¢1([z;]) for ¢ < n and
[z;] = @a([x;]) if i > n. This is well defined as if f € I(X x Y') then for each monomial
[#]'...zdn+m] we have

Flad am]) = f(a]) o f ([2a, )70 = gi[ea o, [t = 0
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Uniqueness of this map follows from linearity and commutativity with the projection
maps. Thus A(X xY) = A(X) @, AY).
c¢) Follows from Proposition 3.5 and the previous part.

d) We need:

Lemma 1.3.5. Let A — B be integral where A, B are k-algebras. Then Frac A —
Frac B is algebraic.

Proof. Let a/b € Frac A and f = 2" + Z?_S a;a? € k[z] such that f(a) = 0. Then

0= (L)@ 1)+ () Y 00 /1) = (afo)" + 3 b o)

]

This problem reduces to proving dim(A®yB) = dim A+dim B for finiately generated
k-integral domains A, B. Notice that we have know A ®; B is an integral domain by
part b). Using Noether Normalisation there exists sets of algebraically independent
elements 71, ...,7,. € A and 4y, ...,0, € B with dim A = r and dim B = s such that A is
a finitely generated k[, ..., 7,]-module and B is a finitely generated k[d1, ..., 0s]-module.
We next claim the map determined by

kX1, .o, Try Y1y Ys) —> AQy B
Y — 1 ®y 0

is injective. Say we have thisﬂ. Thus we have an (r + s)-variable polynomial subalgebra

"We next claim the map determined by

k[xla"'vxraylv"'ays} —>A®kB

T =y @1
Yj 1® (5]*
is injective.
Remark 1.3.3. Since k is a field, tensoring over k is exact. The inclusions klv1,...,v] — A and

k[d1,...,05] = B are injective (the v; and &; are algebraically independent). Thus
k[y] @k k[6] — A @4 k[0]

18 injective, and then
A @y k[d] = A®y B

1s injective as well. Composing gives an injection
k[y] @ k[0] = k[, 0] — A®y, B,

which is exactly the claimed map.
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of A®y B. It remains to show that tr.deg,(A ®; B) = r + s. Since A ®; B is an
integral domain (see the comment at the start of this proof), we reduce to showing
E[{vi ®k 1},{1 ® §;}] — A ®; B is an integral extension, in fact we show it is a finite
morphism. We know that all products of all powers of elements in {v; ®x 1} U{l ®; 0;}
form a generating set for A ®; B, it remains to show that a finite subset will do. The
modules A and B over k[yy,...,7,] and k[dy, ..., 0] are finite, thus for all pairs (v;, ;)
there exists a least integer n;; such that ;" and 67" can both be written as a linear
combination of products of powers of the v; and 9; respectively with powers less than
ni;. Thus finitely many elements generate all elements of the form (y; ® d;)". Thus
finitely many elements generate all products of such elements. Thus finitely many ele-
ments generate all of A ®; B.

3.16:

a), b) Both a) and b) follow from the following observation: let X = Z(a), Y =
Z(b), (P,P) € X xY, (fi,f2) € axb. Then write fi(xo,...,2n) f2(Y0, .-, Ym) aS
Z?:O Z;nzo Qi T3y Define g({z,]}) = Z?:O Z;nzo Q255 We have fl(Pl)fQ(PQ) =0 if
and only if g(v(Py, P)) = 0.

3.17:

a) By Exercise 3.3b) it suffices to consider an isomorphic variety. By Exercise 3.1¢c we
know that every conic in P? is isomorphic to P! so it suffices to show this is normal.
Indeed Op1 p = kg, Z1](mp) Which is normal if k[zo, 2] is. Indeed k[zg, 1] is normal
as it is a UFD.

b) Attempt at a direct approachﬂ First notice that (zgzy — zox3) is prime and
50 S(Q1)m,) = klwo, 1,22, 23]/ (o1 — T223)(mp). Let f € S(Q1)m,)[X] by a monic

polynomial and g € S(Q1)) be such that f(g) = 0. We write g = g1/g2 with go # 0 so
that:

£(9) = (1 /92)" + 3 on/02)' =0

We clear denominators to obtain
n—1 n—1
n __ n—j j __ n—j—1 j
—91 = E :%‘92 g1 = 92 E &390 g1
j=0 j=0

and so ¢g2(P) = 0 = ¢;(P) = 0. It thus remains to show g;(P) # 0 and to show this we

8b) Let @ C P3 be the quadric surface Q = Z(zor; — 1223). Set F = x0x1 — 2ow3. Then
8:170F =T, &EIF = Xy, 8952F = —I3, 813F = —X9.

These partial derivatives vanish simultaneously only at (0,0,0,0), which is not a point of P3. Hence
@ is nonsingular.

A nonsingular variety has regular local rings, and regular local domains are integrally closed. There-
fore @ is normal.
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claim ¢1(P) = 0 = g, = 0, that is g1 € (zoz1 — x2x3) (by sloppy notation). Incomplete.

c) We claim this variety is not normal at the point P = (0,0). We need to come
up with a monic polynomial f € A(y? — %), [X] and a € Frac A(y* — %) such that
f(a) =0, with a & A(y? — %), [X]. Take f = X? — 2% and a = y/x, we have

fla)=a®—a2* =y*)a? —2® = y? 2 — 2%z = (y* — 2%)J2 = O

3.21:

a) This reduces to showing that for polynomials fi, fo € k[z] we have fi(—z)/f2(—x)
is a quotient of polynomials.

b) This reduces to showing that for polynomials f, fo € k[x] we have fi(x™1)/fo(z71)
is a quotient of polynomials which is true as this equals 2" f3(x)/ fs(z) for polynomials
f3, fa € K[x].

c) Given @1, ¢3 € Hom(X, G) we define @; - s : X — G to have action on x € X given
by p1(x) - pa2().

d) We know Hom(X,A') = Hom(k[z], O(X)) = O(X) so it remains to show this is a
group homomorphism which is an easy check.

e) Similar to d).

1.4 §4

4.1 Let h be the function described by the question. Let P € U UV and assume
without loss of generality that P € U. Since f is regular on U there exists an open
neighbourhood V' C U of P for which f [yv= fi/fs, with f; nowhere zero on V. This
same neighbourhood V C U C U UV can be taken to show that h is regular at P.

4.2 First we show the same claim for morphisms. Let X,Y be varieties, Uy, Uy C X be
open subsets of X and let ; : U; — Y, i = 1,2, be morphisms of varieties which agree
on U;NUs,. Let h denote the function which is equal to ¢; on U;. Say V C Y is an open
subset and v : V' — k a regular function. We obtain regular functions yoyp; : U; — k
which glue to a regular function U; U Uy — k by the previous question. Thus h is a
morphism.

The question at hand reduces to this previous considering by picking representatives
of the two rational maps.

4.3:
a) This function is defined on Uy and the corresponding regular function is given by
the same rule.

b) This extends to
P2\{[0 : 0 : ]‘}} —>]P)17[P07P17P2] — [P()?Pl]
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This cannot be extended further lest [0: 0: 1]~ [0: 0] & P,

4.4:
a) Recall that any conic is isomorphic to P! and so in particular is birationally equiv-
alent to it.

b) Define the map
Z(y* = 2°)\{(0,0)} — P
(z,y) — [z : 9]
This clearly pulls back regular maps. Define also isomorphism with inverse:
P\ Z(z) — Z(y* — 2°)
[ 2yl — ((y/2)*, (y/2)°)

These maps induce birational maps.

¢) This map can be given explicitly. If [Py : P, : P,] € Y then its image is

1.5 §5

5.9: Using Exercise 2.5b0 we write Z(f) = Z(f1)U...UZ(f.) = Z(f1...[,), assume that
r > 1. Now, using exercise 3.7 we have that Z(f1)NZ(f2) # @, solet P € Z(f1)NZ(f2).

We have: of  of of
5= po o f) + o (e fo) 5 (7)

Evaluating (7)) at P yields the value 0. Likewise, g—i(P) = %(P) = 0, contradicting the
hypothesis. Thus r = 1.

2 Chapter 2

2.1 §1

The question labelling is taken from [I], IT §1]
1.1:
We denote the constant presheaf associated to A by C4 and the constant sheaf o/. We
construct a third sheaf .# and show C} 2 .7 = &

For an open set U with connected components {U;}ic; define .#(U) = [[,.; A. Let
V' D U is an open superset of U with connected components {V; € J},cs. There is a
collection of maps ¢;; : Z#(V;) = A - A = F(U;) which is the identity if U; C V; and
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the zero map otherwise. Composing these with the inclusions % (U;) — % (U) induces
a morphism .# (V) — % (U) which we take as the restriction map corresponding to
U C V. This is clearly a sheaf.

To see that .# = o7, notice that a function s : U — A in &7/ (U) is clearly equivalent
to giving an element of A for each connected component of U.

To see that O = . let U be a connected open subset and s an element of C'} (U).
There exists a cover of opens {U;};c;r and elements a; € A such that if u € U; then
s(u) = (a;)y. For all U; NU; # @ we have a; = a; and U is connected, so the data of s
amounts to a single element a € A.
1.2a:

By essential uniquenes of colimits it suffices to show that im ¢, is a colimit Colim/s, im ™ (U).
Let s € ime™(U) and take V' 3 p and ¢t € im@(U) to be such that for all v € V we
have s(v) = t,. Then the equivalence class [(V, )] gives an element of im ¢, and so we
have a collection of maps im ¢*(U) — im ¢,. Thus im ¢, is a cocone. Now say that K
were any abelian group and there was a collection of morphisms ¢y : (imp™)U — K
coherent with the restriction morphisms. Coherency here ensures that the image of any
lift t € im (V) of any [(V,t)] € im ¢, under im p(U) — im p™(U) — K is mapped
to the same element. That is, there is a well defined morphism im ¢, — K, which
indeed is unique.

1.2b

This follows easily from the definition of monomorphism /epimorphism combined with
the fact that for any pair of morphisms v,~" : J# — _# subject to v, = 7, for all p
then v =+,

1.2¢

Essentially an application of the previous two parts. The forward direction is by 1.2a:
taking stalks at p at all parts of the diagram yields a sequence

. i—1 . i .
e TV g T gl
Since ker ¢’ = im ¢'~! it follows that ker ¢! = (ker ¢'), = (im¢'™"), = im ¢} .
The converse is by 1.2b: since (ker '), = (im '~ 1), for all p, we have that ker p' =
il
im 't

2.2 §2

2.1
Let [ : A — Ay be the localisation map and [ Spec Ay — Spec A the induced map
on spectrum. We first claim that this factors through a bijection [ : Spec Ay — D(f).
To see that this is well defined, notice that if p C Ay is prime, then p N A C A is
also prime and does not contain f, so pN A € D(f).
To see that this map is bijective, notice that if q¢ € D(f) then qAy is prime and so
we have a map [ : D(f) — Spec Ay. It is easy to show that for p € D(f) we have
pA;Np =p and for q € Spec Ay we have (qN A)A; = q, and so [is a bijection of sets.
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To show bicontinuity we show that both [ and [~! are closed maps.

Let a C A; be an ideal and consider the closed set V' (a) C Spec A;. Then it is easy
to show that I[(V(a)) = V(anA) N D(f) (show that if p € D(f) then p D a if and only
if pNA D a2 A). On the other hand, if a C A is an ideal, then it is easy to show
that [='(V'(a) N D(f)) = V(aA;) (show that if q € Spec Ay then q 2 a if and only if
qAy 2 ady).

It remains to show that [# is an isomorphism of sheaves. Let U C D(f) be open.

Let s: U — ]_[peU Ay be an element of Op(y). We need to show the mapping from s
to the composite
o) —Uv—J14— I A (8)
peU qel-1(U)

where the latter map is given by post composing with the localisation maps [, : Ai( o
(Af)q, is an isomorphism.

Since [ is a bijection it suffices to show that the localisation maps [, are isomor-
phisms. This is easy (rewrite (a/f™)/b as a/f"b).

2.2

Let x € U. Since (X,Ox) is a scheme there exists an open neighbourhood V' con-
taining x such that (V,Ox|v) = (Spec R, Ogpecr) for some ring R. Since the set
{D(f) | f € R} forms a topological basis for V, it follows that there exists f € R
such that € D(f) CV NU. Since (D(f),Ox|p(y)) is affine, as shown in the previous

exercise, this shows that (U, Ox|y) is a scheme.

2.3

(a) In general, any morphism of rings ¢ : A — B preserves nilpotency, L.E., ifa € A
is nilpotent then n > 0 : a" = 0 and so

0 =¢(0) = p(a") = ¢(a)". (9)

If x € X is a point and x € U C X is an open neighbourhood, then we can
apply the above to the morphism O(U) — Ox, to see that O, containing no
nilpotent elements for any x implies (X, Ox) is reduced.

Conversely, if f € Ox, is nilpotent, then there exists an open neighbourhood U
of x such that f € Ox(U) is nilpotent.

(b) Since X is a scheme, for any point # € X there exists a neighbourhood U of x
such that (U, Ox|y) is affine. If (U, (Ox)rea|v) is a scheme then so is (X, (Ox )red),
and so we reduce to the case where X is affine.

Say X = Spec R for some ring R. Consider the projection homomorphism 7 :
R — R/+/0 and let
f : Spec(R/v0) — Spec R (10)
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be the induced morphism of schemes. We claim first that this is a homeomorphism
of topological spaces.

The correspondence Theorem gives a bijection between the ideals of R containing
V0 and the ideals of R/ v/0 induced by m. This bijection in fact preserves order
and maps prime ideals to prime ideals. This implies f is a homeomorphism.

Now, let U C X be open and consider the homomorphism of rings

f# : OSPGCR(U) — OSpec(R/\/a)(f_l(U»' (11)

We claim that
ker £ = V0 C Ospec (V). (12)

The map f;}7£ maps a section s : U — ]_[peU R, to the composition

U —U— R = H qu>—> H R/f (13)

peU gef—! gef-!

where the equality follows from the fact that f is a homeomorphism.
Thus, if s is nilpotent then ¥Yq € f~1(U), fi (s)(q) = 0 and so /0 C ker f7.
On the other hand, if 5 € Ogpec g(U) and fif (s) = 0 then consider

2.4

Let ¢ € Homping(A, I'(X, Ox)), we define a corresponding morphism of schemes 5(¢) =
(¢,9%). Fix an open affine cover {U; = SpecA;} of X and for each pair (i, ) let
{U} = Spec A7} be open affines covering U; N U;. By Proposition [T, 2.3] the ring

homomorphisms
X

A T(X,0x) 2% A
give rise to a family of morphisms (Vi 7} ) of schemes Spec A; — Spec A.
Since Resgzj 0 = Resg”;j @; and the U’ cover U; N U; we have that v [v,nu,=
v lu,nu;» thus we have a well defined continuous function ¢ : X — Spec A.
Now we define 97 : OSpec 4 — ¥.Ox for which by the sheaf condition on Oy it
suffices to give a family ¢ : Ogpeca — V:.0x — ResU 1,Ox such that ResU U, ¢z# =

ResUmUj 1#2# . However this is exactly given by the % .

2.7
Let (f, f#) : Spec K — X be a morphism of schemes. Write z := f((0)). We have a
ring homomorphism f# : Ox, — K = K. This is a local ring homomorphism and
SO (]‘f((O)))_1 = ker(f#) = m, and so we have a homomorphism k(z) — K which
being a ring homomorphism with domain a field, is injective.

Conversely, a point x € X is equivalent to a continuous function f : Spec K — X.
Given an open subset U C X which does not contain x the function f# :Ox(U) —
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I+ Ospec kKU = Ogpec k(&) = 0 is the unique such. If € U then we have the function
fIE: Ox(U) = Ox o = k(x) = K = Ogpec k(Spec K) = Ospec i (fo(U)).

2.8:
Say we have a commuting diagram

Spec(k[e]/€)

\ |

Spec k

Notice that Spec k[e]/e* = {(€)}, and so f is equivalent to a point x € X. We consider
next the morphism of sheaves f# : Ox — J«Ospeckjg/e2- We have a morphism

7 Ox.. — kle]/€ (14)

which is local. Thus, the composition

Oxe — k2 —— MU >

€

is has kernel m,. Since this morphism is surjective, we get an isomorphism
Ox./m, — k

proving that x is rational over k.
Considering again ((14)), we have the following commuting diagram:

Ox. — kle]/é

T

m, — (e)(kle]/e?) —— k

where the left-most bottom arrow has kernel m?, and the right most bottom arrow is a
linear isomorphism. We thus obtain a morphism

m,/m2 — k (15)

as required.

Conversely, say we have a point x € X which is rational over k, along with an
element « of T,. We first note that Spec k[e]/(€?) contains a single element (¢). So we
obtain a morphism of topological spaces

f : Speck[e]/(€®) — X
(€) —> x.
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We then need to define a natural transformation
1 0x — fu(Ospeciige))-
Notice that if U C X is open an = ¢ U then we necessarily have
F+(Ospeciia () (U) = 0.
On the other hand, if x € U then
Fe(Ospecii /) (U) = klel/(€*).
Thus, we only need to define a morphism
Y Ox. — kle]/(€%). (16)
To do this, we begin by considering the following short exact sequence
0 — m,/m2 — OX,x/mi — Ox/m; =k — 0

where the isomorphism Ox ,/m, = k is due to x being rational over k. Then we obtain
the following decomposition:

¢ : Oxp/m2 = k@ m,/m2.

Thus we can define as follows: let p: Ox, — Xx./m?2 be the projection map. If
y € Ox, and (a,b) € k & m,/m2 is such that pp(z) = (a,b), then
U(y) = a+alb)e € kld/(€).

2.8
First we consider the case where X = Spec R is affine. We begin with a lemma:

Lemma 2.2.1. Let I C R be an ideal, then V (V1) is irreducible if and only if /T is
prime.

Proof. Say V(v/I) is irreducible and let ab € v/I. Then
V(VI) C V(ab) = V(a) UV (b) (17)

which by irreducibility implies V/(v/I) € V(a) or V(v/I) C V(b). Without loss of
generality assume V (v/I) C V(a). Then a is an element of every prime ideal containing
I. Recall the general fact that
VT =0 prime P (18)
p oI

Thus we have a € V1.

Conversely, say v/T = p is prime. Since V/(I) = V(1) = V(p) = {p} we have that
V(V/I) is the closure of a singleton set, which implies V' (v/T) is irreducible. O
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Now we apply this to the case where X = Spec R is affine. Consider an irreducible
closed subset Z = V/(I). Since this is irreducible, by the above lemma we have that VI

is prime. In fact, in that proof we showed Z = v/I. For uniqueness, if p;,p, C R are

such that -
it ={p} =7 (19)

then V(p;) = V(p2) which since py, po are themselves prime, implies p; = ps.

Now assume X is an arbitrary scheme and let Z C X be a closed irreducible subset.
Let {U;}ier be an open affine cover. Let i be such that U; N Z # @&. Then U; N Z is a
closed subset of U; and so is itself affine. By the first half of this proof there therefore
exists a unique generic point & of U; N Z.

Now, if ¢ # j, then we claim ¢ € Z N U;. Assume otherwise. Then & € U; \ U;
which is a closed subset of U;, and so {&} = U; \ U;. Consequently,

ZOUNV={nUNV =2. (20)

However, U,V are open subsets of irreducible Z, and so necessarily have non-empty
intersection. Thus §; € U;.
So, if V. C U; NUj is an open affine, we have

&NV =ZnUnU)NnV=nV (21)

and so & = ; by the above. Let us write  for the common element &;, ¢ € 1.

We have L -
z=Jwinz)=J{&r = Ut = {&,
i€l i€l i€l
proving existence.
Lastly, if Z = £ = &' for some pair of generic points &, £’, then for any open affine U
we have

ZNU=6ENU=E6NU (22)
which implies £ = £’ from uniqueness of the affine case.
2.11
We have:

SpecFy[z] = {(0)} U {(z —a) [a € Fp} (23)

The inclusion D is clear as for all p in the set on the right, we have F,[z]|/p is either a
field or an integral domain. The reverse inclusion follows from the fact that dim F,[z] =
tr.degl’, = 1.

For the residue fields, let a € I, and consider p = (z — «). Define

o Fplr] — I,
f— f(p)
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Then for all 5 ¢ p we have p(5) # 0 and so ¢(53) is a unit. This induces the following

~

¢ (Fplz])y — Fy

satisfying ker ¢ = pF,[z]. Noting that this morphism is surjective, we obtain an iso-
morphism:

(Fpla])p/pEp[z] — Fp.
If p = (0), then clearly

(Fp[z])p/pEp[z] = (Fplz])(0) = Frac(Fy[z]). (24)

2.16

a)

Let ¢ : U — Spec B be an isomorphism. For all x we have an isomorphism Ox, =
By(w). Thus f, ¢ m, < f & ¢(z) and so UN X; = D(f).

b)
Let {U; = Spec A;}, be a finite open affine cover of X. From part (a) we know
X;NU; = D(f;), where f; is the image of f under A — A, thus a [p(s,)= 0 for all ¢,

that is, arlUi = 01in (A4;)s. Thus there exists n; > 0 such that f"a [y,= 0. Since there
are finitely many U; we can set n = max; n; so that for each ¢ we have f'a [y,= 0. We

then have by the sheaf condition that f"a = 0.

c)

We need to define an element a € I'(X, Ox), we do this by defining an element of A;
for each 7 which agree on the overlaps. Consider b [x,ny, for each 7. We know that
Xy NU; = D(f Iv,) so we can write b [x;qy,= € (Al‘)fh]i. Since there are finitely

_a;_
1y
many U; we can write n = ), n; and let b; = f [}, a; € A;. Let Wi; = X, nU; N U
and notice that

(bi = ) Twi,= (f"7"f"0 = f*7" f9) Tw,,= 0

So by part (b) there is di; > 0 such that f%(b; — b;) lu,nv,= 0 as an element of
I(U; N U;,Ou,au,). Letting d = max; ;{d;;} we have f%(b; — b;) [v,nv,= 0, so by the
sheaf condition there is an element a € I'(X, Ox) such that a [y,= f%; and a [x,= b.

2.17

a)

The collection of continuous functions (f [p,)~' : U; — f~1(U;) = X agree on over-
laps as they are the inverse of restrictions of a common function. Thus we obtain a
continuous function Y — X which is locally an inverse and thus an inverse to f.
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Let g; denote the inverse of f# |p.: Oy |y,— f.Ox |v,. We need to show that
(9:)vinv; = (95)vsnu;- Both of these maps are equal to (f# [p,ny,) " so we are done.

Notice that a corollary of the proof of this exercise is the following;:

Lemma 2.2.2. Let {U;} be an open cover of Y and f; : X [-1w,y— Y [u, a collection
of scheme morphisms such that (f;) [v,nv,= (f;) lvinu;. Then there exists a morphism
f: X =Y such that f [y,= fi. Moreover, f is an isomorphism if and only if all the
fi are.

b)
For any sheaf X there is the unit map X — Spec'(X,Ox). This morphism is
an isomorphism if X is affine, thus we have a collection of isomorphisms X; —
Spec I'(Xy,, OXfi)' Since f1,..., f, generate 1 we have that Spec Xy, cover Spec X. The
result then follows from part (a).

2.18b)

We let ¢ : Spec B — Spec A denote the continuous map induced by ¢ : A — B.
Assume that ¢ is injective. As the collection {D(f)}sea form a base for the topology
on Spec A, it suffices to show that for all f € A, the morphism @ﬁ(f) : Ospec aD(f) —
DxOspec BD(f) = Ospec D(p(f)) is injective. Let f € A. It’s easy to show that since
¢ : A — B is injective, so is ¢y : Ay — By(s). Thus it remains to show commutativ-
ity of the following diagram:

#

OSpecAD(f) M OSpecBD(QO(f))

gT Tg

Af P ’ B‘P(f)

Which can be established by a direct calculation.

2.3 §3
Exercise 1. Hartshorne 3.1

Proof. We use the following fact from commutative algebra:

Lemma 2.3.1. Let A, B be rings and f € A an element of A. Then B is a finitely
generated A-algebra if and only if it is a finitely generated As-algebra. (Note: we mean
finitely generated as algebras, the corresponding statement for modules is false)

Throughout, a cover of an open set U means a collection of open subsets {U; C U }¢r
of U such that | J,.; U; = U. For an open affine subset U = Spec A of Y let P(U) be the
proposition “there exists a cover {Spec B, }icr of f~'(U) such that each B; is a finitely
generated A-algebra”. Let {U; = Spec A;}ie; be an open affine cover of Y such that
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P(U;) holds for each i, and let U = Spec A be an open affine subset of Y. First we
show that U can be covered by open affines {U, };¢; satisfying P(U;) for each i.

Fix i € I, let {Spec B;;};cs be a cover of f~1(U;) such that each B;; is a finitely
generated A;-algebra, and let a; € A; be such that D(a;) C U;. Let ¢;; : A; — B;; be the
ring homomorphism corresponding to the scheme morphism Spec B;; — Spec A;. B;; is
a finitely generated A;-algebra, so by Lemma [2.3.1, B ., (4,) 15 a finitely generated A;-
algebra. The collection {Spec By, (a,)} cover f~ (D(a;)) and so proposition P(D(a;))
holds.

We now have the following statement to prove: let U = Spec A C Y be an open
affine subset of Y which can be covered by open affines U; = Spec A; such that P(U;)
holds for all 4, then P(U) holds. But this follows easily from Lemma O

Exercise 2 (Hartshorne 3.14). Let X be a scheme of finite type over a field k. Then
the closed points of X are dense.

Proof. We cover X by finitely many open affines {U; = Spec A;}" ; where each A; is
a finitely generated k-algebra. Notice that by Theorem 7?7 each A; is jacobson. Fix
an ¢ and let f € A; be such that D(f) C U;. Assume that z is closed in D(f),
that is, = is a maximal ideal of (A;);. We show first that = is closed in X. The
inclusion D(f) C Spec A; induces a ring homomorphism A; — (A4;); which in fact is a
k-algebra homomorphism as X is over k. Combining this with the fact that (A;)f is
a finitely generated k-algebra gives that (A;); is a finitely generated A;-algebra and so
the preimage of = in A; is maximal, by Theorem ??. This holds for any i, and so x is
closed in all U; © x, and thus is closed in X (this step here doesn’t seem to require that
there were finitely many such Ui@- It thus suffices to show that every D(f) contains
a maximal ideal. If f is contained in every maximal ideal then it is nilpotent (Lemma
??) and thus D(f) is empty. O

9

Remark 2.3.1 (Why the point is closed in X). Being closed in an open subscheme does not auto-
matically imply being closed in X in general topological spaces (or even in general schemes). Here is
the correct finite type argument:

If X is of finite type over a field k and x € X corresponds (in some affine neighbourhood) to a
mazximal ideal, then k(x) is a finite extension of k (Zariski’s Lemma). Let Z = {x} be the closure of
x in X. Then Z is integral and of finite type over k, with function field x(x). Hence

dim Z = tr.deg;, k(z) =0,

so Z 1is a single point and x is closed in X.
Also, quasi-compactness of X (automatic for finite type over k) lets one take a finite affine cover,
but finiteness of the cover is not the subtle point; the closure argument above is.
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A Corrections

A.1 Chapter I, §1

1.4: We compare the Zariski topology on A? with the product of the Zariski topologies
on Al x Al

Let

A={(tt)|t ek} A x A
Viewed as a subset of A% we have A = Z(y — z), hence A is Zariski-closed in A%

We claim A is not closed in the product Zariski topology. Equivalently, A' x A1\ A
is not open in the product topology. Any nonempty basic open set in the product
topology has the form U x V, where U,V C A! are nonempty Zariski-open subsets,
hence U = A'\ F and V = A \ G for finite sets F,G. Since k is infinite, U NV is
nonempty, so choose t € UNV. Then (¢,t) € (U x V)N A. Thus every nonempty basic
open U x V meets A, so no union of such opens can equal the complement of A. Hence
A is not closed in the product topology, and the two topologies differ.

A.2 Chapter I, §2

2.2: Let a C S = k[zo, ..., x,] be a homogeneous ideal and let S, = (zo,...,Z,).
We prove the equivalences:

(i) va 2 S, (equivalently /a =S, or y/a=2.9);

(iii) a D S, for some d > 0.

(1)=(ii). 1f Zpn(a) = @, then the affine zero set Zyn+1(a) is either empty or {0}.
If Zyn+1(a) = &, then by the affine Nullstellensatz /a = S. If Zynt1(a) = {0}, then
Vva=1I({0}) = S.. In either case y/a 2 S,.

(ii)=(i1). Assume \/a 2 S,. Then in R := S/a each 7; is nilpotent, so the ideal

Sy =(T,...,Ta) CR

is a nil ideal. Since R is Noetherian, every nil ideal is nilpotent, hence (S.)™ = 0 for
some m. Pulling back to S gives (S4)™ C a. In particular, the degree-m part satisfies

Sm C (S4+)™ C a, so (iii) holds.

(i1i)=(1). If Sq C a for some d > 0 and P = [py : -+ : p,| € P, choose ¢ with
p;i # 0. Then 2§ € Sy C a but z¢(P) =p? # 0, so P ¢ Zpn(a). Hence Zpi(a) = &.

2.6: Let S = k[zo,...,x,] and let Y C P™ be a projective variety with homogeneous
ideal I(Y'). Set R:=S(Y) = S/I(Y).

Claim 1. For each 1,

A(Y NU;)=(Ra, )o,

where (R,,)o denotes the degree-0 part of the graded localization.
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Proof. On U; = {x; # 0} write u; = z;/z; (j # i). Dehomogenization at z; gives a
surjection
(S%)O —» k[uo, e 71/[1', e ,Un],

and one checks that the kernel is exactly (I(Y)S,,)o (a homogeneous polynomial van-
ishes on Y iff its dehomogenization vanishes on ¢;(Y N U;)). Therefore

Claim 2. If Y is irreducible of dimension r, then dim R = r + 1.

Proof. Choose ¢ such that Y NU; # &. Then Y N U; is nonempty open in Y, hence

dim(Y NU;) = r. Since Y is irreducible, R is a finitely generated k-domain and so is

(R:,)o = A(Y NU;). For finitely generated k-domains, dim(-) = tr. deg, Frac(-).
Because x; is homogeneous of degree 1, there is an isomorphism of graded rings

Ry 2( Ry Jolwi, 277,
so on fraction fields,
Frac(R) = Frac(R,,) = Frac((R,,)o)(;).
Hence

tr. deg, Frac(R) = tr. degy, Frac((Rz,)o) + 1 = dim(R,,)o+ 1 =dim(Y NU;) +1 =r+1,

@ %

sodimBR =1r-+1. OJ

2.7(b): Let Y C P be a quasi-projective variety (hence locally closed), and let Y’
be its closure in P". Since Y is locally closed, there exists an open U C P" such that
Y =Y NU. Thus Y is a nonempty open subset of the irreducible closed set Y. By
Proposition 1.1.10 (dimension is unchanged upon passing to a nonempty open subset),

dimY = dimY.
2.9(b) (twisted cubic closure): Let Y C A® be the affine curve ¢ — (¢,¢2, %) and let

Y C P? be its projective closure. Write homogeneous coordinates on P? as [w : x : y : 2],
so that Y sits in the chart w # 0 via

tr—)[l:t:tQ:t?’].

Claim. B
1Y) = (wy — 2%, wz — xy, 22 — y*) C k[w, 2y, 2].
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Proof. Let S = k[w, x,y, z] and consider the graded map
v S — k[s, t], ws P x e sty s°t 2 e S0,

corresponding to the 3-uple embedding P' — P3. Let J = ker), so Y = Zps(J).

Set fi = wy — 2%, fo = wz —ay, f3 = zz —y*> and [ = (f1, fo, f3). A direct
computation shows ¢(f;) =0, s0 [ C J.

We compute Hilbert series. The polynomials f, fo, f3 satisfy two linear syzygies:

(—v)fitzfot(—w)fs=0, zfi+(—y)fat+afs =0,
giving a graded free resolution
0— S(—=3)? = 9(-2)> =S = S/I —=0.

Hence
1—3t24+2t3  (1—t)>(1+2t) 1+2t
Hgy(t) = VO 1 - 2”
(1—1) (1—1) (1—1)
so dimg(S/I),, = 3m + 1 for all m > 0.

On the other hand, im1 is the 3-rd Veronese subring ks, ]®) = D0 ks, tlzm,

whose degree-m piece has dimension 3m + 1. Thus Hiy(t) = % as well. Since

S/I — im1 is a graded surjection with equal Hilbert series, it is an isomorphism.
Therefore keryp =1, ie. J=1. [

2.12 (Veronese embedding, corrected): Let S = k[zo,...,z,] and let My,..., My
be the degree-d monomials in S. Define p; : P* — PV by

pa([ro: -2 wn]) = [Mo(x) : -+ -+ My(z)].
Let T = klyo, . . .,yn] and define the graded map
0:T — S, yi — M;.
Let a = ker 6.

(a) a is homogeneous and prime: § multiplies degrees by d, so ker # is homogeneous,
and T'/a = im6@ C S is a domain.

(b) Claim. I(p4(P")) = a, hence ps(P") = Z(a) (image is closed).
Proof. If F' € a, then for all P € P,
F(pa(P)) = F(My(P),...,My(P)) = (0F)(P) =0,

so a C I(pys(P)).

Conversely, let F' € I(py(P™)) be homogeneous. Then (0F)(P) = 0 for all P € P".
Thus 6F is a homogeneous polynomial in S vanishing on all of P, hence vanishing on
kn 1\ {0}, and by homogeneity also at 0. Since k is infinite, this forces 0F = 0, i.e.
F € kerf = a. [
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(c) Injective. If py(P) = pa(Q), choose i such that P € U; and Q € U;. In the
chart of PV where the coordinate corresponding to z¢ is nonzero, we can recover

as a ratio of coordinates of p,(P) (and similarly for )). Hence all ratios x;/x; agree
and P = Q.

(c’) Homeomorphism onto image. By (b) the image is closed, and by the chart
description above p,; restricts on each U; to a morphism of affine varieties which is
injective and identifies U; homeomorphically with a closed subset of the corresponding
affine chart of PV. Since the U; cover P", it follows that pg is a homeomorphism onto
the closed subset Z(a).

(d) For (n,d) = (1,3) one has
ps([s:t]) = [s* : 8%t : st? 1 1?] C PP,
and the kernel ideal is the twisted cubic ideal

ker § = (wy — 2%, wz — 2y, v2 — y*).

2.15(a) (Segre P! xP! — P3 kernel): Let S = k200, 201, 210, 211] and T = k[xq, 1, Yo, y1]-
Define
918—>T, Zij & LYy,
and let A = 200”11 — R01~10-
Claim. kerd = (A).
Proof. We have A € ker 6 since

0(A) = (voyo)(71y1) — (voy1)(71%0) = 0,

so (A) C ker#.
The image of 6 is the diagonal bihomogeneous subring

R = @T(d,d)a
d>0

so 6 induces a graded surjection S/(A) — R.
Compute Hilbert functions. For d > 0,

Also

d+3 d+1
Thus the induced graded surjection is an isomorphism in every degree, hence ker §§ =
(A). O
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A.3 Chapter I, §3
3.6: Let X = A?\ {(0,0)} over an algebraically closed field k.
Claim 1. I'(X, Ox) = k[z, y].
Proof. Cover X by D(x) and D(y). Then
L(D(z),0) = k[z,yl.,  T(D(y),0) = K[z, yly,
and on the overlap D(zy),
D(D(wy), 0) = ke, Ylay
By the sheaf condition,

I'(X,0) = klz,yl. Nk[z,yl, C k(z,y).

Take f € k[z,yl.Nk[z,yl,. Write f = a/z™ = b/y™ with a,b € k[z,y]. Then y"a = 2™b.
Since k[x,y] is a UFD and (z,y) = 1, we have 2™ | a. Write a = 2™¢, so f = ¢ € k[z, y].
Hence the intersection equals k[z, y]. O

Claim 2. X is not affine.

Proof. 1f X were affine, then X = SpecT'(X,Ox) = Speck[z,y] = A% contradiction
since X # A? (it is missing a closed point). O]

3.8 (correct statement):
T(P", Op) = k.

Proof. Let f € T'(P",0). In the function field K(P") we can write f = F/G with
F,G € k[xy, ..., z,] homogeneous of equal degree and gcd(F,G) = 1. Since f is regular
everywhere, G is nowhere zero on P". If deg G > 0, then Z(G) C P" is a nonempty

hypersurface (over an algebraically closed field), contradiction. Hence deg G = 0, so
G € k*, and then deg F' = 0 as well, so F' € k. Thus f € k. O

3.15(d) (dimension of product): Let X,Y be irreducible affine varieties over k with
coordinate rings A = A(X) and B = A(Y). Then A, B are finitely generated k-domains

and
AX xXY)=2 A B.

We show dim(A ®; B) = dim A + dim B.
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Proof. Let r = dim A and s = dim B. By Noether normalization, there exist alge-

braically independent elements uy, ..., u, € A such that A is integral over kluy, ..., u,],
and similarly vy, ...,vs € B such that B is integral over k[vy, ..., v4].
Set R := kluy, ..., up,v1,...,05 = klug,...,u] @ klvy,...,vs]. The natural map

R — A®y, B (sending u; — u; ® 1, v; — 1 ® v;) is injective.

Since A is integral over k[u], each a ® 1 € A ® B is integral over R. Similarly, each
1 ® b is integral over R. Because A ®; B is generated over R by A® 1 and 1 ® B, it
follows that A ®;, B is integral over R.

Integral extensions preserve Krull dimension, hence

dim(A®, B) =dim R =71+ s = dim A + dim B.

Therefore dim(X x Y) = dim X + dim Y. O

3.17(b) (quadric surface is normal): Let Q C P3 be Q = Z(zor; — T273).
Proof. Let F' = xoxqy — x9x3. Then
8IOF = T, (BLHF = Xy, 89;2F = —Ts3, 8363F = —X2.

These vanish simultaneously only at (0,0,0,0), which is not a point of P3. Hence Q is
nonsingular.

All local rings of a nonsingular variety are regular local domains, hence integrally
closed. Therefore ) is normal. m

3.17(c) (cusp is not normal): Let C' = Z(y* — 2%) C A? and P = (0,0). Set
A = k[z,y]/(y* — 23) and localize at m = (z,y).

Proof. Embed A into k[t] via z — t?, y + 3, identifying A = k[t?,#*]. Under this
embedding, A, maps into k[t]) and consists of fractions
f@2,£)
g(t2,1%)

Let u := y/x € Frac(A). In k(t) this is u = ¢3/t* = t. Moreover u is integral over Ay
since

with ¢g(0) # 0.

, oyt 2t
W=E= e
so u satisfies the monic polynomial 7% — z € A, [T].

We claim u ¢ A,. Indeed, any element of A, has the form f(¢* t%)/g(¢*,t*) with
g(0) # 0. Expanding in k[[t]], both f(¢*,t*) and ¢(¢?,¢3) involve only exponents in the
semigroup (2,3) = {0,2,3,4,5,...}, hence have no ¢! term. Since g(0) # 0, 1/g(¢?,t)
is a power series also with no ¢! term. Therefore the product f/g has no t' term. But
u =t does have a t' term, contradiction. Thus u ¢ Ay,.

Hence Ay, is not integrally closed, so C' is not normal at P. [
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A.4 Chapter II, §1

1.1 (constant sheaf): Let A be an abelian group. Let Cy denote the constant presheaf:
Ca(@) = 0 and Cy(U) = A for U # @, with restriction maps the identity. Let .o
denote the constant sheaf associated to A.

Claim. If U = | |,, U; is the decomposition of U into connected components, then
a(U)=[]A
iel

Proof. A section of & over U is a locally constant map s : U — A. Any locally constant
map is constant on each connected component U;, hence determines an element a; € A
for each i. Conversely, given (a;)icr € [[;c; A, define s by s|y, = a;; this is locally
constant. These constructions are inverse and are compatible with restriction maps,
giving the desired identification.

In particular, if U is connected then o7 (U) = A. Moreover, one checks directly from
the sheafification universal property that C is precisely this sheaf of locally constant
A-valued functions, so CF = . O

A.5 Chapter II, §2
2.11: Let k = F, and consider k[z].

Prime ideals. Since k[z] is a PID, every nonzero prime ideal is generated by an
irreducible polynomial. Thus

Spec(k[z]) = {(0)} U {(f)| f € k[z] irreducible}.

The generic point is (0), and the closed points are exactly the maximal ideals (f) with
f irreducible.

Residue fields. If p = (f) with f irreducible of degree d, then

If p = (0), then
k(p) = Frac(klz]) = k(x).
B Bézout’s Theorem (plane curves)

Theorem B.0.1. Let k be algebraically closed and let F,G € klx,y, z] be homogeneous
polynomials of degrees m = deg F' and n = deg G. Assume F and G have no common
component (equivalently, ged(F,G) =1 in klx,y, z]). Let

Z = Zp2(F) N Zp2(G) = Proj (k[z,y, 2]/ (F,G)).
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Then Z s 0-dimensional and
Z lengthoﬁp (Op2,p/(F, G)) = mn.
Pe|Z]

In particular, the set-theoretic intersection is finite.

Proof. Let S = k[z,y,z]. Since F' # 0 and S is a domain, multiplication by F is
injective, giving the graded exact sequence

0= S(—m) 58— S/(F) = 0.
Hence
Hsyr(t) = (1 —t")Hs(t).
We claim that G is not a zero-divisor in S/(F). Indeed, if HG € (F) in S with
H ¢ (F), then F | HG. Since ged(F,G) = 1 in the UFD S, it follows that F' | H,

contradiction. Thus multiplication by G on S/(F) is injective.
Therefore we have another graded exact sequence

0— (S/(F))(—n) SN S/(F)— S/(F,G) =0,

SO
Hsypey(t) = (1 = 1") Hgymy(t) = (1 — ™) (1 — ") Hs(1).
Since Hg(t) = ﬁ, we get

Hsyra)(t) = a _(amz(i)g— ")

Let h(d) = dimg(S/(F,G))q be the Hilbert function. For d > 0, h(d) equals the
Hilbert polynomial, and because Z is 0-dimensional this polynomial is constant and
equals deg(Z) (the degree/length of the 0-dimensional projective scheme).

Using dimy, Sg = (dJQFQ) and the above Hilbert series identity, for all d > 0 one has

h(d) (d—;—2) B (d—gz—l—Z) B (d—721+2)+(d—m2—n+2) -

Hence deg(Z) = mn.
Finally, for a O-dimensional projective scheme, the degree equals the sum of the
lengths of the local rings at its points:

deg(Z2) = Z lengthoﬂﬁ’P (Ozp) = Z lengthoﬂﬁf (Op2,p/(F, G)).

Pe|Zz| pe|Z|
Thus the sum of intersection multiplicities is mn. O

Remark B.0.1. This is the scheme-theoretic version of Bézout for plane curves: it
counts intersection points with multiplicity. The finiteness of Z(F) N Z(G) follows
immediately.
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