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As a hands-on example of the methodology presented in Section [I], §5] we consider the particular topos
sSet of simplicial sets (Definition below). Recall that associated to every simplicial set S is its geometric
realisation |S|. Although this notion will not be required for this Section, awareness of it will help guide
intuition.

Definition 0.0.1. The simplex category A is the category whose objects are the sets [n] = {0,1,...,n}
(for n > 0), and whose morphisms are order—preserving functions. For any positive integer k, let A< be the
full subcategory of A with objects [0], [1], ..., [k].

There is a canonical way of factorising morphisms in the simplex category. To explain this, we first
introduce the standard maps:

Definition 0.0.2. Define for 0 < ¢ < n the coface map
Js J <t
J+1 =i,

Op =1 =[], 0,(5) = {

and for 0 <4 < n the codegeneracy map
75 J=
j—1, 7>

sl = [l si() ={

Theorem 0.0.3 (Canonical Factorization in A). Every morphism f : [n] — [m] in A factors uniquely as
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where n' = #f([n]) — 1 and the indices satisfy
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Definition 0.0.4. A simplicial set is a functor A°° — Set, where Set is the category of sets. The collection
of these functors (along with the natural transformations between them) forms the category sSet of simplicial
sets.

Example 0.0.5. Let S be the simplicial set given by the colimit of the diagram whose geometric realisation
is a triangle. For clarity we label the copies of objects:

[0]4
AR
; s =5 [ = [Us ;
L RN
[0]2 > [1s 4 0]
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Introduce variables:



2l g Q22 52 Qo S8 23 Qlols
xy : QU x5 Qs xg : Qe
y7 : 9[2]7

Then a term describing the gluing is given by
t, = < 21 Uzg, 2f U2y, 27 Uzg, 07 (25) U Y (27), 01 (23) U 67 (27), 07 (23) U 1 (27), 03 () U 05 (wa) U 85 (), 7 >

This encodes the gluing instructions that yield the geometric realisation of S as a triangle.
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