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1 Introduction

We need the Hilbert scheme to model the exponential connective in linear
logic. These notes begin the trek there.

2 Affine Varieties

2.1 Algebraic sets and the ideal of a set

Throughout, we work with an algebraically closed field k.

Definition 2.1.1. Let a ⊆ k[x1, ..., xn] be an idea. Define the zero set of
a:

Z(a) := {(p1, ..., pn) ∈ kn | ∀q ∈ a, q(p1, ..., pn) = 0} (1)

A subset T ⊆ kn for which there exists an ideal a ⊆ k[x1, ..., xn] so that
T = Z(a) is an algebraic set.

Given an arbitrary set of points T ⊆ kn we define the ideal of T :

I(T ) := {q ∈ k[x1, ..., xn] | ∀p = (p1, ..., pn) ∈ T, q(p1, ..., pn) = 0} (2)

which is in fact an ideal.

Two non-equal ideals may have equal zero sets, for instance Z(x2) = Z(x)
(recall k is a field).

2.1.1 When do two ideals yield the same zero set?

This will be answered by Hilbert’s Nullstellensatz, which we state on the level
of generality where k is not necessarily algebraically closed.

Definition 2.1.2. Let F be a field (not necessarily algebraically closed). An
algebraic zero of a subset Φ ⊆ F [x1, ..., xn] is a sequence (α1, ..., αn) of
elements in an algebraic closure F̄ such that f(α1, ..., αn) = 0 for all f ∈ Φ.

Notice that if a root exists in any algebraic closure it exists in them all,
so it makes sense to talk about an algebraic zero in absence of a particular
algebraic closure.

Given a field F (not necessarily algebraically closed) a set Φ ⊆ F [x1, . . . , xn]
we write (X) for the ideal generated by the elements of Φ.
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Theorem 2.1.3. Let Φ ⊆ F [x1, ..., xn].

1. If Φ admits no algebraic zeros, then (Φ) = F [x1, ..., xn].

2. Let f ∈ F [x1, ..., xn] be such that f(α1, ..., αn) = 0 for all algebraic zeros
(α1, ..., αn) of Φ, then there exists r > 0 such that f r ∈ (Φ).

Proof. See [3].

Thus we have:

Lemma 2.1.4. Let a ⊆ k[x1, ..., xn] be an ideal. Then

IZ(a) =
√
a (3)

We thus have ZIZ(a) = Z(
√
a). It remains to show Z(

√
a) = Z(a), this

will require a new perspective on Z(a):

Lemma 2.1.5. The algebraic sets form a collection of closed sets, in fact:

1. ∅ = Z(1), and kn = Z(0),

2. Z(a) ∪ Z(b) = Z(ab),

3.
⋂
i∈I Z(ai) = Z(b), where b is the ideal generated by

⋃
i∈I ai.

From now on, we consider kn as a topological space whose closed sets are
given by the algebraic sets, this is the Zariski Topology.

Lemma 2.1.6. Let T ⊆ An be a subset, then

ZI(T ) = T (4)

Proof. We clearly have T ⊆ ZI(T ) and that ZI(T ) is closed so it remains to
show that if W = Z(a) ⊇ T is a closed set containing T then ZI(T ) ⊆ Z(a).
Since T ⊆ Z(a) we have IZ(a) ⊆ I(T ). Also, a ⊆ IZ(a) and so Z(a) ⊇
ZIZ(A) ⊇ ZI(T ). Thus T = ZI(T ).

We thus have ZIZ(a) = Z(a) = Z(a).
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2.2 Irreducible sets

In Section 2.3 the dimension of a vector space will be generalised to make
sense for arbitrary affine varieties.

Lemma 2.2.1. A subsets Y ⊆ X of a topological space X, then the following
are equivalent:

1. Y is irreducible,

2. every non-empty open subset U ⊆ Y of Y is dense,

3. every pair of non-empty open subsets U1, U2 ⊆ Y have non-empty in-
tersection.

Proof. 1 ⇒ 2: Say U ⊆ Y is non-empty, open, and not dense. Then Y =
U ∪ U c.

2 ⇒ 3: Say U1, U2 were non-empty, open, and had empty intersection.
Then U c

2 is a closed set containing U1 and so U c
2 ⊇ U1. It follows that U1 ̸= Y

and so U1 is not dense.
2 ⇒ 1: Say Y = Y1 ∪ Y2 with Y1, Y2 ⊆ Y both non-empty, proper subsets

of Y . Then Y c
1 ∩Y and Y c

2 ∩Y are non-empty, open subsets of Y with empty
intersection.

A helpful property of irreducibility is that it is transitive:

Lemma 2.2.2. If Y is an irreducible subset of a toplogical space X and
Z ⊆ X is an irreducible subset of X, then Z is irreducible as a subset of Y .

Proof. Let Z = U ∪ V where U = U ′ ∩ Z, V = V ′ ∩ Z with U ′, V ′ ⊆ X
closed. Then

Y = Z ∪ Y =
(
(U ′ ∩ Z) ∪ (V ′ ∩ Z)

)
∪ Y = (U ′ ∩ Y ) ∪ (V ′ ∩ Y ) = U ′ ∪ V ′

which implies that U ′ = Y , say. Thus Z = Z ∩ U ′ = U which shows that Z
is irreducible.

Irreducibility is preserved by closure, (a helpful corollary of this is: the
closure of a quasi-affine variety is an affine variety):

Lemma 2.2.3. The closure of an irreducible set is irreducible.
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Proof. Let Y be an irreducible subset of a topological space X. Say Ȳ =
U ∪ V with U, V ⊆ Ȳ closed. Then Ȳ = (Ȳ ∩ U ′) ∪ (Ȳ ∩ V ′) so taking the
intersection with Y we obtain Y = (Y ∩U ′)∪(Y ∩V ′) which by irreducibility
of Y implies Y = Y ∩ U ′, say. Taking the closure of both sides we obtain

Ȳ = Y ∩ U ′ = Ȳ ∩ Ū ′ = Ȳ ∩ U ′

where the last equality holds as U ′ is closed.

2.3 Dimension

In linear algebra, dimension is defined to be the number of basis elements
necessary to describe the space. Due to the linearity of this setting, any
choice of basis establishes an isomorphism to Euclidean space and so this
definition fits an intuitive idea of what dimension ought to mean. Thinking
of An as a k-vector space with standard basis vectors e1, ..., en we can define
the descending sequence of subspaces

An = Span(e1, ..., en) ⊋ Span(e1, ..., en−1) ⊋ . . . ⊋ Span(e1) ⊋ 0 (5)

using the language of varieties as:

An = Z(∅) ⊋ Z(xn) ⊋ . . . ⊋ Z(x2, ..., xn) ⊋ Z(x1, ..., xn) (6)

So we see the number of basis vectors is equal to the length of the chain (6),
moreover, this chain is of maximal length, a fact which will be proved later.
The situation is the same for any linear affine variety :

Definition 2.3.1. An affine variety X ⊆ An is linear if it is equal to the
zero set of a collection of linear polynomials:

X = Z(f1, ..., fn) (7)

all fi linear.

It is easy to see that since f1, . . . , fn are linear, X is a vector space.
There thus exists a basis P1, ..., Pm of X and from these we can construct the
following strictly descending chain of irreducible, closed sets:

X ⊋ X ∩ Z(x1 + . . .+ xn − P1) (8)

⊋ X ∩ Z(x1 + . . .+ xn − P1, x1 + . . .+ xn − P2) (9)

⊋ . . . (10)

⊋ X ∩ Z({x1 + . . .+ xn − Pi}i=1,...,m) (11)

We can now make a general definition:
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Definition 2.3.2. The dimension of a (quasi)-affine variety is the supre-
mum (possibly infinite) of the lengths of all strictly descending chains of
irreducible, closed subsets.

Lemma 2.3.3. Let X be any topological space and U ⊆ X any open subset.
Then there is a bijection

Φ :{Irreducible, closed subsets C ⊆ X,C ∩ U ̸= ∅} (12)

−→ {Irreducible, closed subsets D ⊆ U} (13)

C 7−→ C ∩ U (14)

with inverse given by Φ−1(D) = D. Moreover, this bijection preserves strict
inclusion, that is,

C1 ⊊ C2 ⇐⇒ Φ(C1) ⊊ Φ(C2) (15)

Proof. The set C∩U is an open subset of irreducible C and thus is irreducible
(Exercise 1.6 [4]). By the same exercise, the closure of an irreducible set is
irreducible, thus we have well defined maps.

We must show C ∩ U = C. LetW ⊆ X be closed and assume C∩U ⊆ W ,
we show C ⊆ W . Since C ∩ U ⊆ W we have C ∩ U ⊆ C ∩W so taking
closures (in C) we get C ∩ U ⊆ C ∩W . Since C ∩ U is an open subset of
irreducible C, it is thus dense. It follows that C ∩ U = C. Moreover, since
C ∩W is closed, we have C ∩W = W . Thus C ⊆ W .

Now we show D ∩ U = D (where D means the closure in X). Since D is
closed in U there exists D′ ⊆ X closed (in X) such that D = D′ ∩ U . So we
must show D′ ∩ U ∩ U = D′ ∩ U . If x ∈ D′ ∩ U ∩ U then x ∈ D′ ∩ U and so
x ∈ D′ but also x ∈ U , so x ∈ D′ ∩U . Thus D′ ∩ U ∩U ⊆ D′ ∩U , the other
inclusion is obvious.

For the final claim, say C1 ⊊ C2 but C1∩U = C2∩U . Then C2\C1∩U =
∅. Thus C2 = C1 ∪ (U c ∩ C2), contradicting irreducibility of C2.

Conversely, say D1 ⊊ D2 but D1 = D2 (closure taken in X). Then
D1 ∩ U = D2 ∩ U . For i = 1, 2 we have Di = D′

i ∩ U for some closed
subsets D′

i ⊆ X and so D′
1 ∩ U ∩ U = D′

2 ∩ U ∩ U and as already seen
D′
i ∩ U ∩ U = D′

i ∩ U and so D1 = D2.

An application of Lemma 2.3.3 is to relate the dimension of a space to
its open subsets.

Corollary 2.3.4. Let X be any topological space which is covered by open
subsets {Ui}i∈I . Then

dimX = sup dimUi (16)
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Proof. The map Φ−1 of Lemma 2.3.3 can be used to relate strictly increas-
ing sequences of irreducible, closed subsets of Ui to such chains in X, thus
dimUi ≤ dimX for all i. Furthermore, for any chain C0 ⊊ . . . ⊊ Cn of
irreducible, closed subsets of X there exists some Ui such that Ui ∩ C0 ̸= ∅,
and so we get an associated chain in Ui and so dimX ≤ sup dimUi.

Theorem 2.3.5. Let A be a finitely generated k-integral domain, with k a
field. Then

1. tr. degk A = dimA,

2. if p is any prime of A then ht. p+ dimA/p = dimA

Proof. See [3]

Corollary 2.3.6. Let Y be a quasi-affine variety. Then

dimY = dimY (17)

Proof. Since Y ⊆ Y we have dimY ≤ dimY (see the solution to Exercise
1.10a [4] for details), it remains to show the reverse inclusion. Let C0 ⊊ . . . ⊊
Cn be a chain of irreducible, closed subsets of dimY , since dimY ≤ dimY
we know that dimY is finite, so assume this chain is of maximal length. By
Lemma 2.3.3 we have a corresponding chain

C0 ⊊ . . . ⊊ Cn (18)

in Y which is of maximal length. NB, we do not at this point know that
dimY = n because what if there is another chain in Y which has empty
intersection with Y ? To proceed, we use Theorem 2.3.5 (part 2). Since C0

is a singleton set {P} say, and C0 = C0 the chain (18) corresponds to a
maximal length sequence of prime ideals of A(Y ) contained in the maximal
ideal mP corresponding to the point P . Thus, ht .mP = n. Applying the
Theorem we now have

n = htmp + dimA(Y )/mP = dimA(Y ) (19)

The proof will be complete once we have shown A(Y )/mP
∼= k. This can be

seen by considering the map

φ : A(Y ) −→ k (20)

xi 7−→ Pi (21)

where xi is the image of xi under the map k[x1, ..., xn] −→ A(Y ). The map
φ is surjective and so induces the required isomorphism.
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3 Projective varieties

Definition 3.0.1. Consider the set An+1 \ {0} modded out by the equiv-
alence relation x ∼ λx for any λ ∈ k \ {0}. We denote this set Pn. This
is endowed with a topological space but not the quotient space topology,
instead the closed sets are defined to be such zero sets of homogeneous poly-
nomials (polynomials which are the sum of monomials of the same degree).
Projective n-space is Pn along with this topology. (See [2] for more details).

Definition 3.0.2. A Projective variety is an irreducible, closed subset of
Pn. A quasi-projective variety is an open subset of a projective variety.

Notation 3.0.3. If extra clarity is needed, given an ideal a ⊆ k[x0, ..., kn],
the notation ZPn(a) will be used for the zero set of a in Pn and ZAn+1(a) for
the zero set Z(â) in An+1 where â ⊆ An+1 is defined by

f(x1, ..., xn+1) ∈ â ⊆ k[x1, ..., xn+1]⇐⇒ f(x0, ..., xn) ∈ a ⊆ k[x0, ..., xn]

In practice, projective varieties are dealt with by considering a related
affine variety, one way of doing this is the following: given a a non-empty
projective variety ∅ ̸= ZPn(a) ⊆ Pn, consider ZAn+1(a) ⊆ An+1 (as per
Notation 3.0.3), which consists of all representations of equivalence classes in
Z(a) ⊆ Pn along with, by homogeneity of a, a new point 0. One then deals
with these two situations separately. See the solution to Exercise 2.1, 2.2, 2.3
[4] for two examples of this.

Another way of relating a projective variety to a related affine variety is
by using the fact that projective varieties are covered homeomorphically by
affine varieties, a result the next Section 3.1 is dedicated to proving.

3.1 Homogenisation and projection

Projective space is covered homeomorphically by affine varieties:

Theorem 3.1.1. Let Ul denote the Pn \ Z(xl). Then the map

φl : Ul → An

[(a1, ..., an+1)] 7→
(a1
al
, ...,

âl
al
, ...,

an+1

al

)
is a homeomorphism.
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We delay the proof for now. To any polynomial is an associated homoge-
neous polynomial, see Definition 3.1.4 below. This process has an inverse (as
made precises by Lemma 3.1.6) called projection (Definition 3.1.2). Theorem
3.1.1 can be thought of as the geometric repercussions of these transforma-
tions of polynomials.

Definition 3.1.2. Let f ∈ k[x1, ..., xn] be a polynomial. The ith projec-
tion of f , denoted Projl(f) is the polynomial given by setting xi = 1 and
substituting xj for xj−1 for each j > i.

For any ideal b ⊆ k[x1, ..., xn+1] let Projl(b) be the ideal of k[x1, ..., xn] be
given by f ∈ b⇔ Projl(f) ∈ Projl(b).

Example 3.1.3. The 2nd projection of x1x2 + 3x23 ∈ C[x1, x2, x3]:

Proj2(x1x2 + 3x23) = x1 + 3x22 (22)

Definition 3.1.4. Let f ∈ k[x1, ..., xn] be a polynomial of degree d. The ith

homogenisation of f is the polynoial in k[x0, ..., xn] given by

xdeg fi

(
f(x0/xi, ..., xn/xi)

)
(23)

where we leave out xi/xi.

Example 3.1.5. The 2nd homogenisation of x1 + 3x22 ∈ C[x1, x2]:

Hgn2(x1 + 3x22) = x22(x0/x2 + 3) = x0x2 + 3x22 (24)

Lemma 3.1.6. The 0th projection and the 0th homogenisation establish a
bijection:

Φ : {Polynomials p ∈k[x1, ..., xn]}
∼−→

{Homogeneous polynomials p ∈ k[x0, ..., xn]}
f 7−→ Hgn0(f)

with inverse given by Φ−1(f) = Proj0(f).

Clearly, the other projection and homogenisations also establish such a
bijection, but for simplicity we work with 0.

Lemma 3.1.7. Where φl is as in Theorem 3.1.1, we have for ideals a ⊆
k[x1, ..., xn] and b ⊆ k[x1, ..., xn+1]:
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• φl(Z(b)) = Z(Projl(b))

• φ−1
l (Z(a)) = Z(Hgnl(a))

Proof of Theorem 3.1.1. φ is clearly bijective, and by Lemma 3.1.7 is a closed
map such that the inverse image of every closed set is closed.

Notice that Proj0 and Hgn0 are respectively α and β in [2, §1 Prop 2.2].
In fact, more can be said, the map φl of Theorem 3.1.1 is an isomorphism,
however we have not defined a morphism of varieties yet. In practice, only
the fact that φl is a homeomorphism is needed, for examples, see the solutions
to Exercises 2.6, 2.7 [4].

3.2 Gröbner Basis

Given a set of polynomials f1, ..., fm ∈ k[x1, ..., xn], it was shown in Sec-
tion 3.1 how to obtain a corresponding set of homogeneous polynomials
β(f1), ..., β(fm). There is a critical subtlety here: if I is the ideal generated
by f1, ..., fn and β(I) represents the set of polynomials

β(I) := {β(f) | f ∈ I} (25)

then the ideal generated by β(I) is not necessarily equal to (β(f1), ..., β(fm)),
as the following example demonstrates.

Example 3.2.1. Let f1 = x2 − y and f2 = x3 − z. Then

−xf1 + f2 = z − xy (26)

and so β(z− xy) = zw− xy is in the ideal generated by β(I) but zw− xy is
not in (β(f1), β(f2)) = (x2 − wy, x3 − w2z).

Definition 3.2.2. A monomial order is a total order > on Zn≥0 subject to:

• if α, β, γ ∈ Zn≥0 and α > β then α + γ > β + γ,

• > is a well ordering, that is, every non-empty subset of Zn≥0 has a least
element.

Hence we have the following question:

Question 3.2.3. How can we find a generating set for the ideal generated
by β(I)?
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The monomial order which will be used to resolve the motivating prob-
lem given at the start of this section will be graded lexicographic ordering,
given in Definition 3.2.5. This definition requires the preliminary notion of
lexicographic ordering.

Definition 3.2.4. Define (m1, . . . ,mn) <lex (k1, . . . , kn) if

∃r ≤ n,mr < kr and t < r =⇒ mt = kt (27)

Definition 3.2.5. Define (m1, . . . ,mn) <g (k1, . . . , kn) if

n∑
i=1

mi <
n∑
i=1

ki or
( r∑
i=1

ni =
t∑
i=1

mi and (m1, . . . ,mn) <lex (k1, . . . , kn)
)

Monomial orders induce total orders on the set of monomials in poly-
nomial rings in the following way: say < is a monomial order on Zn≥0 and

consider the polynomial ring k[x1, ..., xn]. Writing xm1
1 . . . xmn

n as x(m1,...,mn)

we define

x(m1,..,mn) < x(k1,...,kn) if (m1, . . . ,mn) < (k1, . . . , km) (28)

Definition 3.2.6. Fix a monomial order on k[x1, ..., xn]. Denote the leading
term (with respect to this monomial order) of a polynomial f ∈ k[x1, ..., xn]
by LT(f).

Let f1, ..., fn ⊆ k[x1, ..., xn] be a set of polynomials and I the ideal gen-
erated by them. The ideal of leading terms, denoted (LT(I)) is the ideal
generated by the set

LT(I) := {LT(f) | f ∈ I} (29)

The key observation is if f1, ..., fn ∈ k[x1, ..., xn] are given and I is the
ideal generated by f1, ..., fn, then LT(I) and (LT(f1), ...,LT(fn)) need not be
equal. The theory of Gröbner bases solves this subtlety.

Definition 3.2.7. Let f1, ..., fm be a given set of polynomials in k[x1, ..., xn]
and I the ideal they generate. A Gröbner basis for I is a set of polynomials
g1, ..., gr ∈ k[x1, ..., xn] such that, if J is the ideal generated by g1, ..., gr:

(LT(J)) = (LT(g1), ...,LT(gr)) (30)
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A question arises immediately: is a Gröbner basis for an ideal I necessarily
a generating set of I? The answer is yes (Lemma 3.2.8), the proof of which
will use the division algorithm for polynomials of many variables, see [1, §2.
3 Theorem 3].

Lemma 3.2.8. Let f1, ..., fm be a Gröbner basis for and ideal I ⊆ k[x1, ..., xn].
Then f1, ..., fm generated I.

Proof. By the division algorithm we can write any f ∈ I as
∑m

i=1 αifi + r
for polynomails αi, r ∈ k[x1, ..., xn], where f is a remainder. It follows that
r = f −

∑m
i=1 αifi so in particular, r ∈ I. Thus, LT r ∈ (LT f1, ...,LT fm) as

f1, ..., fm form a Gröbner basis, so r ̸= 0 contradicts the property of r being
a remainder. Thus, r = 0.

Lemma 3.2.11 will be used to prove that every ideal I ⊆ k[x1, ..., xn]
admits a Gröbner basis.

Notation 3.2.9. A monomial in k[x1, ..., xn] will be denoted x
α, xβ, . . . where

α, β, . . . are elements of Zn≥0.

Definition 3.2.10. An ideal I ⊆ k[x1, ..., xn] is a monomial ideal if it is
generated by monomials.

The ring k[x1, ..., xn] is Noetherian and so every ideal is finitely generated,
Dickson’s Lemma states that every monomial ideal is generated by finitely
many monomials:

Lemma 3.2.11 (Dickson’s Lemma). For every monomial ideal I ⊆ k[x1, ..., xn],
there exists finitely many monomials xα1 , ..., xαn which generate I.

Proof. We proceed by induction on n. If n = 1 then k[x1] is a PID so I = (f)
for some f which must be a monomial as f divides each of the monomials
which generate I and so f is a monomial itself.

Now say the result holds true for all k[x1, ..., xn−1] where n > 1. Let I
be generated by a set of monomials {xα | α ∈ A}. Consider the following
collection of ideals indexed by the natural numbers m ≥ 0:

Jm := {f ∈ k[x1, ..., xn−1] | ∃α ∈ A, xαxmn = f} (31)

The ideals Jm are generated by the monomials xα for which xαxmn ∈ I and
so are themselves monomial ideals. By the inductive hypothesis, for each
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m there exists finitely many monomials xα
m
1 , ..., xα

m
r(m) ∈ k[x1, ..., xn−1] which

generate Jm. We finish the proof by showing that the ideal I is generated by
the following finite set of monomials:

S := {xαm
1 xmn , ..., x

αm
r(m)xmn | m ≥ 0} (32)

By construction, S ⊆ I. Conversely, every f ∈ I is a linear combination of
monomials in {xα | α ∈ A}. Each of the monomials in this linear combination
must be divisible for some xα in some Jm by xαxmn , again by construction of
S .

Corollary 3.2.12. Every monomial ideal I admits a Gröbner basis.

Proof. The proof is simply the observation that (LT(I)) is a monomial ideal,
now apply Dickson’s Lemma 3.2.11.

Question 3.2.13. Given a set of generators f1, ..., fm of an ideal I, how do
we check if f1, ..., fm form a Gröbner basis for I?

This question is answered by performing an analysis on the possible ob-
structions which cause a generating set to not be a Gröbner basis. This
analysis is written out very well in [1, §2] and so we do not repeat the discus-
sion here. The answer to Question 3.2.13 which uses polynomial long division
of multiple variables (with respect to a monomial ordering) is given by [1,
§2.3].

Definition 3.2.14. Fix a monomial ordering. Let f1, f2 ∈ k[x1, ..., xn] be
two polynomials and let α = (α1, ..., αn) and β = (β1, ..., βn) be their respec-
tive degrees. Let γ = (max{α1, α2}, . . . ,max{αn, βn}), the least common
multiple of f and g is xγ.

The S-polynomial of f, g is

S(f, g) = (xγ/LT(f))f − (xγ/LT(g))g (33)

Lemma 3.2.15. Let I ⊆ k[x1, ..., xn] be an ideal. A generating set f1, ..., fm
of I is a Gröbner basis for I if and only if for all pairs i ̸= j, the remainder
on division of S(fi, fj) by f1, ..., fm is zero.

Proof. See [1, §2.6 Theorem 6].
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Definition 3.2.16. The polynomial ring k[x1, ..., xn] is graded, that is, if Sd
is the abelian group generated by all weight d monomials in k[x1, ..., xn], then

k[x1, ..., xn] ∼=
⊕
d≥0

Sd (34)

A polynomial f ∈ k[x1, ..., xn] has degree d if the maximum of all the weights
of all the terms in f is equal to d.

Algorithm 1 The division algorithm

Require: (f1, . . . , fs), f , returns the result of dividing f by (f1, . . . , fs).
q1, . . . , qs ← 0, . . . 0
p← f
while p ̸= 0 do

DivOcc← False

i← 1
while i ≤ s and DivOcc = false do

if LT fi|LT p then
qi ← LT fi/LT p
p← p− (LT fi/LT p)fi
DivOcc← True

else
i← i+ 1

end if
if DivOcc = False then

r ← r + LT p
p← p− LT p

end if
end while

end while
return (q1, ..., qs, r)

Corollary 3.2.12 is relevant to Example 3.2.1 by way of Corollary 3.2.18
to the following lemma:

Lemma 3.2.17. Fix an ordering on the set of indeterminants x1 > . . . > xn
and consider the graded lexicographic monomial ordering (Definition 3.2.5)
induced by this. We know this induces a total order on the set of monomials
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of the polynomial ring k[x1, ..., xn]. Similarly, we consider the order on the
set of monomials of k[x1, ..., xn, x0] induced by x1 > . . . > xn > x0. If
{f1, . . . , fm} ⊆ k[x1, . . . , xn] are a Gröbner basis for the ideal generated by
the set {f1, . . . , fm}, then {βf1, . . . , βfm} ⊆ k[x1, . . . , xn, x0] is a Gröbner
basis for the ideal generated by the set {βf1, . . . , βfm}.

Proof. The general idea of the proof is to run two instances of the division
algorithm “side by side” and observe the relationships between the two. The
first of these will be the division of f by the sequence (f1, ..., fm) and the
second of these will be the division of βf by the sequence (βf1, ..., βfm). We
will see that if i ≤ m is such that division by fi occurrs at step j of the
former instance of the division algorithm, then division by βfi will occurr
also at step j in the later instance of the division algorithm.

Lastly, we will show that if the division at step j in the former instance
results in a remainder of 0, then the same is true for the later instance.

Now we proceed with the formal proof. To avoid exploding parentheses
we write βfi for β(fi) and LT f for LT(f).

Since (f1, . . . , fm) form a Gröbner basis for the ideal that they generate,
we know that for any i, j ≤ m, division of S(fi, fj) by (f1, ..., fm) results
in a remainder of 0. That is, division occurrs at every step of the division
algorithm.

We establish some notation for the two instances of the Division Algo-
rithm which this proof concerns.

The status of the polynomial labelled p in Algorithm 3.2 at step j by
pj, where Algorithm 3.2 is performed with input (f1, ..., fm, f). The previous
comment implies that at step j of the division algorithm we have the following
assignment of the polynomial pj, where ij is the least integer such that LT fij |
LT pj:

pj+1 =

{
S(fk, fl) j = 0

pj − (LT pj/LT fij)fij j > 0
(35)

The graded lexicographic orderings given in the statement of the Lemma is
subject to the property that any polynomial g ∈ k[x1, ..., xn] satisfies

LT βg = LT g (36)

This is because the leading monomial LM g has total weight equal to the
degree of g. We remark that this is where graded lexicographic ordering
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must be used, a similar statement to (36) does not hold for lexicographic
ordering.

Now we introduce a new instance of the division algorithm. The status
of p at step j of Algorithm 3.2 when run on the input (βf1, . . . , βfm, βf) will
be denoted p̂j.

We can use (36) can now be used to simplify the defining expression for
p̂j, in what follows, vj is the least integer such that LT fvj | pj (in fact, we will
see later in this proof that vj = ij for all j, but for now we cannot assume
this):

p̂j+1 =

{
S(βfk, βfl) j = 0

p̂j − (LT p̂j/LT fvj)βfvj j > 0
(37)

The most important claim for the entire proof is the following: for each j,
define the integer sj to be such that

x
sj
0 = LM p̂j/LM pj (38)

then the following holds

∃rj ≥ 0, x
rj
0 βpj = p̂j (39)

We prove the claim by induction on j. If j = 0 then we must show

∃r0 ≥ 0, xr00 βS(fk, fl) = S(βfk, βfl) (40)

Let γ = LCM(LM βfk,LM βfl). Also by (36) we have LT βfk = LT fk and
similarly with l in place of k. Hence we have the following.

S(βfk, βfl) = (xγ/LT fk)βfk − (xγ/LT fl)βfl (41)

For any indeterminant z ∈ {x1, . . . , xn, x0} and any polynomial g ∈ k[x1, . . . , xn, x0]
we have

zβg = β(zg) (42)

Hence (41) becomes

β
(
(xγ/LT fk)fk

)
− β

(
(xγ/LT fl)fl

)
(43)

For any pair of polynomials g, h ∈ k[x1, . . . , xn, x0] of the same degree we
have that there exists u ≥ 0 such that

βg − βh = xu0β(g − h) (44)
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Hence (43) implies there exists r0 ≥ 0 such that

S(βfk, βfl) = xr00 β
(
(xγ/LT fk)fk)− (xγ/LT fl)fl

)
(45)

Finally, we observe that by (36) we have

LCM(LM βfk,LM βfl) = LCM(LM fk,LM fl)

and so
(xγ/LT fk)fk)− (xγ/LT fl)fl = S(fk, fl) (46)

Combining this with (45) establishes the base case.
Now say j > 0. Notice that the inductive hypothesis implies that ij = vj.

Then we have the following calculation.

p̂j+1 = p̂j − (LT p̂j/LT fij)βfij (47)

= x
rj
0 βpj − β

(
(LT p̂j/LT fij)fij

)
(48)

= x
rj
0 βpj − x

rj
0 β

(
(LT pj/LT fij)fij

)
(49)

= x
r′+rj
0 β

(
pj − (LT pj/LT fij)fij

)
, for some r′ ≥ 0 (50)

= x
rj+1

0 βpj+1, where rj+1 := r′ + rj (51)

Establishing the claim.
It now follows directly from the claim that p̂j = 0 if and only if pj = 0,

this proves the Lemma.

Corollary 3.2.18. Let f1, ..., fm be generators of an ideal I ⊆ k[x1, ..., xn].
If f1, ..., fm is a Gröbner basis, then βf1, ..., βfm generate the ideal generated
by β(I).

Proof. By Lemma 3.2.17 and Lemma 3.2.8.

As an application we can solve Question 3.2.3: if (f1, ..., fm) is a generat-
ing set for I, then extend this to a Gröbner basis (f1, ..., fm′) with respect to
graded lexicographic ordering induced by x1 > . . . > xn. Then βf1, . . . , βfm′

is a generating set for the ideal generated by β(I).

3.3 Segre embedding

We define the Segre embedding:

ψ : Pr × Ps −→ Pr+s+rs

(P,Q) 7−→ [P0Q0 : ... : P0Qs : ...... : PrQ0 : ... : PrQs]
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Definition 3.3.1. We define a function

θ : k[{zij}0≤i≤r,0≤j≤s] −→ k[x0, ..., xr, y0, ..., ys]

which maps zij 7−→ xiyj

Lemma 3.3.2. Let R ∈ Pr+s+rs. Then

P ∈ Z(ker θ) =⇒ ∃!(Q,R) ∈ Pr × Ps st ψ(Q,R) = P (52)

Proof. First we show existence. In particular, P is a root of every polynomial
of the form zijzkl − zilzkj, where 0 ≤ i, k ≤ r and 0 ≤ j, l ≤ s. Let {Pij}
be a set of homogeneous coordinates for P and now fix a pair of integers
(a, b) such that Pab ̸= 0. For all 0 ≤ k ≤ r and all 0 ≤ j ≤ s we have
Paj/Pab = Pkj/Pkb which implies:

Paj
Pab

Pkb = Pkj

Thus we can recover all Pkj from the set {Pa0, ..., Pas, P0b, ..., Prb}. We write
P as

P =
[Paj
Pab

Pkb

]
0≤k≤r,0≤j≤s

= ψ
([
P0b : ... : Prb

]
,
[Pa0
Pab

: ... :
Pas
Pab

])
For uniqueness, say (P,Q), (P ′, Q′) ∈ Pr × Ps were such that ψ(P,Q) =

ψ(P ′, Q′). Write

ψ(P,Q) = [P0Q0 : ... : P0Qs : ...... : PrQ0 : ... : PrQs]

= [P ′
0Q

′
0 : ... : P

′
0Q

′
s : ...... : P

′
rQ

′
0 : ... : P

′
rQ

′
s] = ψ(P ′, Q′)

and let λ ̸= 0 be such that

(P0Q0 : ... :P0Qs : ...... : PrQ0 : ... : PrQs) (53)

= λ(P ′
0Q

′
0 : ... : P

′
0Q

′
s : ...... : P

′
rQ

′
0 : ... : P

′
rQ

′
s) (54)

From the above, there exists pairs of integers (a, b), (a′, b′) such that

PaQj

PaQb

PkQb = PkQj and
P ′
a′Q

′
j

P ′
a′Q

′
b

P ′
kQ

′
b = P ′

kQ
′
j (55)
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Thus for all 0 ≤ k ≤ r, 0 ≤ j ≤ s:

PkQj =
PaQj

PaQb

PkQb by (55)

=
λP ′

a′Q
′
j

PaQb

λP ′
kQ

′
b′ by (53)

= λ2
P ′
a′Q

′
b′

PaQb

( P ′
a′Q

′
j

P ′
a′Q

′
b′
P ′
kQ

′
b′

)
= λ2

P ′
a′Q

′
b′

PaQb

P ′
kQ

′
j by (55)

proving (P,Q) = (P ′, Q′).

Corollary 3.3.3. imψ = Z(ker θ).

Proof. It remains to show Z(ker θ) ⊆ imψ which is trivial. Notice that this
does not use the uniqueness claim of Lemma 3.3.2.

Corollary 3.3.4. The Segre embedding ψ is injective.

Proof. By the uniqueness claim of Lemma 3.3.2 and Corollary 3.3.3.

Thus, for any R ∈ im(ψ) we can choose a lift (P,Q) ∈ Pr × Ps along ψ
and integers (a, b) such that PaQb ̸= 0 such that

([P0Qb : ... : PrQb], [
PaQ0

PaQb

: ... :
PaQs

PaQb

]) = (P,Q) (56)

which by Lemma 3.3.4 induces a well defined function ψ−1 : imψ −→ Pr×Ps,
which indeed is inverse to ψ.

Lemma 3.3.5. The Segre embedding is continuous and closed.

Proof. Since ψ is a bijection, we have that ψ(∩i∈IUi) = ∩i∈Iψ(Ui) for all
collections of closed sets Ui ⊆ Pr×Ps, thus to prove that the Segre embedding
is closed it suffices to show that the image of closed sets in a basis of closed
sets for Pr × Ps are closed.

Towards this end, let Z(a) × Z(b) ⊆ Pr × Ps be closed. Write a =
(f1, ..., fn), b = (g1, ..., gm) and deg fi = di, deg gi = ei. Consider the following
for i = 1, ..., r, j = 1, ...,m:

x
ej
i gj(y0, ..., ys) (57)
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which, since gj is homogeneous, can be written as

hij(x0y0, ..., xrys) (58)

for some homogeneous polynomial hij. Similarly, for i′ = 1, ...,m, j′ = 1, ..., n
we write

y
e′j
i′ fj′(x0, ..., xr) = li′j′(x0y0, ..., xrys) (59)

for some homogeneous polynomial li′j′ . We now let

c : =
(
{hij(z00, ..., zrs)}i=1,...,r,j=1,...,m, {li′j′(z00, ..., zrs)}i′=1,...,n,j′=1,...,s

)
⊆ k[z00, ..., zrs]

We claim:
ψ
(
Z(a)× Z(b)

)
= Z(c) ∩ imψ (60)

The inclusion ⊆ is clear. For the converse, if R ∈ Z(c) ∩ imψ then in
particular, R ∈ imψ and so there exists (P,Q) ∈ Pr×Ps such that ψ(P,Q) =
R. Moreover, since R ∈ Z(c) we have that ψ(P,Q) satisfies the polynomials
(57), (59) and we cannot have that all xi = 0 nor that all yi′ = 0 which
means all gj vanish on Q and all fj′ vanish on P . Thus (P,Q) ∈ Z(a)×Z(b),
which proves the Segre embedding is closed.

Remark 3.3.6. The main point in the proof of Lemma 3.3.5 is that we
want to relate the relations on (P,Q) to the relations of all products of the
components of P and Q. It is a simple idea: if f(P ) = 0 for some polynomial
f , then (yjf)(P,Qj) = 0, now raise yj to an appropriate power so that yjf
can be rewritten in terms of zij.

Corollary 3.3.7. The Segre embedding is a homeomorphism onto its image.

Proof. By nature of being a continuous, closed, injective map.

Corollary 3.3.8. If X, Y are quasi-projective varieties then ψ(X, Y ) is quasi-
projective.

Proof. By Corollary 3.3.7 the map ψ is injective. Also, the image of an open
set is a subset of a projective variety.
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Definition 3.3.9. Let X be a topological space which is a topological prod-
uct of two varieties, write X = X1 × X2. Let V ⊆ X be an open subset
and φ : V −→ k a function. The map φ is “regular” at a point P ∈ V
if there exists an open neighbourhood UP ⊆ V of P and polynomials fP , gP
such that φ ↾UP

= fP/gP .
If Y is a variety and ψ : X −→ Y a continuous function, then ψ is

a “morphism” if for every open subset V ⊆ Y and “regular” function
φ : V −→ k the function (φψ) ↾ψ−1(V ) is “regular”.

Lemma 3.3.10. The Segre embedding ψ is a “morphism”.

Proof. The key point is that the Segre embedding multiplies entries and so
composes with a polynomial to yield a polynomial.

4 Morphisms

To establish a category of varieties we need to define a morphism of varities.
These will be continuous functions which preserve regular functions.

4.1 Regular functions

Later, when we study singularity theory, the following definition will be cen-
tral:

Definition 4.1.1. Let X = Z(f1, ..., fm) be an affine variety of dimension n
and P ∈ X a point onX. ThenX is nonsingular at P if the jacobian matrix
||(∂fi/∂xj)P || has rank n − m, otherwise X is singular at P . The affine
variety X is nonsingular if it is nonsingular at all of its points, otherwise it
is singular.

It will be shown later (Lemma 5.1.6) that this definition is independent
of the choice of fi taken as generators of X, however it is not clear that this
definition is invariant under isomorphism. In fact, a notion of singularity at
a point P can (and will) be defined independent of the embedding of X, and
in the special case of algebraic curves a definition will be given in terms of the
local ring OP . Thus the notion of regular functions defined on quasi-affine
varieties is central, so we need an appropriate definition.
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Definition 4.1.2. LetX be a quasi-affine variety. Then a function f : X −→
A1 is regular at P ∈ X if there exists an open neighbourhood U containing
P and polynomials g, h with h nowhere zero on U such that f ↾U= g/h. The
function f is regular if it is regular at every point X.

Any two regular functions which are equal on an open subset of X are
equal on all of X, however, it is not the case that all regular functions are
rational functions. Say f is regular and f ↾U= g1/h1 and f ↾V= g2/h2. For
f to be well defined it must be that f ↾U∩V= g1/h1 = g2/h2, but it may be
the case that h1 is undefined in V and h2 is undefined in U , and that there is
no other rational function which is defined in both of U and V which equals
f on U ∩ V .

Remark 4.1.3. In fact it may be the case that one has a regular function
f and rational functions gi/hi (i = 1, 2) with gi/hi = f ↾Ui

for some open
sets Ui, with h1 not defined on U2, h2 not defined on U1 but still there is a
global, rational representation of f . For example, consider the affine variety
defined by x2 + y2 = 1. We have that

x2 + y2 = 1 =⇒ x2 = 1− y2

=⇒ x2 = (1 + y)(1− y)
=⇒ x/(1− y) = (1 + y)/x

thus the function f given by x/(1−y) on y ̸= 1 and (1+y)/x on x ̸= 0 is a well
defined regular function, but is so on an affine variety, which we will see later
necessarily admits a polynomial representative. Notice this shows something
stronger than the claim, that not only can a global, rational representation
of f be found, but a polynomial representation may be.

Considering now an affine variety X ⊆ An, the algebraic object A(X)
consists of all polynomials k[x1, ..., xn] modulo the equivalence relation ∼
which identifies polynomials whose induced functions on X are equal. Thus
we have an injective function:

α : A(X) −→ O(X) (61)

which in fact we will show is surjective, showing that all regular functions
defined on affine varieties admit a global, polynomial representative! First,
notice that if f ∈ k[x1, ..., xn] is a polynomial, where we denote its image in

22



A(X) by f̄ , and P = (P1, ..., Pn) ∈ X is a point such that f̄(P ) ̸= 0 then
α(f̄) is a unit with inverse 1/(α(f̄) ↾Z(f)c). Thus, we obtain a map

A(X)(x1−P1,...,xn−Pn) −→ OP (62)

which, since α is injective and A(X) is an integral domain, is injective. More-
over, this is surjective by definition of a regular function.

More can be said. For each P ∈ X let mP denote the maximal ideal of
OP , which is consists of the germs of regular functions which vanish at P .
There is a family of homomorphisms

A(X)
α
↣ O(X) ↣ OP → OP/mP

which are injective as labelled. The kernel of this map is I := (x1−P1, ..., xn−
Pn). Thus

A(X)/I ∼= OP/mP (63)

Moreover, by considering the evaluation function OP −→ k it is easy to see
that O/mP

∼= k. Combining this and (63) we have:

dimOP = ht .mP

= ht .I

= ht .I + dim k

= ht .I + dim
(
A(X)/I

)
= dimA(X)

Now, any nonzero element f ∈ A(X) maps under α to a unit with inverse
1/f ↾Z(f)c . Thus we obtain an injective map

FracA(X) ↣ K(X)

In fact, this map is also surjective: for each nonzero [(U, f)] ∈ K(X) we
have that [(U, f)] ∈ OP for some P . This follows by the already established
isomorphism (62) and the fact that the following diagram commutes:

A(X)I OP

FracA(X) K(X)

∼
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Again, more can be said. We recall the general facts that if B is an integral
domain which is also a k-algebra then dimB and tr. degk B yield the same in-
teger, and that dimX = dimA(X). Hence K(X) is an algebraic extension of
k with transcendence degree equal to dimX. Furthermore, A(X) is a finitely
generated k-algebra, and so the extension k/K(X) is finitely generated.

Finally, we show that α of (61) is surjective. We have that

A(X) ⊆ O(X) (64)

⊆
⋂
P∈X

OP (65)

⊆
⋂
m

A(X)m (66)

where the last subset inequality is ranging over all maximal ideals m of A(Y )
(here we have also used the fact that points of X are in one to one corre-
spondence with maximal ideals of A(X), this fact is easily proven and shown
explicitly in Hartshorne).

Surjectivity now follows from the general fact that for an integral do-
main B we have

⋂
mBm = B (where both are considered inside the field of

fractions). In summary:

Proposition 4.1.4. Let X be an affine variety, then

1. A(X) ∼= O(X),

2. for any point P = (P1, ..., Pn) ∈ X we have A(X)(x1−P1,...,xn−Pn)
∼= OP

and dimOP = dimX,

3. FracA(X) ∼= K(X) and the transcendence degree of the finitely gener-
ated extension K(X)/k is equal to dim(X).

4.2 Morphisms

We now work in the generality of arbitrary varieties:

Definition 4.2.1. A variety is one of an affine variety, a quasi-affine variety,
a projective variety, or a quasi-projective variety. A morphism of varieties
f : X −→ Y is a continuous function such that for all P ∈ X there exists an
open neighbourhood U of f(p) such that for all regular functions φ : U −→ k
the function φ ◦ f is regular. The category of varieties and morphisms of
varieties is denoted Var.
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Let f : X −→ Y be a morphism with X an arbitrary variety and Y an
affine variety. Then there is an induced map

f̂ : O(Y ) −→ O(X)

given by precomposing with f . We have also already seen that O(Y ) ∼=
A(Y ) (Proposition 4.1.4), the resulting map A(Y ) −→ O(Y ) is a k-algebra
homomorphism, and so we have described a function

α : HomVar(X, Y ) −→ HomkAlg(A(Y ), X) (67)

We now describe an inverse to α. Let f : A(Y ) −→ X be a k-algebra
homomorphism. Let x̄1, ..., x̄n denote the image of x1, ..., xn ∈ k[x1, ..., xn] in
A(Y ). Consider the images f(x̄1), ..., f(x̄n) of the elements x̄1, ..., x̄n ∈ A(Y )
under f (a step which could not have been done had we not assumed Y
was affine). These are all regular functions f(xi) : X −→ k and so for each
P ∈ X we obtain an element (f(x̄1)(P ), ..., f(x̄n)(P )) ∈ An, we now show
that this is an element of Y . For any g ∈ I(Y ) the polynomial g(x̄1, ..., x̄n)
is equal to zero in A(Y ). Thus for any P ∈ X we have

f(g(x̄1, ..., x̄n))(P ) = 0

However, g is a polynomial and f is a k-algebra homomorphism, so

f(g(x̄1, ..., x̄n))(P ) = g
(
f(x̄1)(P ), ..., x̄n(P )

)
= 0

and so (f(x̄1)(P ), ..., f(x̄n)(P )) ∈ ZI(Y ) = Y . In fact, this is a morphism,
this follows from Lemma 4.2.3 below. We have described a function

β : HomkAlg(A(Y ),O(X)) −→ HomVar(X, Y ) (68)

Finally, we show that α and β are mutually inverse to each other. Let
f : X −→ Y be a morphism of varieties and let P ∈ X, we compute
(βαf)(P ), where πi : Y −→ k is the ith projection map:

(βαf)(P ) =
(
(f̂ ◦ φ)(x̄1(P )), . . . , (f̂ ◦ φ)(x̄n(P ))

)
=

(
(π1 ◦ f)(P ), . . . , (πn ◦ f)(P )

)
= f(P1, ..., Pn)

= f(P )
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Similarly, given f : A(Y ) −→ OX and q ∈ A(Y ) we compute (αβf)(P ),
where φ : A(Y ) −→ OY is the isomorphism (4.1.4), and h : X −→ Y is the
function given by x 7→ f(x̄1)(x), ..., f(x̄n)(x):

(αβf)(q) = α(h)(q)

= ĥ(φ(q))

Let P ∈ X be arbitrary, we claim ĥ(φ(q))(P ) = f(q)(p):

ĥ(φ(q))(P ) = φ(q)(h(P ))

= q(h(P ))

= f(q(P ))

= f(q)(P )

where the penultimate equality follows from the definition of h, that f is a
k-algebra homomorphism, and q is a polynomial.

Remark 4.2.2. The final calculation can be written in different notation:

(αβf)(q)(P ) = α(f(x̄1)( ), ..., f(x̄n)( ))(P )

= (f(x̄1), ..., f(x̄n))
∧)(φ(q))(P )

= φ(q)
(
f(x̄1)(P ), ..., f(x̄n)(P )

)
= q

(
f(x̄1)(P ), ..., f(x̄n)(P )

)
= f(q(P ))

= f(q)(P )

Lemma 4.2.3. Let X be a variety, and let Y ⊆ An be an affine variety. A
map of sets ψ : X −→ Y is a morphism if and only if xi ◦ ψ is a regular
function on X for each i, where x1, ..., xn are the coordinate functions on An.

Proof. First, that ψ being a morphism implies xi ◦ ψ is regular follows from
the definition of morphism.

Next, the key observation is that xi ◦ ψ being regular implies that f ◦ ψ
is regular for any polynomial f : Y −→ k. We then have for any zero set
Z(f1, ..., fn) ⊆ Y that

ψ−1Z(f1, ..., fn) = ψ−1
(
Z(f1)∩ ...∩Z(fn)

)
= ψ−1Z(f1)∩ ...∩ψ−1Z(fn) (69)
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and so we can assume n = 1.
We notice that ψ−1Z(f) = (f ◦ψ)−1{0} which is closed as f ◦ψ is regular

(from the key observation) and thus continuous.
Moreover, if g : Y −→ k is regular, then there exists open U ⊂ Y and

polynomials g1, g2 such that g ↾U= g1/g2. Thus, for any P ∈ X:

g ↾U (ψ(P )) = g1(ψ(P ))/g2(ψ(P )) (70)

and we know gi ◦ψ is regular for i = 1, 2, thus there are open sets W1,W2 ⊆
Y both containing ψ(P ) such that gi ↾Wi

is a quotient of polynomials, for
i = 1, 2. It follows that g ◦ ψ is regular.

In summary:

Proposition 4.2.4. Let X be a variety and Y an affine variety. Then there
is a natural bijection

α : HomVar(X, Y ) −→ HomkAlg(A(Y ),O(X))

Moreover, a morphism X −→ Y is dominant (that is, it has dense image) if
and only if the corresponding homomorphism A(Y ) −→ O(X) is injective.

Proof. Let f : X −→ Y be a morphism of varieties and let f ∗ : A(Y ) −→
A(X) be the corresponding morphism of affine coordinate rings. Say f is
not dominant, so that there exists an ideal 0 ̸= I ⊆ A(Y ) such that f(X) ⊆
V (I) ⊊ Y . Then, for any g ∈ I, we have f ∗(g) = g ◦ f = 0 (thinking of the
affine coordinate rings as sets of functions X −→ k, Y −→ k). This implies
I ⊆ ker f ∗, which since 0 ̸= ker f ∗ as I ̸= 0, thus f ∗ is not injective.

4.3 Products

The category of Varieties Var admits products, and this product is not equal
to the topological product. For instance, we will see that A2 is a product of
two copies of A1 but A2 ̸∼= A1 × A1 (see solution to Sol. 1.4 [4]). Arbitrary
products will require some work, but the product of two affine varieties is
simpler.

Proposition 4.3.1. Let X ⊆ An and Y ⊆ Am be affine varieties. Then the
product X × Y ⊆ An+m is a product in the category of varieties.
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Proof. The main observation is that A(X×Y ) ∼= A(X)⊗A(Y ), then we use
Proposition 4.2.4. For details see Sol 3.15 [4].

For the projective case we need to use the Segre embedding :

Lemma 4.3.2. Define the following function

Ψ : Pr × Ps −→ Prs+r+s (71)(
[P0 : . . . : Pr], [Q0 : . . . : Qs]

)
7−→

(
[. . . , PiQj, . . .]

)
(72)

where elements in the image appear in lexicographic order. This map is
well defined, injective, the image is a projective variety, and this map is an
isomorphism onto its image.

Proof. See Sol 2.14 [4].

Proposition 4.3.3. Let X ⊆ Pn and Y ⊆ Pm be projective varieties. Then
the image of X × Y ⊆ Pr × Ps under the Segre embedding is a project in the
category of varieties.

Proof. Let X ⊂ An and Y ⊂ Am be affine varieties over a field k with
coordinate rings

A(X) = k[x1, . . . , xn]/I and A(Y ) = k[y1, . . . , ym]/J.

Then the product variety X ×Y is an affine variety whose coordinate ring is
given by

A(X × Y ) ∼=
k[x1, . . . , xn, y1, . . . , ym]

I + J
.

There is a natural k-algebra homomorphism

ϕ : A(X)⊗k A(Y )→ k[x1, . . . , xn, y1, . . . , ym]

I + J

defined on simple tensors by

ϕ
(
f(x)⊗ g(y)

)
= f(x) g(y).

One can check that ϕ is an isomorphism, so that

A(X × Y ) ∼= A(X)⊗k A(Y ).
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The Segre embedding is the morphism

ψ : X × Y → Anm, (x, y) 7→ (xiyj)1≤i≤n,1≤j≤m.

Since ψ is a closed immersion, its image ψ(X × Y ) is an affine variety whose
coordinate ring is isomorphic to that of X × Y . Therefore,

A
(
ψ(X × Y )

) ∼= A(X × Y ) ∼= A(X)⊗k A(Y ).

4.4 Rational maps

In Algebraic Topology, the notion of homeomorphism is relaxed to homotopy
equivalence which leads to significant theorems (Whitehead’s Theorem, etc)
relating topology to algebra. Similarly, rational maps are a relaxation of
morphisms of varieties and in this Section we explore how this relaxed notion
interacts with algebra.

Definition 4.4.1. A rational map of varieties X −→ Y is an equivalence
class of pairs (U,φ) where U ⊆ X is an open subset and φ : U −→ Y a
morphism, where any two such pairs are equivalent if the morphisms agree on
their intersection. If the image of φ is dense then by Fact 4.4.2 all elements
of the corresponding rational map are, and so we say the rational map is
dominant.

Fact 4.4.2. If one representative of a rational map is dominant, they all are.

We need:

Lemma 4.4.3. If f : X −→ Y is continuous and U ⊆ Y then f−1(U) ⊆
f−1(U).

Proof. Since f being continuous and f−1(U) ⊆ f−1(U).

Proof of Fact 4.4.2. Let U ⊆ V ⊆ X both be open (and hence dense) and
assume the image of V is dense in Y . We have

X = U ⊆ f−1(f(U)) ⊆ f−1(f(U))

using Lemma 4.4.3 for the second inclusion. Thus, im f ⊆ f(U), taking
the closure of both sides gives im f ⊆ f(U) the result then follows from
im f ⊆ f(V ) = Y .
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Thus if φU and φV are rational maps which agree on U ∩ V with φV
dominant, we have that φV ↾U∩V= φU ↾U∩V is dominant and thus φU is
dominant.

For the next result, we need the following:

Proposition 4.4.4. The set of open, affine varieties forms a basis for the
topology of any variety.

Proof. Let Y be a variety. We need to show that for any point P ∈ Y and
open subset U containing P , there exists an open, affine variety Z such that
P ∈ Z ⊆ U . We know that each variety can be covered by quasi-affine
varieties and so we can assume U = Y , and that Y is quasi-affine.

We consider the set Z := Y − Y which is closed and does not contain P .
Thus there exists a polynomial f such that f(P ) ̸= 0 and f ∈ IZ. We let
H be the hypersurface f = 0, and the proof will be complete once we show
Y − Y ∩H is an open, affine variety.

Openness is clear, so it remains to show that it is affine. For this we
appeal to Lemma 4.4.6 below, which states that An − G is affine for any
hypersurface G.

Since Y −Y ∩H is an open subset of irreducible Y , we have that Y −Y ∩H
is irreducible as a subspace of Y . Since irreducible subspaces of irreducible
subspaces remain irreducible (Lemma 2.2.2) the set Y−Y ∩H is an irreducible
subset of An −H, for some n. It now remains to prove the following claim:

Claim 4.4.5. Let Y be a variety. Y − Y ∩H is a closed subset of An −H.

We show Y −Y ∩H = Y ∩(An−H). First notice Y ∩(An−H) = Y −Y ∩H.
We have:

Y − Y ⊆ H =⇒ (Y − Y ) ∩ Y ⊆ H ∩ Y
=⇒ Y − Y ⊆ H ∩ Y
=⇒ Y − Y ∩H ⊆ Y − (Y − Y )

=⇒ Y − Y ∩H ⊆ Y

Subtracting Y ∩H from both sides and noting that Y ∩H ⊆ Y ∩H yields:

Y − Y ∩H ⊆ Y − Y ∩H (73)
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For the reverse direction, we have that Y − Y ∩H ⊆ Y and Y ∩H ⊆ Y and
so

(Y − Y ∩H) ∪ (Y ∩H) ⊆ Y

subtracting Y ∩H from both sides gives:(
(Y − Y ∩H) ∪ (Y ∩H)

)
− (Y ∩H) ⊆ Y − (Y ∩H)

=⇒ (Y − Y ∩H)− (Y ∩H) ⊆ Y − (Y ∩H)

so since (Y − Y ∩H)− (Y ∩H) = (Y − Y ∩H)− (Y ∩ Y ∩H) we have

(Y − Y ∩H)− (Y ∩ Y ∩H) ⊆ Y − (Y ∩H)

=⇒ (Y − Y ∩H)− (Y ∩H) ⊆ Y − (Y ∩H)

=⇒ Y − Y ∩H ⊆ Y − Y ∩H

proving the result.

Lemma 4.4.6. Let H be a hypersurface f(x1, ..., xn) = 0 and assume H ⊆
An. Then An −H is affine.

Proof. We consider the hypersurface J = Z(xn+1f − 1) ⊆ An+1. There
is a map φ : J −→ An − H given by the projection (P1, ..., Pn+1) 7−→
(P1, ..., Pn) (which, by the way, corresponds to the map A −→ Af where
A = k[x1, ..., xn]). This map is bijective with inverse given by (P1, ..., Pn) 7−→
(P1, ..., Pn, 1/f(P1, ..., Pn)). That these are both morphisms is easy, for the
inverse map use 4.2.3.

Example 4.4.7. As an easy example, A1−Z(x) is isomorphic to the hyper-
surface x2 = 1/x1 in A2.

In light on Proposition 4.2.4 we ask “what relaxations are needed to turn
the adjunction 4.2.4 into an equivalence of ƒcategories”? This is answered by
the following:

Theorem 4.4.8. The category of varieties and dominant, rational maps is
equivalent to the category of finitely generated field extensions of k.

The proof will begin by consider two varieties X, Y and a k-algebra ho-
momorphism K(Y ) −→ K(X). Since Y is covered by affine varieties (Propo-
sition 4.4.4) we take an affine variety Y ′ ⊆ Y which since K(Y ) ∼= K(Y ′)
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means we have a k-algebra homomorphism K(Y ′) −→ K(X). We then use
this to obtain an open subset U ⊆ X such that we have the following com-
mutative diagram:

K(Y )

K(Y ′) K(X)

A(Y ′) O(U)

≀ (4.2.4)

U Y ′

X Y

∼=

where the dashed arrow is a rational map induced by the map U −→ Y ′.

Proof. Let X, Y be arbitrary varieties. Let DVar denote the category of
varieties and dominant ration maps, and let kalg the category of k-algebras.
We will show that there is a natural bijection

α : DVar(X, Y ) −→ kalg(K(Y ), K(X)) (74)

Let (U,φ) be a representative of a rational map X −→ Y , and say we have
an element [(V, ψ)] ∈ K(Y ). Notice that V is non-empty (by definition of
elements of the field of functions) and since the image of φ dense that φ−1(V )
is non-empty. Moreover, since φ is a morphism, the pair (φ−1(V ), φ◦ψ ↾φ−1(V )

) yields a well defined element of K(X). This map is independent of the
representative (U,φ) taken and so we have a well defined map K(Y ) −→
K(X).

We now define an inverse to α. Let φ : K(Y ) −→ K(X) be an injective,
there is an injective homomorphism A(Y ) ↣ K(Y ) so each x̄i ∈ A(Y ) maps
under A(Y ) −→ K(Y ) −→ K(X) to some element [(Ui, ξi)]. So we can pick
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open subsets U1, ..., Un so that their intersection U :=
⋂n
i=1 Ui fits into the

following commutative diagram:

K(Y ) K(X)

A(Y ) O(U)

φ

(75)

The map φ, having domain a field, is injective. Commutativity of (75) thus
implies the homomorphism on the bottom row. We thus by Proposition 4.2.4
obtain a dominant morphism U −→ Y , which yields a dominant, rational
map β(φ) : X −→ Y . By construction, for any rational map f we have
βαf = f and for any k-alg homomorphism f we have αβf = f .

It remains to show that the functor X −→ K(X) is well defined (more
precisely, that K(X) is a finitely generated field extension of k) and essential
surjectivity (more precisely, that for every finitely generated field extension
K/k we have that K = K(X) for some variety X).

For the first claim, simply take an affine subset X ′ ⊆ X (which can be
done by 4.4.4) so that K(X) = K(X ′) and use Proposition 4.1.4.

For the second claim, let K/k be a finitely generated field extension and
α1, ..., αn be such that k(α1, ..., αn) = K and consider the subring k[α1, ..., αn]
which, being a subring of a field, is an integral domain. We thus have an
isomorphism

k[x1, ..., xn]/I −→ k[α1, ..., αn]

for some prime ideal I and so K = K(Z(I)).

Corollary 4.4.9. For two varieties X, Y , the following are equivalent:

1. X is birationally equivalent to Y ,

2. there is open sets U ⊆ X, V ⊆ Y such that U is isomorphic to V as
varieties,

3. K(X) ∼= K(Y ).

Proof. (1) =⇒ (2): Let φ : X −→ Y be a rational map with inverse ψ : Y −→
X. Then say φ is represented by (U,φ) and ψ by (V, ψ). We thus have that
φψ is represented by (φ−1(V ), φψ), so since φψ = idY as rational functions,
we have that φψ ↾φ−1(U)= idφ−1(U). Similarly, we have ψφ ↾φ−1(V )= idψ−1(V ).
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We then take our choice of open sets to be φ−1ψ−1(U) and ψ−1φ−1(V ) and
we are done.

(2) =⇒ (3) follows from the definition of the field of functions.
(3) =⇒ (1) follows from Theorem (4.4.8).

Proposition 4.4.10. Every variety X of dimension r say, is birationally
equivalent to a hypersurface in Ar+1, and by taking the projective closure, to
a hypersurface in Pr+1.

Proof. The field extension K(X)/k is finitely generated and, as k is perfect,
separable. Hence there is a transcendence basis x1, ..., xr ∈ k such that
K(X)/k(x1, ..., xr) is a separable extension.

By the Theorem of a primitive element, there exists an element y ∈ k such
thatK(X) = k(x1, ..., xr, y). Now, y is algebraic and so satisfies a polynomial
equation which, after clearing denominators, yields an irreducible polynomial
f which y satisfies. The hypersurface f = 0 (which lies in Ar+1), we denote
by H, and claim is birationally equivalent to X. By Theorem 4.4.8 it suffices
to show K(H) ∼= K(X), however this is easy by the construction of H, the
map

k[x1, ..., xr, y] −→ k(x1, ..., xr, y) (76)

induces an isomorphism

Frac
(
k[x1, ..., xn]/(f)

) ∼= k(x1, ..., xn, y) (77)

the result follows as K(H) ∼= Frac
(
k[x1, ..., xn]/(f)

)
and k(x1, ..., xn, y) =

K.

5 Singularities

5.1 Singular points

Throughout, X is an affine variety of dimension r.

Definition 5.1.1. Given a point P ∈ X and generators f1, ..., fn for I(X).
The point P is nonsingular if the rank of the jacobian matrix ||(∂fi/∂xj)(P )|| =
n− r. Otherwise the point is singular.

34



Remark 5.1.2. This definition is independent of the choice of generators of
I(X) taken, we now show this. In such a situation we have

(f1, ..., fn) = I(X) = (g1, ..., gm)

so for each i = 1, ..., n there exists polynomials hi1, ..., h
i
m such that

fi = hi1g1 + . . .+ himgm

and so for each j = 1, ...,m:

(∂fi/∂xj) = g1(∂h
i
1/∂xj)+h

i
1(∂g1/∂xj)+ . . .+ gm(∂h

i
m/∂xj)+h

i
m(∂gm/∂xj)

so that if P ∈ X:

(∂fi/∂xj)(P ) = hi1(P )(∂g1/∂xj)(P ) + . . .+ him(P )(∂gm/∂xj)(P )

Since this is true for all i, j we have:

||(∂fi/∂xj)(P )|| =

h
1
1(P ) . . . h1m(P )
...

. . .
...

hn1 (P ) . . . hnm(P )

 ||(∂gi/∂xj)(P )||
so that Rank ||(∂fi/∂xj)(P )|| ≤ Rank ||(∂gi/∂xj)(P )||. We can also describe
each gi as a linear combination of fj and perform the same argument to
establish the reverse inequality. Thus these values are equal and Definition
5.1.1 is independent of the choice of generators for I(X).

The definition of a singular point on an arbitrary variety is given by
considering its local ring.

Definition 5.1.3. Let (A,m) be a Noetherian, local ring and let k denote
the residue field A/m. The ring A is regular if dimA = dimkm/m

2.

Definition 5.1.4. Let X be a variety and P ∈ X a point. Then X is
nonsingular at P if OP is a regular local ring. Otherwise X is singular at
this point.

Before showing that Definitions 5.1.1 and 5.1.4 agree in the case where X
is affine, we make a comment that Definition 5.1.4 (along with Exercise 3.3b)
makes it clear that a point being singular is invariant under isomorphism.
We use this to show:
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Lemma 5.1.5. Let X = Z(f1, ..., fm) ⊆ Pn be a projective variety of di-
mension r and P ∈ X a point. If Rank ||(∂fi/∂xj)(P )|| = n − r then X is
singular at this point.

Proof. Write P = [P0 : ... : Pn] and for simplicity, assume P ∈ U0 and
consider the isomorphism φ0 : U0 −→ An. We know that

φ0

(
Z(f1, ..., fm)

)
= Z

(
f1(1, x1, ..., xn), ..., fn(1, x1, ..., xn)

)
and φ0([P0 : ... : Pn]) = (P1/P0, ..., Pn/P0). It suffices to show where i =
1, ...,m, j = 1, ..., n (NB: we do not consider j = 0) that:

Rank ||(∂fi(1, x1, ..., xn)/∂xj)(P1/P0, ..., Pn/P0)|| = n− r (78)

The significant observation is that the matrix, where i = 1, ...,m, j = 0, ..., n
(NB: now we do consider j = 0)

||(∂fi/∂xj)(P0, ..., Pn)||

has left most column consisting of all zeros. Moreover, the number of columns
is strictly greater than the rank (which by assumption is n−r) and so deleting
this left most column does not change the rank.

The proof is then finished when it has been shown that this rank is equal
to left hand side of (78), which follows from independence of representative
chosen to calculate the rank (a calculation similar (but easier) than that done
in Remark 5.1.2).

Lemma 5.1.6. Let Y ⊆ An be an affine variety. Let P ∈ Y be a point.
Then Y is nonsingular at P if and only if the local ring OP is a regular local
ring.

Proof. Let P be the point (P1, ..., Pn) in An and let aP := (x−P1, ..., x−Pn)
be the corresponding maximal ideal in A := k[x1, ..., xn]. We define a linear
map θ : A −→ kn by

θ(f) :=
( ∂f
∂x1

(P ), ...,
∂f

∂xn
(P )

)
(79)

Now it is clear that θ(xi − Pi) for i = 1, ..., n from a basis of kn, and that
θ(a2P ) = 0, so θ induces an isomorphism θ′ : aP/a

2
P −→ kn.
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We now let b be the ideal of Y in A, and let f1, ..., ft be a set of generators
of b. The proof essentially follows from the following key observation:

dim ap/(a
2
P + b) + dim(a2P + b)/a2P = dim aP/a

2
P (80)

which is true just by counting dimensions of vector spaces. We now ex-
plain these components. First, by definition of the map θ′ we have that
rank ||(∂fi/∂xj)(P )|| is the dimension of the subspace (b+ a2P )/a

2
P of aP/a

2
P .

Combining this with the fact that dim aP/a
2
P = dim kn, cf. the isomorphism

θ′, our equation becomes

dim aP/(a
2
P + b) + rank ||(∂fi/∂xj)(P )|| = n (81)

On the other hand, let aP denote the image of aP under the projection
k[x1, ..., xn] −→ A(Y ) and consider the map φ : k[x1, ..., xn] −→ A(Y )aP
which is the given by projecting to the quotient followed by localising. If c
denotes the maximal ideal of A(Y )aP , we have

φ−1(c) = a+ b, and φ−1(c2) = a2 + b (82)

Now, we know that OP ∼= A(Y )aP , so if mP denotes the maximal ideal of
OP , it follows from (82) that

mP/m
2
P
∼= (a+ b)/(a2 + b) = a/(a2 + b) (83)

Thus, (81) becomes

dimmP/m
2
P + rank ||(∂fi/∂xj)(P )|| = n (84)

and we are done.

We now make the obvious definition:

Definition 5.1.7. Let Y be a variety. Y is nonsingular at a point P ∈ Y
if the local ring OP,Y is a regular local ring. Y is nonsingular if it is
nonsingular at every point. If Y is not nonsingular, it is singular.

For the next result, we need the following algebraic Lemma:

Lemma 5.1.8. Let A be a Noetherian local ring with maximal ideal m. Then

dimkm/m
2 ≥ dimA (85)
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Proof. For a full proof, see [3], here we satisfy ourselves with a sketch.
Krull’s Principal ideal Theorem states that in the context of the lemma, if

p is prime, minimal amongst those over a collection of elements a1, ..., ar ∈ A
of A then ht .p ≤ r. Thus, if we pick elements a1, ..., ar ∈ A, the image of
which under A −→ Am form a basis for the vector space m/m2. There exists
a prime p minimal over those containing a1, ..., ar, the result follows.

We will make use of the following fact:

Fact 5.1.9. Let X be any topological space, Z ⊆ X a subset, and {Ui}i∈I an
open cover of X. Then Z is a closed subset of X if and only if X ∩ Ui is a
closed subset of Ui for all i.

Proof. This fact is seen to be true easily when the complements are consid-
ered:

X \ Z = (X \ Z)
⋃
i∈I

Ui =
⋃
i∈I

(Ui \ Z) (86)

Theorem 5.1.10. Let Y be a variety. Then the set Sing Y of singular points
of Y is a proper closed subset of Y .

Proof. First we show Sing Y is a closed subset. We make use of Fact 5.1.9 and
Proposition 4.1.4 (that open affines form a basis for the Zariski topology) to
reduce to the case where Y is affine. By 5.1.8 and the proof of (5.1.6) the set
of singular points is the set of points where the rank of the Jacobian matrix
is < n− r, where r = dimY . Thus, Sing Y is the algebraic set defined by the
ideal generated by I(Y ) together with all determinants of (n− r)× (n− r)
submatrices of the matrix ||∂fi/∂xj|| (see [3]). Hence Sing Y is closed.

We now show that Sing Y is a proper subset. By Proposition 4.4.10
we have that Y is birationally equivalent to a hypersurface H in An. By
Corollary 4.4.9, there exists open subsets U, V of Y,H respectively which are
isomorphic. Since V is open and SingH is closed, we have that SingH is a
proper subset of H if and only if SingH is a proper subset of V . Since U
and V are isomorphic, we thus reduce to the case of a hypersurface in An,
assume Y = Z(f) with f irreducible.

Now, Sing Y is the set of points P ∈ Y such that (∂f/∂xi)(P ) = 0 for
i = 1, ..., n. If Sing Y = Y , then the functions ∂f/∂xi are zero on Y , and
hence ∂f/∂xi ∈ IY for each i. But IY is the principal ideal generated by f ,
and deg(∂f/∂xi) < deg f , so we must have ∂f/∂xi = 0 for all i.
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In characteristic 0 this is already impossible as f being irreducible is non-
constant, so ∂f/∂xi ̸= 0 for some i. Now say char k = p > 0. In this case,
∂f/∂xi = 0 implies that f is a polynomial in xpi . This is true of all i, so taking
the pth roots of the coefficients, which is possible as k is algebraically closed,
we obtain a polynomial g such that f = gp, contradicting irreducibility of
f .

5.2 Blowups

Consider the set

X := {(x, y, z) | y = zx} = Z(y − zx) ⊆ A3

Let z0 ∈ k be arbitrary and consider the intersection of the induced plane
z = z0 with X. We have that y = z0x which is a straight line with gradient
z0. Thus X is a long ribbon with a twist in it (this explains the classic image
associated to blowups, see [2, §I, 4]).

We claim that X is birationally equivalent to A2. Indeed we have a
morphism

α : X \ Z(x) −→ A3

(x, y, z) 7−→ (x, y)

Also, there is the morphism

β : A3 \ Z(x) −→ X

(x, y) 7−→ (x, y, y/x)

The morphisms α and β induce rational maps which are mutual inverses to
each other.

There is a natural map φ : X −→ A2 given by the mapping (x, y, z) 7−→
(x, y). Now we arrive at a subtlety; given a plane curve Z(f) ⊆ A2, we do
not simply take the blowup to be φ−1(Z(f)). This set is equal to Z(f, y−zx)
which contains the line Z(x, y). This line is called the exceptional curve and
we wish to omit it, lest singularities not be resolved. Thus, we define:

Definition 5.2.1. Let Y = Z(f) be a plane curve and P ∈ Y a point. Make
a change of variables (xi 7→ xi−Pi) which translates P to the origin, denote
by Y ′ the resulting curve. Denote the origin by O. The blowup of Y is

Ỹ := φ−1(Y ′ \ O)
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More generally:

Definition 5.2.2. Let Y ⊆ An be an affine variety. Define the set

X :={
(
(x1, ..., xn), [P0 : ... : Pn−1])

)
⊆ An × Pn−1

| xiPj−1 = xjPi−1, where i, j = 1, ..., n}

and the map:

φ : X −→ Y(
(x1, ..., xn), [P0 : ... : Pn−1])

)
⊆ An × Pn−1 7−→ (x1, ..., xn)

Then the blowup of Y at O

Ỹ := φ−1(Y \ O)

A few comments are in order. First, when we write An × Pn−1 we do
not mean the cartesian product, but instead product of these two varieties,
thus we are taking an arbitrary embedding An ↣ Pn followed by the Segre
embedding, see Exercise I.3.16 and its solution [4] for an explanation on the
product in the category of varieties.

Also, Definitions 5.2.1 and 5.2.2 agree when Y ⊆ An is a plane curve. In
this case, Definition 5.2.2 makes use of

X := {
(
(x1, x2), (P0, P1)

)
| x1P1 = x2P0}

and
(
(x1, x2), [P0, P1]

)
∈ φ−1(Y ) is such that x1 ̸= −, x2 ̸= 0 and so P0 =

0⇒ P1 = 0, thus P0 ̸= 0 and we may use the isomorphism

P1 \ Z(x0) ∼= A

Now we reach a subtlety, indeed this shows that P1 × A2 ∼= A × A2 but we
must read × carefully here, this is not the product of these two topological
spaces but is the product of these two affine varieties, which by Exercise
I.3.5 is given by A3.

Example 5.2.3. Define

f = y2 − x2(x+ 1)
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By observing the jacobian matrix:(
−3x2 − 2x 2y

)
which is the zero matrix when evaluated at 0, that is, f is singular at 0. Now
consider φ−1(f) which is given by Z(f, y − zx). By substituting y = zx into
f we have:

z2x2 − x2(x+ 1) = 0

which factors:
x2
(
z2 − (x+ 1)

)
= 0

The algebraic set Z(x2
(
z2 − (x + 1)

)
) has two irreducible components, one

corresponding to x = 0, y = 0, and z arbitrary, this is the exceptional curve.
The other, z2 = x+1 and y = zx, this is Ỹ . Notice that the jacobian matrix
of Ỹ : (

−1 0 2z
−z 1 −x

)
always has full rank, and so Ỹ is nonsingular.

We can talk more generally.

Definition 5.2.4. Let Y = Z(f) be a plane curve and P ∈ Y a point (not
necessarily a singular point). By making a change of variables if necessary,
assume P = O (the origin). Write f = f0 + . . . + fr where fi has degree
i, then the multiplicity of P is the least value i such that fi ̸= 0. The
linear factors of fi are the tangent directions at P . A singular point of
multiplicity 2 with distinct tangent directions is a node.

Example 5.2.5. The multiplicity of the singular point O of y2 − x2(x + 1)
is 2 (clearly). The tangent directions are y+x and y−x and so O is a node.

Given a plane curve Z(f) we have that the blowup Ỹ along with the
exceptional curve is given by Z(f, y− zx). We can come up with an explicit
description of the zero set which yields only the blowup.

Write f = f(x, y) and make the substitution y = zx to obtain f(x, zx)
and now write f(x, zx) = xrf̄(x, z) for some f̄ such that f̄(0, z) ̸= 0. Then
Ỹ = Z(f̄ , y − zx). To see this, if P = (P1, P2, P3) ∈ Z(f̄ , y − zx) then

0 = P r
2 f̄(P1, P3) = f(P1, P2)

so Z(f̄ , y− zx) ⊆ Ỹ . Conversely, we clearly have φ−1(Y \O) ⊆ Z(f̄ , y− zx)
and the latter set is closed. An application of this is given in the solution to
exercise I .5.6b in [4].
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