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Formulas

Definition (Formulas)

> Unoriented atoms XY, Z, ...
» An oriented atom (or atomic proposition) is a pair (X, +) or
(X,-) where X is an unoriented atom.
Pre-formulas:
» Any atomic proposition is a preformula.
> If A, B are pre-formulas then so are A® B, A% B.
» If A is a pre-formula then so is - A.

Formulas: quotient of pre-formulas:

_‘(X>+)N(X7_) _‘(Xv_)N(X7+)



Polynomial ring of a proof structure

Definition (Sequence of (un)oriented atoms)

Let A be a formula with sequence of oriented atoms

((Xl,:cl), ey (X, xn)) The sequence of unoriented atoms of A
is (X1,...,X,) and the set of unoriented atoms of A is the disjoint

union { X1} 1T 1I{X,}-

Definition (Polynomial ring P4 of a formula A)

P4 is the free commutative k-algebra on the set of unoriented

atoms of A:
PA = kl:Xla 7X7l]

Let 7 be a proof structure with edge set ' and denote by A. the
formula labelling edge e € E. The polynomial ring of 7, denoted
Py is the following, where U, is the set of unoriented atoms of A..

Pﬂ- = ®PA5 = k[]_[ Ue]

ecF ecF



Polynomial ring example

Let 7 denote the following proof net.

/ (ax) \ / (ax) \

X1 ©-Y; -X323Y; X5 -Ys
\(E \—> ® / \(E
(ﬁXﬁ?‘Ys) ® Xy
4
P, =
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= k[X17Y27X37naX57)%7X7a}/éaX9]

But what about the links?



Links

Definition (Link ideal I;, link coordinate ring R;)

7N |

Axiom/Cut link I:

A - A
; T S

((Xl,:cl), vy (Xn,xn)) is the sequence of oriented atoms of A,
and ((Yl,yl), v (Ym,ym)) is that of B.

L cPy®P. 4

Ry := Py ® P_4/1
L=(Xi-X)h, =(X;@l-1eX)r, 1~ °4 Al



Tensor/Par links

| L |
A B A B
Tensor/Par link [: \ ® / \\> 3 /
\ \
A®B AR B
: :
Let m = @ if [ is a tensor link, and ® =7 if [ is a par link.

IZEPA®PB®PAEB
I = ({Xi_Xz(}?:lu{}/}_}/},}gn:I
=({Xielel-1eoleX;},,u{leY;el-101&Y;}T,)

Ry = P4 ® Pp® Pagp/I;

Definition (Defining ideal I, coordinate ring R,)
I :=%;I; € P, where [ ranges over all links of 7. R, := P/L;.



Example of coordinate ring of a link

Let A:= (—-Xz ® 1/3) x (—|Z6 ® W7).

(ax) (ax) (ax) (@)

4 \ /a N\ Z/ ’ \ /a \W

T \% / T \% / v
ﬁXz®Y3 ﬁZh®W-
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Let [ denote the red axiom link, and I’ denote the blue par link.

= (X1 - X2) ck[X1, Xs] = k[ X1, X2]/1;
= k[ X1]
Iy = (Xo— X5,Y3 =Yy, Zg— Z§, We = W) Ry = k[ Xo, X3,Y3,Y3, Zg, Zg, Wr, W[ Iy
2 k[ Xo,Y3, Zg, Wr]



Example of coordinate ring of a proof structure
A= (—|X2 ® }/3) 7% (—-ZG ® W7)

(ax) (ax) (ax) (ax)
7N N TN 7N
X -Xo Y3 =Yy Zs -Zg Wy -Ws
% \» ® </ % % \» ® e/ %
ﬁX2‘®Y:3 ﬁZS;WG
\—> z <—/

A
+
c

Pr = k[ X1, Xo, X5, X5 Y3, Y], V3" Yy, Zs, Zs, Z§, Z¢ . W, Wy, Wy, Ws]
I = (X1 - X2) + (Y3 - Yy) + (Z5 — Zg) + (W7 = Wy)

+ (Xo— X5, Y3 = YY) +(Zg — Z§, Wy — W)

+(Xy - X3\ Y5 =YY, Zg - Zg , Wi - W)
Ry =P /I, 2 k[X,Y,Z,W]



Persistent walks
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Persistent walks

(ax), (cut) XX, e.3 L Mll-LY,

XXy s VT 11V, X 1 X 1Y 1T 11 Vi

Definition
Let 7 be a proof structure admitting a conclusion A. Choose also
an unoriented atom X in A. A persistent walk of X is a walk v

in m satisfying the following conditions.
1. The formula A labels some edge ¢, the first edge e1 of v is e.

2. If ©>1 then X uniquely determines an edge e; + e;_1 adjacent
with e;_y via J, I', I?.

Theorem
The coordinate ring of a proof structure 7 is isomorphic to a
polynomial ring in n indeterminants, where the number of

persistent walks in w is equal to 2n.



Cut reduction

a-redexes:
(ax
N
-A A A
\L k (cut) (/
A ﬂA/ \A
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Modelling cut-reduction

Definition
Let v : ™ — 7’ be a reduction, there exists homomorphisms.

T’Y
-
Py P,
<
Sy
T, « reducing an a-redex:
\ \
~A A

ax) : :
I | | /
A -A A -A
i/ \ (cut) (/ \\} (cut) / i



Modelling cut reduction

T, v reducing an m-redex:




Modelling cut reduction

S, 7y reducing an a-redex.

(ax) \ ‘ ‘ / (ax)
-A A -A
i \\ (cut) </ \\> (cut) /



Modelling cut reduction

S, 7y reducing an m-redex.




Cut elimination on the level of the coordinate rings

Proposition

Let ~ be any reduction, we have T,(Ir') € Ir, Sy(Ir) € Ir and the
induced morphisms of k-algebras T77 S making the following
diagram commute, are mutually inverse isomorphisms. In the
following, p: Pr - Ry and p’: Prs - Rp_, are projection maps.

I s Py ,,R

s{)m s

IT(', b > 71’ > R




Permutation

Proposition

Let m be a proof net with single conclusion A with oriented atoms
((Ul,ul)7 . (Un,un)). Then n = 2m is even, and there is a
subsequence iy < -+ < i, with complement jy < -+ < jp, in {1,---,n} such
that u;, = +,u;, = - for 1 <a<m and if we write X, =U;_ ,Y, =U;, for
1<a<m then B,,B- in the following diagram are isomorphisms.

k[Xh 1Xm:|

&
— R,

e
k[Yla aYm]

Furthermore, the composite B3, 1 k[ X1, .., X;n] — k[Y1,..., Vo] is
given for some permutation o, of {1,...,m} by:

B B(Xi) =Y, ), 1<i<m



Proofs as permutations

Definition (The essence Ess 7 of 7)

Let m admit no m-redexes and assume all conclusions of all axiom
links are atomic. Ess is the disjoint union of the unoriented
atoms appearing as conclusions to axiom links which are not
premise to cut links.

Definition
Let d; denote the least integer such that

(ar 0v:)%(X) e Bss

Notice that such an integer d; always exists as 7 is a proof net.
Define for any unoriented atom appearing in the conclusion to any
axiom link in 7:

07(X) = (ax 0 9m) (X))



Comparison

E[ X1,y Xm]

-

P, —»% R,

T A

Y1, Y]
57(X) = (az 09r) ™ (X) BB (Xi) = Yo

Proposition

Let w be a proof net with single conclusion A with sequence of
oriented atoms given by: ((Ul,ul), . (Un,un)). Then for all
i=1,...,n we have:

6x(Ui) = Ug(iy



Division algorithm for polynomials in multiple variables

Choose an order z1 < --- < &, this induces lexicographic order on
the monic monomials of k[x1,...,z,] with respect to the degrees.
Consider C[z > y].

y<ay<z®<ziy®<ad <.

Now, divide according to leading terms!

q: zy?
a1 y?
ry 3.3 2 _
sy VI -y
J:Sy?)
zy? -y
$y2+y3

—y-y°



Leading terms

Given polynomials fi, ..., f, we have the following inclusion, where
(g1, -, gm) denotes the ideal generated by the polynomials
g1s---s9Gm-

(LT f1,--, LT fn) < (LT{ f1, ..., fn})

This reverse inclusion does not hold in general. Indeed, consider
the polynomial ring k[z,y] with y < z. Let fi, fo respectively
denote the polynomials 23 — 2zy and 2%y — 2% + z. We have:

(LT f1, LT fo} = {2%, 2%y}

however, the following polynomial is in the ideal generated by

{f1, f2}.
y(a® - 2xy) — x(a®y - 2° + x) = -2

2 2

Hence, x“ is in the leading ideal. However, x“ is not in the ideal

generated by the polynomials z2, z2y.



Grobner bases

Definition
A set of polynomials {f1, ..., f} satisfying the following:

(LTfleTfn) = (LT{flv 7fn}>
is a Grébner basis for the ideal (f1,..., f) generated by fi,..., fn.

Definition
The S-polynomial of polynomials g, h € k[x1, ..., 2, ] is defined to
be the following, where 5 = (531, ..., Bn) where
Bi = max ((deg g)i, (deg h);)..
zP zP

h)i= ——qg———h
S(g,h) ote? " TTh

This is indeed a polynomial, and is designed to obtain cancellation
of leading terms.



Buchberger Algorithm

Definition
Given a finite sequence G = (f1, ..., fm) of polynomials in
k[z1,...,x,] we define the Buchberger algorithm as follows.

Algorithm
On input G.

1. For all i < j calculate S(fi, f;).

2. Consider the lexicographic order on the set of pairs (i, )
where i,j € {1,...,m}. From smallest to largest, with respect
to this order, divide S(i,7) by G. If the remainder is 0 for all
pairs (7,j) then terminate the algorithm and return the
sequence G. Otherwise, let (i',j") be the least pair such that
division of S(i’,j") by G results in a non-zero remainder r.

3. Append the polynomial r to the end of the sequence G and
return to Step (1).



Let 7 denote the following proof net.

/‘“’\ /@‘"’\ /<“’\

X1 Xo

% \> (cut) / \> (cut) </ %

7 reduces to 7'

Xy Xo
+ +
c c

We now consider the sets of generators of the defining ideals of
and 7.

Gr={X1-Y1,Y1-Y5,Y5-Y3,Y3-Yy, Y4-Xo}, Gp:={Xi-Xo}

Yi>Yo>Ys>Y> X1 > X



There is something to do

/N VRN /N

X1 Y Y, Y3 Yy Xo

\(E \> (cut) </ \> (cut) </ l(‘/

Gr={f1 =X1-Y1, fo =Y1-Ys, f3 =Yo-Y3, f4 =Y3-Yy, f5 =Y4 - X}
Yi>Yo>Ys>Y> X1 > X

The leading terms of fi,..., f5 respectively are —Y7,Y7,Y5, Y3, Yy
and the leading term of f; +---+ f5 is X;. Hence:

X1 € LT(GW>, X1 ¢ (LTGW)

Thus, G is not Grobner basis.



We now calculate the 10 S-polynomials which arise from G.

S(fi,f2) =Ya—- X S(f1,f3) =Y1Y3 - Yo X, S(f1,f1) =Y1Y1 - X1X3
S(f,f5) =Y1Xs - X1Yy S(f2, f3) =Y1Y3 - Y7 S(fo, f1) =YYy -YoYs
S(fa, f5) = Y1Xo - VoY) S(f3, fa) =YoV3 - Y3 S(fs, f5) = YoXo - Y3V

S(far f5) = YsXo - Y7

For each i > j, 4,7 € {1,...,5} we now divide S(f;, f;) by G. In
fact, this always gives a remainder zero except for the particular
case when (4, 7) = (1,2), which we show on the next slide.



Division

/N VRN VRN

X1 Y1 Yo Y3 Yy Xo
: N\ () N (e ;

Gr={/i =X01—-Y1, fo =Y1-Y>, f3 =Yo-Y3, f1 =Y3-Y4, f5 =Yi—-X>}
(0,0,1,1,1)

G7T )Yé_Xl
Yy - Vs
Y3-Y,
Y3 - Xy
Yi-X4
Yi-Xo
Xo—-X1

(G7T U {XQ —Xl}) n {XQ —Xl} = Gﬂ'



Summary

> We defined a new Geometry of Interaction model and showed
how it fits into the existing literature (Gol 0, Gol 1).

> We related “plugging of formulas” to an already existing
algorithm.

Next steps:
> More algebraic structure, eg, Koszul Complexes.

» Extend this model to MELL.

» Use this as a foundation for more exotic models of
MLL/MELL.
» Quantum error correction codes.
> Landau-Ginzburg models, the bicategory of hypersurface
singularities.



Thank you

Questions?



(Bonus frame) Proof sketch

Iﬂ' » R
o T
Iﬂ—’ b > P » R'ﬂ"

Existence: easy. T, S isomorphisms: suffices to show:

as p,p’ are surjective. This is equivalent to p'S,T, = p',pT,S, = p
or p'(S,T,-1) =0,p(TySy - 1) = 0. It suffices to check this on
generators, ie, on unoriented atoms. It is clear that 5,7, =1,
however we have TS, # 1. The circumstances where this is the
case is indicated schematically on the next slide.



(Bonus frame) Proof continued
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(Bonus frame) Example of Proposition
Let 7 denote the following proof net.

//E:\\ o

X1 X X3 ®-Xy -X5 X Xe X7@-Xs  Xo®-Xjg -X11 B X12

Sy o S
e

\&/

n%é—&%
Q—®

We apply n-expansion:

(ax) (ax)
/ (ax) \ A/ \A B/ \ﬁB
AeB “A%-B \\>®<—)<7?<—/
B

+ N \ \
: : A®B AR

! :



(Bonus frame) After n-expansion

/ TRON e

\l \l \l \l L7 e

m/ \ / "\ P
f \(cm)/

Q—s‘u—*



(Bonus frame) After reducing m-redexes

(n) (ax) (a.x) (ax)
% 1\
Xs Xio Xi2
l

l') / l') / \ / (im) / (cut) /
-X1 75’)( / -X4

]
l

§(X1)=Xs 0(X3)=X1 0(Xa)=Xs 0(Xa)= Xy



(Bonus frame) Comparison continued
Returning to 7

()
(ax)
// \\
X1 ¥ Xo

/ (ax) \
X3®-Xy -X5 % Xe X7®-Xg Xg®-Xjo -X11 B X1
> 7 ~ Lo S 1 ~
\
- c -C
% \—) (cut) </
The following are elements of the defining ideal I; of 7.
Xo-Xg Xg-X{5

Xio-X10 Xih-X{ Xe-X4

and so are X; - X!, X/ - X! for i =2,4,6,10,12. Hence 0(2) =4
and o(4) = 2. Similarly, o(1) =3 and ¢(3) = 1.

§(X1)=Xs; 6(X3)=X1 6(X4)=Xs 6(X3)=Xy



