Avridhmetisadion ond  TInleraction.

The paper +his seminar (S 7fof/o(,o/ry has a Veny terse  breatment f éhe
Mmadenad  hich oill be presemted %di? Tndeed, OV)Q o prog)  shetch
Is provided fer she main thearomn of this balk, amd almose ald of
prediminayy  delinitrons and lermas lie  outside of his peper

Due 4= +his, +he avgomenvts 4—0&4@ will be Jéaf’o@ , but with
fﬁ%ﬁmnces ﬂ/’m to +he Lest o MY a’ér/)goeg

Alas, not [dea vTg % nuted owt and +he maun
a,xgruma# was  Invenked ég Deawiid C&%ﬂe/‘) and T .

The [ist eronces for todays talh is:

, ZJM/:'ui /%I, //@&ﬂfj—ias ;;%/f/omo%o%y ﬂ@@ amd  the  Adams
COn'eOf’(A/‘C“.

- L Sullivam 21, 7 Localisation, Peﬂ'ocf/o/yg, aond  Galpis _ngm&‘g "

. [J’eja@r% §trom] " Modem Classical Homow@ 7/}\505,

- [ Matsamual " Commutative Ring Theooy

- [ Bousfield, KanT, ” Homotopy Limits, Completions amd  localisations .

Plus /bﬁf (#Z n/a,é amd w/éi/yeg/)'a.



ﬂe_ /04/ oj] Hhis tall s  underséand and prave e ﬂ)//ow/'/?j Lheorern
(as given on page 57 of Sullivan’s “Generics of Hometopy //hezg and
Hhe Adams Co)f{/'e_c-/—a/t v

1h™ /4)”/‘%/)767‘7'5’&7‘1'0/7 A N —— (o ond interaction (-G ——> N are
ore /V)wLua/LQ Invesse 6¢u:'ua/cnces o Caz{%ﬁd.

Te doesnt look like 1t get, but e essenhal cContent # His thevrem is +hot
a  Space X can be recovered (C/Lp 1o }’)on’)o-/‘c)/oa e,imua/ence) #I’OVV) IES
‘rationalisation’ Xe, and +he pmdud of s 7= wmp/eﬁ'ons“ ZDTX; L where
p is er% over alk prime numbers .

//h/'S result (oill be é&he conclusion %ﬂ a  lise 030 results each a
fgene,mjisaﬁoﬂ qﬁ He lase, which beﬁim‘ with +he ﬂ/’o%,p ?p /./77‘6/@5' Z:

Recall: For a prime. pumber p, +he p- adic /m‘czqm is +he ring

ZP = <“—Mh>z> Zp/hﬁ (Faﬂe 4. Sullivan 1)

Lemmo 1 - T he ﬁo//ow/'y diifjram i a pullback c//aaqram:
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where  «(n) = ((anz,znu,._,), (tn15,tnTs,.. ) ([nle, InTss, ... ), ... ) and 5,4k are
the obuvious maps .

(Proposition 112, Sulliomm 2).
Proof sketch: Tn je,/)efa/, A c//ajram

a
A B
] 1d
C —— D

. b :
i any abelian Ca/fefog is a pullback d’/ajmm itf A 22° ,Boc s
a hernel (?Q RBe c dA-c D, So Nz Su#[ ces to  Show Hhat

L

| -h J—
O 7 -2 @ o I Z, *—>@@{JZ,,—>O




IS exact. @
In fac(—,, a Similar statementé holds #Of aréz}’frag abelian Groups

D%ﬂﬁ: Let. A be an abelian group, and P a prime number, &her
. Jrevp
© he  p—complhon of A is

Ay

= lim 2=
Af’ e prA

- e ratisnalisation # A is He par (‘e,ﬂ@) Lohere

€. A e A

A 4. & 4 .

Af%@rnaﬁ'udﬁ, e rationalisation ef A is the localisation of A (as a
Z - module’) at v%e /Dr‘/}'nc (o) .

Lewma 2 : The fzo//owig s a pullback of/a;fam;

L ’{—{" s
'le4 P prime ff (Coml(ag', P3¢ 3o Sewllivan 2)

Pnygo sheich: Since Ab is an abelion cakgery, e same progf hogedoy as
that of lemma 2 con be wsed. o

T he Categeory cﬁ {»o,oo/o(ﬁ/'caf Spaces alss has nofiens of “rationalisation”
and. “p~ completon®, wWhich Consist gf maps X — Ko ond X —> Xp
respectively , where Xg ond Xp both hace homo-fopd Jroups Which are
Sérb?jg related +o +hose q@ X (under J(/u'f;afo/e' Corditions on x). So +he _
nexe goal is to ity to establish a lewma Simiar to lemma 2, bt Concernmg
Spaces ipskad of abelian groups, and we wish to prove #his Jerma Using
@/ﬁamem‘s wor/‘»/r)da on He [level 9—0 the homofop; _gravps caz X. Jullivan
Works in mofe. geneyality han 7his , he werks with nilpoknt Spaces, but
today, only spaces with abelian homokpgy groops il be considercA.



Sh if ]Crom here :

rej‘ A Jrevp G s }’)//Q fent /f it adwits o ceneral Seres e, a
7Qm/le Sequence of normal Suéjm%s
€ a4 G Al 4.4 G,=&

Sudh that Yo, 52 ¢ 2(%)

We are now i1n o position there we can move to spaces. ﬁroayéomé, /6 will
be assumed that all +o,po/ojl'ca,( Spoces ore poth Connecled Cl- Cormplexes.

Dej[’ A f-'opo/ocjfcal Spoce K s ofent& /7/-7 E(X) IS ﬂ/'/for‘cné, and

and \’/'772 Here  exists a C,enerzej serves 1=0GsaGoda--aCm= T,0x)

Such +hat \/=, M= (X) octs Erivially on “x.

Se in particular, /f X s nilpotent, +hen all (bs homobpa groups are nilpotent.

to hese. J



A few Mmere Jeﬁ'n(‘h'on; are m;u/'md:
and L a set of prime numbers
Dej@ﬂ: Lee X be o space/(_ Lec fﬁx} be w%e Cakf@gﬁ wWhose O.él)ec;f's are
confinuous ﬁmcﬂ‘/'om WE X —— F whee = is such +hot the order qf
Ta(F) is a pro%uc«# # primes in L, VY)OfPhi,S‘MJ' Aare commuﬁnj Adia grams.
Then let I : fxf—— 4op be the inclusion Lunctor. Consider +he
ﬂ,w,(,;o/ ¢—”’£ [ FI1. Te can be Shown (Jimz'/ar/a as to how was done for

the prpinite Com,a/e%f@n) Hhat vhis funclor is reprecenfable. leb X, be ¢his
r‘e’orese/:ﬁ'nf 06e0+_ X is +he L—cOrr;p/ey‘rbﬂ of X.

S’pé/C(aj cases : . IJC L = 3[9} 7£Dr some Vrimc F - +hen Xg:g IS f/l-;e
p - completion ( alss denored X3 ). B
* Tf L= 1alk primesf, +hen X' = X (7&};/1/)12 Comf/eﬁor))—

Degﬂ: Let X be a space with abelian #wnda/mcmtal Jrotp. The vretonalisation
UJP a X 15 a Space Y amd a map e. X > such bhat YV has
homotopy Jrovps where the Yn e Zii+he map T (7)) —— Tm(Y) s am
;Som,mzohi.rm) and D e 1dg : Tm( X))ot —— TN D is an jro /O%Y atl
m .

The rationalisation is un/'We wp b Homoﬂp& when 16 exirés.

Deopg: Lee X be a Space.. The Lormal Corqp/cﬁbn G} X s

R = Colim( X, — X, —— ... )
Where cach 5?; (s Hhe Projﬂ'm}ée Completron %Z the (- Sheldon %ﬂ x..

Ffbluoxf’/'ﬁon 4 (Pmp 3-19 j, Sullivam 2.) .
Let X be o Sim/é; Conneckd Space then (X@):c\ & (FXP)@_

Tn  Suhlivan i, lve Shetches an agum@’h‘ 749/ +hir /’)omolfopa ew/un/{encc
dcor auer /)//pa%en% Jpoce Q}f#mk 9/96_ (pagc S6).



Theorem S : let X have abelion homotopy graps , Hhen the ]&//ow,',?j
Product ¢} p- /om//m/J-,‘mj\
e

P ’\ Rationalisation

X
(Cahonalisation L

Xo —— ()i = (TR, )

Formal
Compl'e-h'on

is a /qomo+of>é Puﬂbacfz du’cgjmm‘

Proof: For convenience , let X4 dercke o fixed choice 9}0 e/ther 6(‘9/# or
7{)/’55{,/ and let K be such that

K —— T2,

l L

Xe X "/O:;Z?i[ené
is o homsipy pullbach diggrom- Te suffices bo Show thae X= I<. By +he
Whitehead  theotem , 16 Suffices to Show that X and K have iSomsiphic
homotops) Jroups (6his skp has implicty used that X e, T%, ae (W-Coplexes
and  that e })Omo%op; pultback (# CW- Complexes is a CW—wm//e.x).
Fix nz» 1. Ta(X) is nilpotent and +hus soluable, So Ta(x) is d as
all Solvable groups Qf Vﬁr'm'{e_ ﬁf& are (as was mentioned @ Eechan in his 5&%)
Thas 7. (R)% ma(X)s (as was proved las+ week (in a shghtly wea ber form)).
Se Hhe 71"0//01,()/';/5 s a pullback d/'actﬂram

m(x)— Tw(x); = 7 (TR,
l l
T(Xe)* Mlxla— (T (ke 7.((TX,)o)

2 P
e, the #e//owm& sequence is exace, where V= L{ﬁ?p:

> Tl'n( 7@)

O — TTa(X)—Ta (V) T, (Xp) ' O @)

Using +he fack the cat of spates cwith ab W//J admts /)ofmﬁy(j poldbads, K +hen

jcil-s into  +he fo//ol,uing Short exact Sequence , Where W= 1{7:(‘(,,



> O

? ﬂ'n (W) & T)-n(}'(t?)—> T n {Z’I/Q}

O > T n (I/\)
1o Now remains to Show:
1) Ta(W)E 7 (),
2) Tl Xol)2TalKe)
3) . (Wg)e m (Vo).

i) Te Juffice; fo Shows Hhat )ZF&’P?P for M prime p. p - corn//c—h'm
preserves homotopy  pullbacks, So +he ﬁo//oau/rg is a homotepy pallback o{/ajmm,

—
(XQ )?, - (\/Q)ﬂr

()

as X has geod homp‘opdc,
Jrovps

Then, Ym» L, Tn( %)z TA(R)5) = TUTGIR); 2 TalX)g . Se 25 %y

Also, 7L]or any Space Z, VYmza Tm((Z@)$Jg(ﬁm{2)@@)i s 0.
Jo (X@)j,‘: (V@)L“—’ * .

So (p() a)e/ﬂ[&‘

—>X

Ky .

l

J
# — ¥
S‘;nce X—— K iS5 a AOmo-/-oPg %M/M/Ence, So s Kﬁ,—> Xq .

2) and 3) Jollow .?/}n/'/af/ﬂ. ]

(The otakments wsed but not proved here are Staked in "Modern Classical
/‘/Omomfa ﬁveag, D_é/\)%fd Strom )



OJE ﬂ{m'k. {-(7{36.
ﬁe@ﬁﬁ’_m 5 Sht?u)s that a n//po;én/ Jpac.e/(Can be recovered (up to homm‘o@/) Vﬂwm +he
Colleckion of &< p- completqions as weld as its rationalisation. This mofvates

the ﬁ)[(owiry ﬂe/}efal detintzon:

Def?: A coherent gensfype is o triple (Xa, (Xplpprime b ) wlhere
* Xo is a Space hOmm‘ofj egu/Jadent to the rationalisation q}p Some  Space,

« (Xe)pprime is a Seguesce gf Spaces indexed by +he prime numbers, where each Xp
s the P2 com/a/cf—ion g,’ Jome Space.,

b (Xa);

(;7’}2,,)@ s Qa homofop; e,g,ot/'m/mce.

Def?: Lee G, be the category With objeces given éj coherent genofypes,

and  evident mor/o/)/'rms.

This #'na//g allows Us +o O(%Kinc:

DeﬂM: lee N Le +he 7&(&( Suécct!e;ocr;/ 9}0 Spaces Lohose OéJecﬁr Consise g,ﬂ
V}///Jofo’lf‘ spaces 0} J&'n/'/é b/oe_. Dev@—ine_;
© the arithmetisabion ]Eomcfof

o N Gee

X > (X@’ (}Z\F}/D Prv’me/ (X@);L (g_jzp)@ )

* the [ocadisation functor

c

: étc 7\M T Xe
(Xo, (%) prime 1«)'—>/—/opulféa64 ( - )

Xa—'—7 (7;54?) @

//hconem J ge.neru,(/'ye: aa.r/{} to  prove:

Theorem b - For e Xe X s notually homotopy equivalent fo clal(X)).

Fof e/UCg (X@,(Xp)p,h)é éc_, OL(L(XQ’(;{(:)F,L))) iS na_'/uﬂ/éé}
isomorphic to (Xa (Xa)p.b).

Which is an eguivalent formuation of the cpening stakment o +his bodk.



