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1 Topological bases and neighbourhood bases

We will use extensively the notion of a neighbourhood which in some texts are taken to be open, here however
we do not require this:

Definition 1.0.1. A neighbourhood of a point z in a topological space X is a subset V' C X of X containing
an open set U such that x e U C V.

Remark 1.0.2. Neighbourhoods which are not necessarily open occur in situations where the topological
space has extra structure. For instance, a non-open subgroup A’ of a topological abelian group A may
contain an open subset U containing 0 where U is not a subgroup. The terminology “the subgroup A’ is a
neighbourhood of 07 is simpler language.

When defining topologies, it is often easier to define a topology basis:

Definition 1.0.3. Let X be a set. A topology basis # of X is a collection of subsets of X such that
1. The £ cover X,
2. if U,V € % then for every x € U NV there exists W € A containing x such that W C U NV.

If X is a topological space, then a collection of open subsets & is a topological basis if every open set
U C X can be written as a union of elements in 4.

Any topological basis in the second sense is a topological basis in the first sense, and conversely, every
topological basis 4 in the first sense gives rise to a unique topology such that 4 is a topological basis in the
second sense.

Lemma 1.0.4. Given a set X and topology basis A, there is a unique topology 7 on X such that B becomes
a topology basis for X as a topological space.

Proof. Let T be the topology given by unions of elements of . Clearly we have that £ is a topology basis
for X with respect to this topology.

If U € T" where T is any topology on X such that £ is a topology basis then U can be written as the
union of elements of # and so U € T.

Conversely, if U € T then since 4 is a topology basis for 7' we have that every element of Z is open (in
T"), and thus U € 7. O

It is sometimes more convenient to define a topology by considering particular sets containing each point
indivisually:

Definition 1.0.5. Let X be a set, a system of neighbourhoods is a collection of sets of subsets {A(z) }.ex
of X subject to:

1. B(z) # 2.
2. if U € #B(x) then z € U,
3. if U,V € #A(x) then there exists W € Z(z) such that W CU NV,

4. if U C A(x) then there exists a subset V' C U containing x such that for all y € V', there is W € Z(y)
such that W C V.

Definition 1.0.6. Let X be a topological space and x € X a point. A neighbourhood filter (neighbourhood
system) of z is a collection of neighbourhoods U of x such that for any arbitrary neighbourhood V' C X of
z there exists U € U such that U C V.



Lemma 1.0.7. Let X be a set and {%B(x)}rex a system of neighbourhoods. There exists a unique topology
on X such that each %B(x) is a neighbourhood filter of x, for all x.

Proof. Define a subset of A C X to be Z-open if for every x € A there exists U € %(x) such that U C A.
Then let .7 be the collection of %-open subsets of X.

Let U be a neighbourhood of a point x € X. Then there exists a #-open subset A C U containing z. By
definition of Z-open, there exists an element of Z(x) contained inside A. Thus Z(z) forms a neighbourhood
filter for x.

Let 7’ be any other such topology and let U € .7’. Then for every x € U there exists an element of
V C %B(x) such that V C U. Moreover, there exists W C V which is #-open (by (), and so V € 7.

Convesely, if U € .7 then U € .7’ follows from (). H

We conclude by describing the relationship between a topological basis and a system of neighbourhoods.

Proposition 1.0.8. Let £ be a topological basis for a set X. Then for each x the collection of all sets
B(x):={U € B |x €U} is a system of neighbourhoods.
Conversely, if {%(x)}zex is a system of neighbourhoods then % := |,y #(x) is a topological basis.
Moreover, if £ is a topology basis, then the topology induced by % is equal to the topology induced by the
system of neighbourhoods {B(x)}rex. If {B(x)}rex is a system of neighbourhoods, then the topology induced
by this system of neighbourhoods is equal to the topology induced by the topology basis AB.

Proof. Since % covers X we have that #(x) # @. That U € Z(z) implies € U follows from the definition
of B(x). If U,V € HB(x) then for all y € U NV ther exists W 3 y such that W C U NV, so apply this to
y = x. Lastly, let U € Z(z) and let y € U. Take V € Z(y) so that there exists W C U NV such that
yeW Ccunv.

For the second claim, let U,V € #. Say U € B(z) and V € B(y) with UNV # @. Let z € UNV so
that z,2,€ U and z,y € V. There exists W, € #(z) such that W, C U and W, € %(z) such that W, CV
by axiom . Thus there exists W,, € W, N W, such that W, € W, N W, and thus W,, CUNV.

Assume we are given a topological basis #. Let 7% be the topology generated by the topological bass,
and Ty, the topology generated by the system of neighbourhoods. First we show 73 C J(,),: by Lemma
it suffices to show for all z € X that %(z) is a neighbourhood filter of z. Let U € £ be a neighbourhood
of . Then by definition of #(x) we have U € A(x).

Now we show (), € Jz: by Lemma it suffices to show that % is a topological basis. Let U be
P-open and u € U. By definition of Z-open there exists V' € Z(u) such that V' C U. Thus Jg(,), = I».

The remainder of the proof is similar. n

Remark 1.0.9. In essence, a system of neighbourhoods {#(x)} of X is just a topological basis Z of X
parametrised by the elements x € U € %, ranging over all x and all U. The axioms for a system of
neighbourhoods is then just the translation of the axioms for a topological basis to this new setting:

e Axioms together are equivalent to the condition that % covers X,

e Axioms together are equivalent to the statement then if U,V € £ then there exists W € # such
that W CUNV.

2 Completion of topological abelian groups

Lemma 2.0.1. Let G be a topological abelian group and H the intersection of all neighbourhoods of 0 in G.
Then

1. H 1is a subgroup,
2. H is the closure of {0},



3. G/H is hausdorff,
4. G 1s hausdorff if and only if H = 0.

Proof. Let a € H. We need to first show that —a € V where V' is an arbitrary open neighbourhood
of 0. Let p : G — G be the inverse map g — —g. We can reduce to showing —a € p~ (V) for all open
neighbourhoods V' of 0 as p is a homeomorphism. This is clear though as a € V for all such V.

Similarly, let a,b € H and consider the homeomorphism 7, : G — G, g — a+g¢g. This is also a homeomor-
phism so it suffices to show a + b is in every set of the form T, g_l(V) for some g € GG and open neighbourhood
V of 0. We take g = —a and this is now obvious.

First we notice that if z € H then x and 0 have the same set of open neighbourhoods: since x € H
it is clear that every open neighbourhood of 0 is an open neighbourhood of x, we now show the converse. Let
V' be an open neighbourhood of . Then

reV = —xe-V
—0ecxz-V
= x € x — V, as every open nbhd of 0 is such of =z,
=0 -V
—0eV

Now say Z is a closed set containing {0}, then Z¢ is open and does not containing 0 and hence does not
contain any element of H, from what we just calculated. Thus H € Z and so H C {0}. Conversely, let
x € {0}. Consider an open neighbourhood V' of 0. We have

0eV=uzecz+V
—> 0 € v+ V, as every open nbhd of x is such of 0,

= -z eV
— —x € H
—xc H

By the diagonal A is the inverse image under subtraction of {0}. The set {0} under the subspace
topology is closed by .

) Follows from (3). O

Definition 2.0.2. Let G be a topological abelian group. A cauchy sequence in G is a sequence (x1, T, ...)
of elements in G such that for all neighbourhoods U of 0 there exists N > 0 such that for n,m > N we have
Ty — Ty € U. A sequence of elements (z1, x9, ...) converges to 0 if for all open neighbourhoods U of 0, there
exists NV > 0 such that ¥n > N we have x, € U. We write (x,) — 0 in this case (even though there may be
more elements than just 0 in H).

Lemma 2.0.3. The relation ~ on the set of all cauchy sequences in G about 0 given by (xn)n ~ (Yn)n if
(Tn, — Yn)n — 0 is an equivalence relation.

Proof. Reflexivity is clear. For symmetry it suffices to show that if (), is cauchy then so is (—z,),. If any
element x € X is contained in any open neighbourhood V' of 0 then —z € —V and all neighbourhoods of 0
are given by —V. For transitivity it suffices to show the sum of cauchy sequences (z,), and (y,), (given by
the sequence (z,, + ¥y ), is cauchy. Let V be an open neighbourhood of 0. Consider +~!(V'), by the definition
of the product topology there exists opern neighbourhoods of 0; U, U’ such that U x U’ C +71(V). Now let
N1, Ny > 0 be such that =, —x,, € U and y, —y,, € U’ for n,m > max Ny, No. Then z,+y,— 2 —ym € V. 0O



There is a topology on the set of equivalence classes of cauchy sequences on a topological group G, it is
defined as follows:

Definition 2.0.4. Let GG be a topological abelian group and let G denote the set of cauchy sequences in G.
The induced topology is given as follows: for every neighbourhood V of 0 in G let V be the set containing
all cauchy sequences (x,,), which are eventually in V', that is, there exists N > 0 such that ¥n > N we have
Ty € N. The set {(z,), +V | V C G neighbourhood, (z,), € Cauchy(G)} forms a system of neighbourhoods
in Cauchy(G).

Remark 2.0.5. I haven’t checked this but I think the following is true: let (M, dy;) be a metric space and
(M ,dyy) its completion. Then the topology 7 induced by the metric dy; is equivalent to the topology T’
consisting of subsets U C M of equivalence classes of cauchy sequences all of which are eventually in U,
ranging over all U in the topology on M induced by the metric dy,.

Definition 2.0.6. The completion G (sometimes denoted Cplt(G)) of a topological abelian group G is the
topological abelian group of equivalence classes of cauchy sequences with the quotient space topology of the
induced topology (Definition [2.0.4). Addition is given pointwise.

Remark 2.0.7. A system of neighbourhoods for the topology of the completion of a topological abelian
group is given by the collection of all V with V' C G open, where V consists of equivalence classes of cauchy
sequences [(z,),] where all members of the equivalence class are eventually in V.

There is a canonical map ¢ : G — G defined by g — (g), and this map has kernel ker ¢ = H (by of
Lemma [2.0.1]).

Lemma 2.0.8. Completion is a functor TopAbGp — CompleteTopAbGp.

Proof. Let f : G — G’ be a continuous homomorphism and let (z,), be a cauchy sequence in G. Let V
be an open neighbourhood of 0 in G’, and consider f~'(V) which is open in G. There exists N such that
Vn,m > N we have z, — &, € f~'(V) thus Vn,m > N we have f(x,) — f(2,n) € V. Thus (f(zy))n is cauchy
and thus we have defined f G — G Clearly, Cpltidg = idepis e and

Cplt gf (xn)n = (9f(xn))n = Cplt g(f(zn))n = Cplt g Cplt f(zn)n

so we get functoriality. That the completion of a topological abelian group is complete is Lemma [2.0.24
below. ]

We now come up with another way of arriving at completions in a particular context:

Definition 2.0.9. A filtration (G,,) of an abelian group G is a countably infinite chain of subgroups (... Gy C
G1 C Gy = G). A filtered abelian group is an abelian group G along with a filtration (G,,) of G. A
homomorphism of filtered abelian groups ¢ : G — H is a homomorphism such that ¢(G,) C H,.

Remark 2.0.10. A filtration of an arbitrary group (not necessarily abelian) is a countably infinite chain of
normal subgroups. Since all subgroups of abelian groups are normal, this is superfluous for our considerations.

Lemma 2.0.11. Let G be an abelian group and (G,) a filtration. Then {g + Gn}n>0gec s a system of
neighbourhoods.

Proof. The only non-trivial point is axiom which is taken care of as g+ G, C G, as G, is a subgroup. [

We will thus talk of the topology induced by such a filtration, we also have from Lemma that this
filtration forms a countable neighbourhood filter.

Lemma 2.0.12. Let G be a abelian group and (G,) a filtration. The abelian group G when endowed with the
topology induced by the filtration is a topological abelian group.

=



Proof. Let p: G — G, p(g) = —g denote the inverse map. For all n we have p~'(g+G,) = —g+ p 1 (G,,) so

it suffices to show for all G,, that p~(G,,) is open, which is true as p~(G,) = —G,, = G,, as G,, is a group.
To see the addition map + : G x G — G,+(a,b) = a + b is continuous, let (a,b) € g + G, then

(a,b) € (a+Gy) x (b+Gp) C+7Hg+ G). O

Definition 2.0.13. Let G be a topological abelian group. A countable fundamental system is a filtration
(G,) which forms a neighbourhood filter (Definition [1.0.6]) of 0.

Lemma 2.0.14. If G is a topological abelian group which admits a countable fundamental system (G,,), then
each G; is both open and closed.

Proof. Let g € G, then g + G; is a neighbourhood of g and g + G; C G; as G; is a subgroup. Thus there is
an open subset U such that ¢ € U C G; and so G; is open. In fact, this also shows Ugan (9 + G,) is open,
which indeed is the complement of Gj,. m

If G is an abelian group with a countable fundamental system, we can define the completion as an inverse
limit:

Definition 2.0.15. Let G be an abelian group along with a family of subgroups {G,}32,. Say we have a
family of homomorphisms {6, : G,, — G,_1}n>0. We call the data of the triple (G, {G,}5,, {0n}n>0) an
inverse system. The inverse system is surjective if all the maps 6,, are.

The inverse limit of abelian groups corresponding to an inverse system is the abelian group l{iLn G,

whose underlying set is:
lim G,, := {sequences (x,), | z; € G;, Op(xn) = Tp_1}
H

with addition defined pointwise. The topology is the subspace topology of the product topology.

Definition 2.0.16. Given a countable fundamental system (G,,) the completion of G, denoted G is the
inverse limit of topological abelian groups:

limG/G,
—

Remark 2.0.17. We can also define this using the language of limits of a category: for each n > 0 there is
a morphism G — G/G,,_; such that G,, maps to 0. Thus we obtain a homomorphism 6,, : G/G, — G/G.
Let # be the diagram consisting of all objects G/G,, and morphisms ¢,_1, then consider the limit through
the inclusion functor J : ¢ — AbGp : E{/r} J, then {iLnG /Gy, is such a limit. Diagramatically, this is the

limit of
B GG B GG B GGy

Lemma 2.0.18. If G is an abelian topological group whose topology is given by a filtration, then the two
notions of completion (Definition and Definition[2.0.6) give isomorphic topological abelian groups.

Proof. Let G be a topological group and (G,,), a countable fundamental system of subgroup neighbourhoods.
Let GT denote the completion a la Definition and let G A denote the completion a la Definition .
We define an explicit isomorphism @ : Gy — G4 and inverse:

Let (z,)n € G and denote by 7, : G — G /G, the projection. The image of (), under 7, is eventually
constant, that is, if N is such that Vn,m > N, x, — z,,, € Gy, then for all n > N we have 7(x,) = m(zn11).
Denote this constant by £y. Our next claim is that (&,), is an element of G A

For each n > 0 the map 7, descends to a map 0, : G/G,, — G/G,_1 which is such that &, — &,_;. To
see this, we pick representatives x,,r, 1 € G of §,,&,_1 respectively and notice: x, — x, 1 € G, C G,_1
thus,

0n(&n) = Tn-1(zn) = o1 (@n-1) = &

Addition modulo G,, is well defined, thus we have a homomorphism from cauchy sequences to elements of
G 4, we now show this descends to a map from Gr.



Let (z,,), and (yn)n be equivalent cauchy sequences and fix n, we show £ — &Y = 0. Since we have a
homomorphism it suffices to show 7% = 0. This follows immediately from the definition of two cauchy
sequences being equivalent.

We define an inverse map G A — GT by taking representatives: let (&,), € G A and pick x,, € GG whose
image in G/G,, is &,. Then we have 0,,_1(&,) = &,_1, in other words, x, — z,,_1 € G,_1. So we have a cauchy
sequence. These maps are clearly inverse to each other.

Bicontinuity? ]

Notice also that we have two canonical maps ¢4 : G — G aand ¢or: G — GT These fit into the follow
commuting diagram:

T

\ lq> (1)

Remark 2.0.19. The definition of G4 presupposes a fixed choice of subgroups {G,}, which is a drawback
of this definition. One could invent a notion of equivalent sequences of subgroups but this is cumbersome
considering the fact that the topological definition already has such a notion built into it. For instance, there
may be multiple different sequences which give the same topology on G, and thus topology theory does not
distinguish them.

Proposition 2.0.20. Given three inverse systems {A,},{B,},{Cn}. If
1s a short exact sequence of inverse systems, then
0 —1limA, — limB, — limC,
— — —
is a short exact sequence. Moreover, if {A,} is a surjective inverse system, then
0 —limA, —1limB, — limC,, — 0
— — —

15 exact.

Proof. Let A denote [[°7, A, and define a map d4 : A — A which maps &, — &, — 0n41(£0s1). Then
ker d* = lim A,,. Then we have the following commutative diagram
—

0 y A » B y > 0
sl wl el
0 > A y B y > 0

so by the snake Lemma (see [2]) we have an exact sequence:

0 — lim A,, — lim B,, — lim C,, — Coker d* — Coker d® — Coker d® — 0
— — —

so it remains to show that if {A4,} is a surjective inverse system, then Coker d* = 0, that is, d is surjective.
Given (a,), € A we can solve inductively z; — 0;11(x;41) = ay.



Corollary 2.0.21. Let (G,{G,},{0.}) be an inverse system and let
0—G —G-5G —0
be a short exact sequence of groups. Then the induced sequence
0—G —G—G —0
is exact where G’ =1lim G'/(G' N G,) and G" =1im G" /p(G,,).
— —
Proof. Apply Proposition [2.0.20] to the exact sequence of inverse systems

00— {G'/(G'NGy} — {G/G,} — {G/p(G,)} — 0

O
Corollary 2.0.22. Finite direct sum of abelian groups commutes with completion.
Proof. By Corollary we have that
0 — Cplt(G') — Cplt(G' & G") — Cplt(G") — 0
and
0 — Cplt(G') — Cplt(G') & Cplt(G") — Cplt(G”) — 0
are both short exact sequences, hence the two middle groups are isomorphic. O]

Let G be a group and consider a filtration
..CG CGICGy=G

Denote by p : G — G/G,, be the projection, and fix a particular G,,. Then there is a finite family of
subgroups of G/G,, given by

0=p(Gn) Cp(Gn1) C... Cp(G1) € p(Go) = G/Gy

Thus, if G := G/G,,, elements of G" are uniquely determined by finite sequences (o, ..., z,) where if j <1,
r;modj = x;, that is, (xo,..,x,) = (@p,...,2z,) it follows that G” = G”. Moreover, G" = G/G" and
G" = G/G' (by Corollary [2.0.21)) and so we have proven:

Lemma 2.0.23. If G is a topological abelian group whose topology is given by a filtration {G,},, then
G/G, = G/G,
Taking inverse limits we have:
Lemma 2.0.24. é ~ @G
That is, G is complete:

Definition 2.0.25. If the canonical morphism ¢ : G — G, ®(g9) = (9)n is an isomorphism, then G is
complete.

Remark 2.0.26. Notice that ¢ : G — G need not be injective.
Remark 2.0.27. Notice by Lemma that ¢ has kernel given by
ker¢ = (] G
n=0

Q



3 [-adic completion of a ring/module

Lemma 3.0.1. If A is a ring and I C A is an ideal, then there is a filtration of the underlying abelian group
of A:
LLCIPCICI'=A4

and so we obtain a topological abealian group A which indeed is a topological ring.

Proof. Denote the multiplication map by x : A x A — A, x(a,b) = ab. Let ab € x + I", then (a,b) €
(a+1") x (b+1I") C x Yo+ IM). O

Definition 3.0.2. For a ring A with ideal I, the I-adic completion is the topological ring A.
Proposition 3.0.3. The canonical map ¢ : A — A is continuous.

Proof. Since for each a € A the map T, : A — A is a homeomorphism it suffices to prove qb’l(f ") is open
for all n, but this set is just I". O]

For modules we have:

Definition 3.0.4. If G = M is an A-module, with A a topological ring, let I C A be an ideal. Take G,, = I"M
and we obtain the I-topology. Indeed this endows M with the structure of a topological A-module (where
A is the I-adic completion). If f: M — N is an A-module homomorphism, then I"f(M) C I"N and so
there is an induced continuous function f : M —s N.

There are other ways of defining the same topology on M:

Definition 3.0.5. Let (M,,) be a filtration of submodules (ie, a filtration of the underlying abelian group).
If the filtration satisfies IM; C M, ; then we have an [-filtration and if there exists N > 0 so that if n > N
we have I M,, = M, ., we have a stable [-filtration.

Lemma 3.0.6. The topology given by any stable I-filtration agrees with the I-topology.

Proof. For arbitrary n we have M, ni1 = I"My,1 C I"M. Conversely, for arbitrary m we have I"M =
1My C M,,. O

A rational number ¢ € Q is uniquely determined by its base 10 representation, where we allow for negative
powers, q = Z;L:O a;1077 for some n € Z. This representation generalises to the real numbers by allowing j

to be arbitrarily small:
R={> 0107 |o, €2}

7=0
Another formulation of the real numbers is given by equivalence classes of power cauchy sequences. Both

these means of constructing the real numbers from the rational numbers can be generalised.

Consider the polynomial ring k[x] where k is a field. Let m denote the maximal ideal (z) C k[x] and
consider the completion k[x] of k[x] with respect to (x). An element of this is an equivalence class of a cauchy
sequence of elements in k[z] represented by (ag,ay,...) say. For each i, reducing a; modulo (z%) yields an
element a; € k[z|, doing this for all i yields an element ag + G + Gz + . .. € k[z]. Moreover, this element is
independent of choice of representative (ag, a1, ...), for if (bg, by, ...) was ano/tEer representative we would have
for all i > 0 that b; — a; = Omod (x)°. Thus we have a well defined map k[z] — k[z]. It is easy to see this
is an isomorphism:

Lemma 3.0.7. The completion of k[x] at the ideal (z) is isomorphic to k[x].



4 The Artin-Rees Lemma

Definition 4.0.1. A graded ring is a ring A together with a countably infinite family of subgroups { A, },»>0
of the underlying group of A such that A =&, ., A, and A, A, C A4, for all n,m > 0. Thus A is a ring
and each A,, is an A-module. -

If Ais a graded ring then a graded A-module is an A-module along with with a countably infinite family
of submodules {M,, },>0 such that M =& ., M, and A, M,, C M,,,, thus each M, is an Ap-module.

n>0

We denote €p,,., An by A4.

Definition 4.0.2. Let M, N be graded A-modules, a homomorphism of graded A-modules f: M — N
is a homomorphism of modules such that f(M,) C N, for all n > 0.

Lemma 4.0.3. For a graded ring A, the following are equivalent:
e A is Noetherian,

o Ay is Noetherian and A is a finitely generated as an Ag-algebra.

Proof. Let A be Noetherian. Then Ay = A/A, and so is Noetherian. Let A, be generated as an ideal by
aq, ..., @y, which we may assume to be homogeneous and of degrees ky, ..., k,,, respectively (notice each k; > 0).
Denote by A’ the Ap-subalgebra of A generated by aq, ..., a,,. We proceed with the second claim by showing
A, € A’ by induction on n. Clearly, Ag C A". Now say n > 0. Let a € A,, \ Ag so that a € A,. We can write
a =Yy " a;c;. We have that deg(a;) = n — k; (where we take a; = 0 if n — k; < 0). The result then follows
by the inductive hypothesis.

The other implication follows from Hilbert’s Basis Theorem. O

Notation 4.0.4. Given a (not necessarily graded) ring A and an ideal I we denote the graded ring P, -, I"
by I*. If M is an A-module and M, is an [-filtration then M™* = ®n20 M, is a graded [*-module.

If A is Noetherian and ay, ..., a;, are generators for [ then I* = Afay, ..., o] and is Noetherian (by Lemma
4.0.3]). The next main result we are heading towards is:

Proposition 4.0.5. Given a short exact sequence of finitely generated A-modules, with A Noetherian:
0— M —M-— M —0

the following sequence is also exact:
0— M — M — M" — 0

To prove this, we want to lean on Corollary [2.0.21] however, that Corollary used a fixed choice of filtration,
and the definitions of M’, M” also used a different fixed choice, do these different choices give isomorphic
modules?

The topology used to construct M” is induced by the filtration (I"M"), which is equal to (p(I"M)), (by
definition of module homomorphism) but the topology used to construct M’ is that induced by the filtration
(I"M),, and Corollary uses the sequence (M’ N I"M),, instead. The proof of Proposition thus
reduces to showing these two topologies are equivalent, which is an application of the following Theorem (the
fact that M’'/I™M' is a surjective inverse system is clear, and considering the equivalence we are about to
prove, this is sufficient):

Theorem 4.0.6. Let A be a Noetherian ring, I C A an ideal, M a finitely-generated A-module and M' a
submodule of M. Then the filtrations (I"M"),, and ((I"M) N M’)n induce equivalent topologies.

To prove Theorem we will need:

10



Lemma 4.0.7 (Artin-Rees Lemma). Let A be a Noetherian ring, I C A an ideal, M a finitely generated
A module, and (M,), a stable I-filtration of M. If M’ is a submodule of M, then (M' 0 M,), is a stable
I-filtration of M'.

for which we need:

Lemma 4.0.8. Let A be Noetherian, and M a finitely generated A-module with an I-filtration (M,),. Then
the following are equivalent:

1. M* is a finitely generated A*-module (Notation ,
2. the filtration (M), is I-stable.

Proof of Lemma |4.0.8. Each M, is a finitely generated module over a Noetherian ring and is therefore itself
Noetherian, and thus finitely generated. It follows that @, := @?:0 M; is finitely generated. The A*-
submodule generated by @), can be explicitly written as

Qn & éﬂMn
j=1

which we denote by M. This is a finitely generated /*-module (as M, is a finitely generated A-module) and
so we have an ascending chain

M; C My C...
which eventually stabilises if and only if there exists N such that for all m > N, we have IM,, = M,,,1,
which is another way of stating the result.
Converse? n

Proof of Lemmal[{.0.7. We have I(M' N M,) C IM'NIM, € M'N M, and hence (M’ N M,), is an I-

filtration. Hence it defines a graded I*-module which is a submodule of M’ and therefore finitely generated

(as I* is Noetherian). The result follows from Lemma [4.0.8] O
Proof of Theorem[{.0.6. By Lemma [3.0.6] we have that any two stable [-filtrations induce equivalent topolo-
gies. The result then follows by Lemma 4.0.7] m

5 Krull’s Theorem

Since there is a homomorphism ¢ : A — 121, we can consider M as an A-module and thus form A ®, M. In
the case that M is a finitely generated module over a noetherian ring, this agrees with the completion:

Proposition 5.0.1. For any ring A, if M is finitely-generated then A @4 M — M is injective. Moreover,
this is an isomorphism if A is Noetherian.

Proof. Since M is finitely generated there is a short exact sequence
0—N—F—M-—70

We construct the commutative diagram

AN — 5 A®QF —— AQM —— 0
A
y F

0 s N g s M > 0

By Corollary [2.0.22] we have that (8 is an isomorphism. Since the bottom row is exact, § is surjective, it
follows from these two facts that v is injective. If A is noetherian, then N is also finitely generated, thus « is
surjective. It then follows from the four Lemma that v is injective. O
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Notation 5.0.2. Let I, J C A be ideals and let A be the I -completion. We denote by J the ideal generated
by the image of A — A.

Lemma 5.0.3. Let A be a ring and I C A an ideal, and n > 0, denote the homomorphism A/I" — g
by . Let J C A/I™ be an ideal. Then the image of J under v is equal to J.

Proof. Consider elements of the completion as equivalence classes of cauchy sequences. Let (bn)n be a cauchy
sequence representing an element of J Elements of J are given by linear combinations of elements in ¥ (.J)
with scalars given by elements in A/ I, thus we can assume that each b; € J. There exists N such that for
all m > N we have by — b,, € I". Consider the sequence (by,by,...), we claim this is equivalent to (by,),.
Indeed, (by — by), eventually consists of elements in I™ and so is eventually 0, establishing the claim. O]

Proposition 5.0.4. If A is Noetherian, A its I-adic completion, then
1. I~ A®,1,
2. (I = (),
9. In /Il =2 [r [+t
4. I is contained in the Jacobson radical of A.
Proof. : Apply Proposition m
: Using applied to I and that tensor product commutes with finite products:
IV A"~ (Ao )" = (1)
@): By Lemmawe have A/ = A /[ Lemmathen implies I /[7+1 o [n /[t

@: A is complete in its I-adic topology (using [@). So, for z € I we have

1—z,1—z,1—2,. )L 1+z,1+2+2* . )=01—-21-2*1-2 )= (1,1,1,..) — (z,2* 2°,..)

and (z,2?, 23, ...) is equivalent to 0, so 1 — x in A is a unit. That is, z is an element of the Jacobson radical

of A. O

Remark 5.0.5. In the proof of part of we have used the statement that for any ring R and any
element © € R we have that x is in the jacobson radical if and only if 1 — xy is a unit for all y € R. The
reason why we only consider 1 — z is because we claim that I is contained within the jacobson radical and
we know that I is itself an ideal, so it suffices to show 1 — x is a unit for all z € I.

Remark 5.0.6. The proof that I™/I"+! = ["/["*1 Jeaves this map implicit and uses the limit definition
of completion. In the special case where (4,m) is a local ring we can show that A/m" = A/m using the
cauchy sequence definition of completion directly: indeed the composition A — A— A/m is surjective
with kernel m™, and so descends to an isomoprhism A/m" — A/m .

Proposition 5.0.7. Let A be a Noetherian local ring and m its mazximal ideal. Then the m-adic completion
of A at m is a local ring with mazimal ideal m.

Proof. We have that A/th = A/m is a field and thus t is maximal. It follows from of Proposition
that m is contained within the jacobson radical J which itself is the intersection of 911 prime ideals of A and
so is contained in m. Thus m = J, which implies m is the unique maximal ideal of A. O]

We classify the kernel of the canonical map M — M , this will be another application of Theorem m
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Theorem 5.0.8A(Krull’s Theorem). Let A be a Noetherian ring, I C A an ideal, M a finitely generated
A-module, and M the I-completion of M. Then the kernel E = (\)_,I"M of the group homomorphism

¢ : M —s M consists of those x € M annihilated by some element of the set 1 + 1.

Proof. Consider the space E with topology given by the sequence ((I"M) N E), (which are all equal to E).
This is a space where the only neighbourhood of 0 is all of F itself. By Theorem we have that this
topology coincides with the topology given by (I"E),. We thus have IE = E. Since M is finitely generated
and A is noetherian, F is also finitely generated and so it follows from the Cayley-Hamilton Theorem (see
1) and the fact that IE = E that (1 4+ «)F = 0 for some « € .

Conversely, if (1 + a)x = 0 then

xz—oz:z:zoz%z...éﬂ]”MzE

n=1

Corollary 5.0.9. Let A be a Noetherian domain, I a proper ideal of A. Then ngO 1" =0.
Proof. 1+ I contains no zero divisors nor the element 0. O]

Corollary 5.0.10. Let A be a Noetherian ring, I an ideal of A contained in the Jacobson radical and let M
be a finitely generated A-module. Then the I-topology of M is Hausdorff, ie, ngO I"M = 0.

Proof. Since I is contained in the jacobson radical, every element of 1 4 [ is a unit. O]
As an important special case:

Corollary 5.0.11. Let A be a Noetherian local ring, m its maximal ideal, M a finitely generated A-module.
Then the m-topology of M is Hausdorff. In particular, the m-topology of A is Hausdorff.

Corollary 5.0.12. Let A be a Noetherian ring, p a prime ideal of A. Then the intersection of all p-primary
(Definition ??) ideals of A is the kernel of A — A,.

Proof. Let m = pA, be the maximal ideal of A,. By Corollary ?? we have that all the m-primary ideals of A,
are contained between m™ and m for some n. Thus by Corollary the intersection of all the m-primary
ideals of the A, is 0. These ideals lift to the p-primary ideals of A. Let [ : A — A, denote the localisation
map, we compute ker ! where by Corollary we have 0 = nnzo m’:

kerl=1"'0)=1"((Y\m") ="' () D= () I

n>0 m-primary p-primary

where the equality labelled * follows from . [

6 The completion of a Noetherian ring is Noetherian

We aim to prove:
Theorem 6.0.1. Let A be a Noetherian ring and I an ideal of A. The I-completion A of A is Noetherian.

The important objects working behind the scenes are:
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Definition 6.0.2. Let A be a ring and I an ideal of A. Define:
Gi(A) =/
n=0

This is a graded ring, multiplication is defined as [x],[y]m = [2Y]ntm-
Similarly, if M is an A-module and {M,,},, an [-filtration of M, define:

G(M) = @ M, /My

which is a graded G(A)-module. Let G, (M) denote M, /M, .
Theorem [6.0.1] will follow from the following Proposition:

Proposition 6.0.3. Let A be a ring, I an ideal of A, M an A-module, {M,},, an I-filtration of M. Suppose
that A is complete in the I-topology and that M is Hausdorff in its filtration topology (ie, that ﬂnZO M, =0).
Suppose also that G(M) is a finitely generated G(A)-module. Then M is a finitely generated A-module.

We will need the following two lemmas:
Lemma 6.0.4. Let A be a Noetherian ring, I an ideal of A. Then

1. G((A) is Noetherian,

~

2. G1(A) and G;(A) are isomorphic as graded rings,

3. if M is a finitely generated A-module and {M,}, is a stable I-filtration of M, then G;(M) is a finitely
generated graded Gr(A)-module.

Proof. Since A is Noetherian, [ is finitely generated, say by x, ..., x,. Let Z; be the image of x; in I/I°.
Then G;(A) = (A/I)[Z1, ..., T,]. To see this, consider an element of I"/I"** C G;(A) which can be written
as szm ar®® where A = (A1, ..., \,), where T, = :Ei\lfﬁn Since A\; + ...+ A\, = m we have that each z;
has degree 1, that is, Z; € I/I? by the definition of multiplication in this ring.

Follows from Proposition m

There exists N > 0 such that My, = ["My for all n > 0, hence G(M) is generated as an A-
module by @, .y Gn(M). Each G, (M) = M, /M, is Noetherian (being finitely generated modules over a
Noetherian ring) and annihilated by I, hence this is finitely generated as an A/I-module. Hence G(M) is
finitely generated as a G(A)-module. O

Lemma 6.0.5. Let ¢ : A — B be a homomorphism of filtered groups (Definition and let G(¢) :
G(A) — G(B), ¢ : A — B be the induced homomorphism of the associated graded and completed groups
respectively. Then

1. if G(¢) is injective then so is o,
2. if G(@) is surjective then so is b.

Proof. Let a, : AJ/A,, — B/B,, be the homomorphism induced by ¢. Consider the commutative diagram
with exact rows:
0 —— A, /A1 —— AJA, . —— AJA, —— 0

lGn(@ lanﬂ lan

0 — B,/Byy1 — B/B,y; —— B/B, —— 0
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which by the snake Lemma induces the exact sequence
0 — ker G,,(¢) — ker ay, 41 — ker oy, — coker G, (¢) — coker oy, 1 — coker o, — 0 (2)

It’s easy to see that G(¢) injective implies that G, (¢) is injective for all n, so in this case, ker G, (¢) = 0,
and Go(¢) : A/A; is the same morphism as «j, so kera; = 0. The exact sequence then implies ker ap = 0,
proceeding by induction we have ker i, = 0 for all n. Inverse limits is a left exact functor (Proposition
and so the first result follows.

A drawing of G(¢) might look like:

@ A3/A4 @ AQ/AB @ Al/AQ @ AO/AI

lG“(d’) le(@ le(fl’) lcn(as)

@ B3/B4 @ B2/B3 @ BI/B2 @ BO/BI

and so G(¢) surjective implies each G, (¢) is surjective. Thus coker G, (¢) = 0. Using it then follows that
each «,, is surjective, and thus ¢ is surjective. O

We now move to the proof of Proposition [5.0.7] the essence of the proof will be to begin with generators of
G(M) as a G(A)-module and then pick representatives of these which lie inside M, in fact these representatives
generate M as an A-module. We will construct a finitely generated free A-module F' and homomorphism
¢ F' — M which fits into the commutative diagram (of abelian groups):

F—%4vM

Lo

F—2sm

the proof will be completed by showing ¢ is surjective.

Proof of Proposition[5.0.7]. Pick a finite set of generators {&1,...,&.} of G(M) and assume these have been
split into their homogeneous components (that is, assume each &; is homogeneous). Denote the degree of ¢;
by n(i) and pick a representative x; € M,; of each . Consider the [-filtration on A given by (I k=n()), for

each n(i) (where ¥ = A if k —n(i) < 0) and consider F := _, A. Let m be the least integer such that
there exists 1 < i < r such that m —n(i) > 0 then F' admits an [-filtration

=1 i=1 i=1 i=1

We now construct a surjective homomorphism of G(A)-modules G(F) — G(M). Let ¢ : F — M be the
homomorphism which maps the i*" copy of 1 to ;. This is a homomorphism of filtered groups as:

r

925( EB ]’”*k_”(i)) = by g R,
=1
- Im+kin(1)Mn(1) +.F Ierkin(T)Mn(r)
C My © My

Furthermore, ¢ is surjective: if m € G(M) then m = a1 & +. .. .§, where each o; € G(A) is of degree k—n(1)
(with a; = 0 if £ —n(i) < 0). So for each non-zero «; we have

i) = i
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and so the image of the sum of the non-zero o; map to m. We now apply Lemma m to deduce that gg is
surjective, we consider the commuting diagram of group homomorphisms

F—2 5 M

L

F—2s M

Now, F'is a free A-module and A is complete, it follows that I is complete (by commuting finite direct sum
with completion, Lemma [2.0.22)), thus « is an isomorphism. Moreover, M Hausdorff and so 3 is injective. It
then follows that ¢ is surjective. m

Corollary 6.0.6. With the hypotheses of Proposition if G(M) is a Noetherian G(A)-module, then M
1s a Noetherian A-module.

Proof. Let M' C M be a submodule, we show M’ is finitely generated. Let M) = M' N M, then (M]) is an
I-filtration of M’, and the embedding M) — M, gives rise to an injective homomorphism M /M, , —
M,, /M, 1, hence an embedding G(M') — G(M). Since G(M) is Noetherian, G(M’) is finitely generated,
also M" is Hausdorff, since (1,5 M;, € (1,59 M»n = 0, hence by Proposition we have that M’ is finitely
generated as an A-module. O

At long last, we can prove the main result of this Section:
Theorem 6.0.7. If A is a Noetherian ring, I an ideal of A, then the I-completion A of A is Noetherian.

Proof. We know that G(A) = Gf(A) is Noetherian. Now apply Corollary to the complete ring A,
taking M = A. O]

Corollary 6.0.8. If A is a Noetherian ring, the power series ring A[[x1, ..., Z,]] in n variables is Noetherian.
In particular, k[[xy, ..., z,]] (k a field) is Noetherian.

7 Hensel’s Lemma

The goal of this Section is to prove Hensel’s Lemma (Lemma [7.0.4). We begin with an observation concerning
the division algorithm for polynomials in one variable:

Lemma 7.0.1. Let A be an arbitrary ring, f,g € Alz|, with degg > deg f, and assume f is monic. Then
the division algorithm g/ f can still be performed yielding g = af + § with deg f < deg = f, moreover, the
polynomials o, B are unique in the sense that if o, 3" are such that deg 3’ < deg f and g = o/ f + 3’ then

a=a,f=p".

Proof. That the division algorithm can still be performed is simply the observation that the only divisions
which occur in the algorithm are with 1 in the denominator as f is monic.
Now we prove the uniqueness claim. We have

g=af+p, and g=df+p (3)
and so 0 = (a — a/)f + f — f'. This implies that g — 3, which satisfies deg(8 — ') < deg f, is a multiple of

monic f. Thus g — ' = 0.
Now 0 = (o — ) f. The leading coefficinet of (o — o/) f is 0 and also is & — &’ by monotonicity of f. [
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We make another observation: say (fi, fa,...) is a Cauchy sequence in A (with respect to the m-adic
topology), then since A is complete, there exists a € A such that (f,,), and (a), belong to the same equivalence
class, which is to say (f, —a), — 0. Say b € A was also such that (f, — ), — 0, then for all i > 0 we
have f, —a, f, — b € m’ = b — a € m’, in other words:

(fo—=0)n—(fn=0)n=(0b—a), —0 (4)
This means that b — a € ()2, m which, if A is Noetherian, is 0. Thus:
Lemma 7.0.2. In a complete, Noetherian ring, Cauchy sequences have admit limits which are unique.

Notation 7.0.3. If f € Alx] is a polynomial and (A, m) a local ring, we denote by f the image of f in

(A/m)[z].
We are now ready to prove:

Lemma 7.0.4 (Hensel’s Lemma). Let (A, m) be a Noetherian, local, complete ring, and f € A[x] a monic
polynomial of degree n and G, H € (A/m) monic, coprime, polynomials of respective degrees r,n—r such that
f=GH. Then there exists monic polynomials g, h € Alx] respectively of degree r,n —r such that f = gh.

Proof. We lean on the completeness of A: say we have two sequences (g1, g2, -..), (h1, he, ...) of monic polyno-
mials g;, h; € Alx] satisfying:

1. Foralli >0:degg;, =r,degh; =n—r,
2. foralli > 0: f = g;hj(modm?),
3. forall i < j:g; = g;(modm’), h; = h;(modm").

For a general polynomial ¢ € A[x] we will denote the i*® coefficient of ¢ by ¢;. Condition implies the
existence of sequences (gix, gok, --- ), (P1ky2k , ---) of coefficients of g, h respectively. Moreover, implies these
sequences are Cauchy sequences, so since A is a complete and Noetherian, by Lemma we have limits
ag, by, € A of (g1k, 92k, ---), (P1ks2k , -..) Tespectively.

We then define

g=ay+amxr+...+a 2 2" and h=by+bx+...4+bpp 1z "t (5)

which we claim is such that f = gh. Let ¢ : A — A denote the canonical map from a ring to its completion.
To show f = gh it suffices to show the coefficients (f — gh); for 0 < i < n are all 0, and to show this, it
suffices to show ¢((f — gh);) = 0 as A is Noetherian (and so ¢ has trivial kernel).

We make a calculation:

O((f = gh)i) = ¢((f)i) — &((9h)s)

%

—o(f) - Z d(a;)p(bi—;))

J=0

= (fz — Z gljhl,i—j7 fz — ZQthQi—j7 ), by construction Of CLj, bi—j
7=0 7=0

and so gb((f — gh)i) =0 by (@).
We now move onto constructing (gi, ga, ...), (h1, ho, ...) satisfying (1)), (), (3).
We construct gy, hy satistying , inductively and show they satisfy the following uniqueness claim: if

gy, b}, are such that g, = G,h), = H and f = g, h},(modm¥) then g}, = gi, h}, = h},(mod m*). This uniqueness
claim implies .
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For the base case, just pick arbitrary representatives for the coefficients of F, G in A (making sure to pick
1 for 1 +m) and build gy, h; from these choices. These clearly satisfy the required properties.

Now assume we have gy, hy, for some fixed £ > 1 and assume these polynomials satisfy all the requirements.
Set A = f — gphy, which by the inductive hypothesis is an element of m*[z]. We notice that

f = A+ gphp(mod mFt1) (6)

and so the goal is to write A + gxhy(mod mk“) as a product ggi1hgi1. Since F, G are coprime, there exists
polynomials «, 8 € Alz| such that
1 = ag + Bhg(mod m[z]) (7)

Multiplying both sides by A we have
A = Aagy, + ABhy(mod mF+[x]) (8)

For pedagogical reasons we make the following observation, however this next paragraph can be skipped
entirely and the proof still holds: since A € m* we have that A? € m?* C m**! and so we can now write

f=A+ Aag, + ABhy + AaAp
= (gr + A)(hy, + AB)(mod m"[z])
which makes it look like we have achieved our goal. However we do not have a handle on the degree of g + A«

nor hy + ApS and so we use the division algorithm to replace Aa, AS by polynomails of degree < r,n — r.
We know that gy, hy are monic, so we divide A« by hy to produce 7, e € A[z] such that

Ao =vh +e€ 9)

We can now write
A = (vhi + €)gr. + ABhy, (10)
= egr + (vgr + AB)hy(mod mk+1[x]) (11)

We set hgy1 := hy + € and ggi1 = gr + Y9k + AB. Thus, calculating mod m**!, we have:

Grrrhirr = (gk + 796 + AB) (hi + €) (12)
= grhu. + €gr + (vgr + AB) Ik + (vgr + AB)e (13)
= (gr + (vgr + AB)) (hw + €) + (vgr + AB)e (14)

We now make a few final observations and we have reduced to proving the uniqueness claim. First, since
A € m*[z] it follows from (9) that 0 = yhy + e(mod m*[z]) and so by the uniqueness part of the division
algorithm (Lemma [7.0.1) we have that v,e € m¥[z]. Thus vygp € m¥[z] and so vg, + AB € mF[z] and so
(vgr + AB)e € m*[x] C mF*1[x]. Combining this with we have

o1l = (g + (vge + AB)) (hi +€)  (mod m* ! [z]) (15)

Moreover, by the division algorithm we have dege < n — r which implies deg(egx) < n. Also, f, gk, hx are all
monic and so A (which equals f — gxhy) has degree < n. We have from that

A —egr, = (Ygr + AB)hy,  (mod m*[z]) (16)

where the left hand side is a degree < n polynomial. Thus deg(vgy +ApB) < r. Considering this, we now have
that gri1, i1 are monic and of respective degrees r,n — r. It now remains to show uniqueness.

This is the easiest part of the proof. We would truly be re-writing verbatim what is in [3] so we do not
reproduce it here. O
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